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ABSTRACT. We consider direct sum decompositions 8 = B_+ B, and
L = L_+ Ly of two symplectic Hilbert spaces by Lagrangian subspaces
with dense embeddings 8_ < L_ and Ly < B,. We show that such
criss—cross embeddings induce a continuous mapping between the Fred-
holm Lagrangian Grassmannians FLg_(83) and FLy_(L) which preserves
the Maslov index for curves. This gives a slight generalization and a new
proof of the Yoshida—Nicolaescu Spectral Flow Formula for families of Dirac
operators over partitioned manifolds.

Introduction

As conjectured in [1], some spectral invariants of a closed partitioned ma-
nifold M = My Uz M, with My N M; = My = OM; = ¥ can be coded by
the intersection geometry of the Cauchy data spaces along the partitioning
hypersurface £ of associated differential operators. The Yoshida~Nicolaescu
Formula belongs to this program. It was proved in [16] in dimension 3 and
subsequently generalized in [12] and modified by several authors (see e.g. [2],
[3], [7], [8]). It expresses the spectral flow of a family of Dirac operators with
the same principal symbol but continuously varying connections by the Maslov
intersection index of the Cauchy data spaces.

A closer look at the presently available spectral flow formulas shows that
they differ quite a bit in the kind and strength of the underlying assumptions
and the substance of the claims made. It seems to us that our framework
(based on standard functional analysis involving only elementary distribution
theory) permits a wider applicability than rather deep means (like the symbolic
calculus and approximation theory).

First of all, the Cauchy data spaces are treated in slightly different ways.
On one side, the Cauchy data spaces are established as L2—closures of smooth
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sections over the partitioning hypersurface X, coming from the restriction to
the boundary of all smooth solutions over one of the parts M; of the parti-
tioned manifold M. In the case of the Dirac operator, this Cauchy data space
can be represented as the range of the L?—extension of the pseudo—differential
Calderén projection and established as a Lagrangian subspace of the symplec-
tic Hilbert space L2(—~X)+ L?(X) (for the somewhat delicate details see e.g.
[4], pp. 75-104).

On the other side, the Cauchy data spaces can be established as subspaces
of the symplectic Hilbert space 8 := Dyax/Dmin of natural boundary values,
i.e. the boundary values of sections belonging to the maximal domain Dy, of
the operator (so in [2], [3], see also [11]). One can embed B as a non-closed
subspace into the distribution space H~Y/2(—~X)+ H~/2(X). This treatment
of the Cauchy data spaces is independent of pseudo—differential analysis and
has several conceptual and technical advantages: the arguments work for any
symmetric elliptic differential operator of first order which satisfies a weak
unique continuation property and admits an extension defining a self-adjoint
Fredholm operator. Moreover, no product structures are required near the
boundary. Finally, the space B is basic and most suitable for a short and
general proof of the closedness and the Lagrangian property of the Cauchy data
spaces and the continuity of the corresponding transformation from symmetric
operators to Lagrangian subspaces. As observed already in [14], establishing
this continuity is the crucial step in proving spectral flow formulas.

In [2], this B-program was carried out by standard functional analysis
arguments and without assuming regularity at the endpoints or differentiability
of the curve of operators, or other supplementary technical assumptions. The
result was a quite general spectral flow formula, and the present paper is a
continuation of [2]. We show, also by standard arguments, that an additional
continuous transformation can be obtained, at least in the case when all metric
structures are product near the separating (or non-separating) hypersurface,
namely from the Cauchy data spaces of the B—theory into the ‘conventional’
L2-theory. This gives a slight generalization and a new proof of the Yoshida—
Nicolaescu Formula.

In Section 1 we address a fairly general situation in symplectic functional
analysis and prove a ‘criss—cross’ reduction theorem for the Maslov index. In
Section 2 we give a condensed version of the General Spectral Flow Formula of
[2]. In Section 3 we connect the two preceding sections and give a new proof
of the Yoshida—Nicolaescu Formula. In the Appendix we correct an erroneous
description in {2], §§1.1-1.2, and add a lemma to be inserted at the end of §1.2
in [2].
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1. Criss-Cross Reduction of the Maslov Index

Let 8 and L be symplectic Hilbert spaces w1th symplectic forms wg and
wr, , Tespectively. Let

(1.1) ﬂ:ﬂ__—i—ﬁ+ ~and L=L_+L,

be direct sum decompositions by transversal (not necessarily orthogonal) pairs
of Lagrangian subspaces. We assume that there exist continuous, injective
mappings

(1.2) i_:ﬂ_“'—)L_ . and 7:+:L+'——>,B+

with dense images and which are compatible with the symplectic structures,
i.e.

(1.3) wr(i-(z),a) = wg(z,i+(a)) forallea€ Lyandz e B_.

Let Ao be a fixed Lagrangian subspace of 3. We denote the Fredholm
Lagrangian Grassmannian of Ag by FL,,(8). It is the space of all Lagrangian
subspaces of 3 which make a Fredholm pair with A\y. Its topology is defined
by the operator norm of the projections. Its fundamental group is Z, and the.

mapping of the loops in FL,,(3) onto Z is given by the Maslov 1ndex It is
an intersection index of the loop with the Maslov cycle :

My (B) = {)\Efﬁ)‘o( )l)\ﬁ)\o;ﬁ{()}}.

By functional analytical means, the definition of the Maslov index can be
extended unambiguously to all continuous curves in FLy,(8) (see [2] and [3],.-
inspired by [15]; we refer to [6] for various aspects of the Maslov index and
also to [9], [10] for a cohomological treatment).

We are going to prove the following

THEOREM 1.1. Under the assumptions (1.1), (1.2), and (1.3),
(a) we have a continuous mapping

T:FLg (B) — FLr_(L)

(b) which maps the Maslov cycle of B_ into the Maslov cycle of L_ and
(c) preserves the Maslov index

mas ({)\t}te[o,l], B_) = mas ({T()\t)}te[o,u, L—)
for any continuous curve [0,1] 2t — A, € FLg_(B).

We prove Theorem 1.1 in a series of small lemmata.

1.1. Definition of the mapping 7. We consider the direct sum
D=8, ®L_,

where 3 and L are identified with subspaces of D. Then we define the mapping
T simply by

(1.4) T\ =ANL for A€ FLg (B).
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Clearly 7
(1.5) 7(A) ={i—_(a)+z |a € B_, z € Ly such that i, (z) +a € A}

To prove that range(7) C FL;_(L) and that T is continuous, we introduce
an alternative description of 7()) in terms of bounded operators associated to
A. For a given A € FLg_(3), we fix a direct sum decomposition

A=(ANB)+ u

with a suitable closed . Let m, : 8 — B, denote the projection along B_ .
Then to claim that (A, 3_) is a Fredholm pair is equivalent to claiming that
the projection ) := |y : A = B, is a Fredholm operator. So we deduce
that F) := 74 (X) = mx(u) is closed. For later use we notice that

(1.6) dimpB./Fy = dim(B,+B8_)/(A+B8_) = dimAnP_ < +oo.

By the injectivity of 74|, we can write u as the graph of a uniquely determined
bounded operator

fu:Fhx—B_.
Then we rewrite
(1.7) 7(A) = i-(AN B_) + graph(es),
where
or: ITHF) — L.
z = i_o fyoiy(z)

Since @ is bounded and its domain is closed in L, its graph is also closed
in L, and so is 7(A\) which differs from graph(y,) only by a space of finite
dimension. But moreover:

LEMMA 1.2. For each A € FLs_(B), we have 7(\) € FL_(L).
PROOF. In the exact sequence

0 — F — ,3+ i‘)ﬂ.{./F)\__)O
T iy
L,
the range of 7 is dense in 3, and dimB,/F) < 4+o0. So, the map poiy is
surjective. We therefore have

(1.8) B =Fr+i4(Ly)
and ker(p o i,) = i7'(F)). It follows that
(1.9) Li/i7'(F) = (P +i+(Ly)) / Fx= B4/ F.

This implies that the closed subspace i;!(F)) of L.. is of finite codimension.
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Now let z,y € i7'(F)) and set a := i, (z) and b:= i, (y). Then

wr(z +@x(2),y + oY) = wi(z, oa(y)) +wi(ea(2),y)
= wa(a, fu(b)) +ws(fu(a),d)
= wg(a+ fu(a),b+ fu(b)) = 0
by the compatibility condition (1.3) and the isotropy of u. So graph g, is
isotropic. Moreover, we have
dim (graph(p»)° / graph(ps)) = 2dim(L, /i7'(F))) = 2dim(B, /Fy).
Here gr::mph(kpk)0 denotes the annihilator of graph(¢,) with respect to the sym-
plectic form w; . Clearly, '
i-(AN B_) C graph(p,)® and i_(ANB_) Ngraph(p,) = {0}.
Further, we have
dimi_(ANB_) =dim(ANB_) = dim(B,/F)),

since the Fredholm index of the Lagrangian pair (A, 3_) vanishes. From this
dimension examination we see that adding ;_(ANB_) to graph(p,) makes 7())
a Lagrangian subspace of L. It also follows that 7(A\)NL_ =i_(ANB_) is of
finite dimension and that L_ +7(A) = L_ +graph(yp,) is of finite codimension,
hence (7(\), L_) is a Fredholm pair in L. O

REMARK 1.3. From equation (1.7) it particularly follows that
T(Ma_(B)) € My _(L).

1.2. The continuity of 7. We fix a closed W C L_ with dimL_/W <
+00 and choose a Lagrangian subspace 8 of 3 with 6 h 3, and Wz C 0 C WB,

,

where Wg := iZ'(W). Here “h” means that the two subspaces intersect
transversally. We notice that '

Wl=L_4(LyNnWY
and, correspondingly,
W3 =B_+ (B, NWJ).
Next we exploit that the injection i_ : B_ — L_ has a dense range. Similar

to the short exact sequence at the beginning of the proof of Lemma 1.2, we
have

0 — W < L. 5H L_/W — 0
ti_
B_
We deduce, as above,
L.=W+i(B.) and dim(8_/Wg)=dim(L_/W).
Moreover, we have
(1.10) iL(W'NLy)y=wang,.
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To show the inclusion “C”, we consider any £ € W°N L. Then wy(z,y) =0
for all y € W, and hence also for y = i_(z) for any 2z € W = iZ'(W). Now,
by (1.3),

0 = wi(z,i-(2)) = walis(2), 2).
So,

ir(z) eWgng, .
We deduce the identity “=" by the following dimension examination:
2dim(W° N Ly) = dim(W°/W) = dim(Wg/Ws) = 2dim(W§ N B,).
Equation (1.10) permits us to rewrite
WS = iy (Lo NWO)4 B

and to define

w e WﬂO — Wo

iv(@)+2z > z+i(2)

for t € L, N W and z € B_. We obtain a new splitting of the symplectic
Hilbert spaces:

PROPOSITION 1.4. The space 1 := iw(8) + W is a Lagrangian subspace of
L and the mapping iwle : @ = 1 has a dense image. Further, we have new
direct sum decompositions

B=pB,+6 and L=L,+n
which are compatible with regard to the symplectic forms wy and wg (similar
to (1.3)).
Proor. Clearly
Wcn=iw(@)+W cW° and dimW°/W < +o0,

hence 7 is also closed and isotropic. We notice that the mapping g o tw/g is
surjective with ker g o iy |y = Wy, where g : n — n/W denotes the projection.
So,

Wg/Ws D> 6/Wg = /W C W°/W.
Then, from the dimension examination
dim(W[,O/WB) = dim(W°%/W),

it follows that 7 is a Lagrangian subspace of L.

To see that the range of iy | is dense in  we recall that the mapping
iw : W3 = WP is an isomorphism W§nN B, = W°N L, on the first finite-
dimensional component, and it is equal to the dense embeddingi_ : 8_ — L_
on the second component, hence its restriction to 6 has a dense range in 7.

The new direct sum decompositions and the compatibility of the symplectic
forms follow at once. O

The preceding proposition permits a further simplification of the graph
representation of 7()), obtained in (1.7):
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COROLLARY 1.5. For any A € FLg_(B) with A h 0, we have

7(A) = graph(iw o fy o i),
where fy : B, — 6 such that graph f) = A.

Now we can prove the continuity of 7 and the invariance of the Maslov
index under 7. We set

FLw,(B)® = {1 € FLwy(B) | 0 Wp = {0}}.
Then we have an open covering

UFLw,(B)©® = FLs_(B),
w

where the union is taken over all closed subspaces W C L_ of finite codimen-
sion. It follows that 7(FLw,(8)®) C FLw(L)® . Thus, we have established
restrictions

w : FLg(B)® — FLyw (L)

of T for each W.
We fix a W. We denote the space of Lagrangian subspaces in a finite—
dimensional symplectic space by Lag(-) and define the reduction map

pws: FLwg(B)® —  Lag(Wg'/Wp)
A = (ANWg +Wg) /Wp

Then, for each Lagrangian subspace 6 in B with § O Ws and 6 h B, (as
before), the set

U(Wp,6) := {A € Lag(W3/Ws) | A th8/Wgs}
is open in Lag(Wj3/Wp) and we have an open covering
U #t (U(W6.0)) = FLws(8)®.
YR

By Corollary 1.5, the mapping 7 is continuous on each pﬁ,}s (U(Wg,0)), and

so it is continuous on the whole FLg_(B3). This concludes the proof of (a) of
Theorem 1.1.

Moreover, we have
(o, (UWa,0))) < ot (UW, 7w (8)),

where the reduction map pw : FLw(L)® — Lag(W°/W) is defined corre-
spondingly to pw, . We denote by

Tw : Lag(Wg3 / Wg) — Lag(W°/W)

the mapping naturally induced by 7. Then we have the following finite~
dimensional symplectic reduction:
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PROPOSITION 1.6. The dzagram

FLo_(B) +°— FLwy(B)® 2, Lag( Wa/We)

(1.11) rl Twl le W

FLp (L) +— .7-'[,W(L)(°)  —— Lag(WO/W)
< oW
18 commutative.

For any continuous curve {);}tco,;; € FLa_(B), we can find a closed sub-
space W C L_ of finite codimension such that the whole curve is contained
in FLw,(B)), respectively {7(A:)}tep,) is contained in FLw (L)®. By finite
symplectic reduction we obtain at once:

COROLLARY 1.7. The Maslov index coincides under the transformations
T, Tw, and Tw for loops and also for paths.

NoTE. For paths, the Maslov index depends on the choice of the Maslov
cycle. In Lag(W°/W), the Maslov index is taken with respect to the Maslov
cycle Mp_;w(W®/W). Correspondingly, the Maslov index in Lag(Wg/Wp)
is taken with respect to the Maslov cycle Mg_/w,(W3/Wp). Note that the
specified Maslov cycle in Lag(Wg3/Wp) is mapped onto the specified Maslov
cycle in Lag(W°/W) by 7.

Proposition 1.6 and Corollary 1.7 together with Remark 1.3 give the proof
of (b) and (c) of Theorem 1.1.

2. The General Spectral Flow Formula

Let H be a real separable Hilbert space and A an (unbounded) closed
symmetric operator defined on the domain D, which is supposed to be dense
in H. Let A* denote its adjoint operator with domain Dp,,,. We have that
A*|p_.. = A and that A* is the maximal closed extension of A in H.

We form the space 3 of natural boundary values with the natural trace map
< in the following way:

Doy L) Dma.x/Dmin = )3 '
z = (z)=|z] =2+ Duin -

The space B becomes a symplectic Hilbert space with the scalar product in-
duced by the graph norm

(2.1) (z,9)g = (z,9) + (Az,Ay)
and the symplectic form given by Green’s form
(2.2) w(lz], [¥]) == (Az,y) — (z,Ay)  for[z],[y] € B.

We define the natural Cauchy data space A = ~y(ker A™). It is a Lagrangian
subspace of B under the assumption that A admits at least one self-adjoint
Fredholm extension Ap. Actually, we shall assume a little more, namely that
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A has a self-adjoint extension Ap with compact resolvent. Then (A, y(D)) is
a Fredholm pair of subspaces of 8, i.e. A € FLyp)(B).

We consider a continuous curve {C}}cp,1) in the space of bounded self-
adjoint operators on H and assume that the operators A* + C; — r have no
‘inner solutions’, i.e. satisfy the weak unique continuation property (UCP)

ker(A* + C; — 7) N Dimia = {0}

for t € [0,1] and |r| < ¢ with ¢ > 0.

Clearly, the domains Dy,ax and Dy, are unchanged by the perturbation C;
for any ¢. So, B does not depend on the parameter ¢t. Moreover, the symplectic
form w is invariantly defined on 3 and so also independent of ¢. It follows (see
(2], Theorem 3.9) that the curve {A; := ~(ker(4* + C¢))} is continuous in
FLy0)(8B)-

Given this, the family {Ap + C;} can be considered at the same time
in the spectral theory of self-adjoint operators, defining a spectral flow, and
in the symplectic category, defining a Maslov index. Under the preceding
assumptions, the main result obtainable at that level is the following general
spectral flow formula (proved in [2], Theorem 5.1):

THEOREM 2.1. Let Ap be a self-adjoint extension of A with compact re-
solvent and let {Ap + C:} be a family satisfying the UCP assumption. Then

si{Ap+C;} = mas ({A},7(D)).

3. A Proof of the Yoshida—-Nicolaescu Formula

Let M be a closed connected smooth Riemannian manifold and let ¥ € M
be a hypersurface. Let

{A;:=Ag+C,: C°(M;S) — C®(M; S

be a continuous family of symmetric elliptic differential operators of first order
with the same principal symbol, acting on sections of a real bundle S over
M. The variation of the fixed operator Ag is given by a continuous family
{Ct}tepo,y) of smooth symmetric bundle homomorphisms. We assume that the
normal bundle of the hypersurface ¥ is orientable and that all metric structures
of M and S are product in a collar neighbourhood N = (—1,1) x £ of . We
have

)}05t51

0
(31) Ar=o(5+By) on N,
where 7 denotes the normal coordinate, o is orthogonal (assuming 02 = —Id),
0B, = —B,0, and B, is a self-adjoint elliptic differential operator over X, called

the tangential operator. Here the point of the product structure is that then
o and B; do not depend on the normal variable.

We cut the manifold at ¥ and attach a copy of T to each side. So, we obtain
a new manifold My with boundary £y U X;= (—~Z) U X. Then the B-space of
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My, being a C*°(0Mj)-module, splits according to the connected components
of M, and we obtain two symplectic Hilbert spaces

B = ﬂo'*‘ ﬂl and L:= L0+ L1
with
Y =% @1 : Dmax(My) — B+ B,

and L; = L*(+%;S|1g) for j = 0,1. We note that Ly and L, are naturally
identified as Hilbert spaces, but their symplectic forms have opposite signs. In
B we have a Lagrangian subspace

(3-2) Ag = {(z,7) € Byt By | n(s) =z = m(s) for s € H'(M)},

where H'(M) denotes the first order Sobolev space. Since M is closed, the
operator A; on H'(M) is a self-adjoint Fredholm operator. It can be identified
with the operator Aﬁ, D= Ag, p + C; over the new manifold M with domain

D := {s € Drax(My) | yo(s) = m(s)},

l.e. it can be considered as a global self~adjoint boundary problem with v(D) =
Ag. (Actually, D coincides with H*(M)).
We set B_ := Ag. In L, we have a Lagrangian subspace

(3.3) L_ := the diagonal of L*(—X; S|_z)+ L*(Z; Sls).

Clearly, the embedding @_ < L_ is bounded and dense.

To define suitable complementary Lagrangian subspaces 3, and L., we
must fall back on a spectral resolution {x, Ax} of L2(X) by eigensections of By.
(Here and in the following we do not mention the bundle S). For simplicity, we
assume ker By = {0}. Otherwise we must decompose the finite-dimensional
symplectic vector space ker By into two Lagrangian subspaces and add these
spaces to the half parts defined by the spectral cut at 0.

Following [3], Proposition 7.15 (for related results see also [5] and [11]),
we decompose

By = ﬁg‘i‘ ﬁi and B, = ,31_+ B-lg- )
where

H-%(x)

% -
]H ®) and By = [{ex >0l

BL = [{vr}r<o

and
1 (z)

B2 := [{px }r<o]

In a similar way, we decompose
Ly=L"+L% and L, =L'+I%

— g%
and A% := [{‘Pk}k>0]H =

with

L7(5)
]

— L2(D
L} = {orteco ®

and L} = [{pk}iso]
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and
——]2(5) —_— 12(%)
={ertecdl  and L% :={@atemo] |
Rewriting :
(3.4) B =By+8,=p"+8L+8L+5%,
we obtain

B-=p={(a,b,a,b)| (a,) = (s) = n(s) with s € H(M)}.
Correspondingly, we define

By ={(z,0,0,9) |z€p, ye B}
and

Ly :={(u,0,0,0) |u€ L%, v e LL}.

Clearly, we have L = L_+ L. , a dense bounded embedding L, — 3 +,and
AgNnB, = {0}. From the decomposition (3.4) we have also that Ag+ 3, = 3.
Then, as explained above in Section 2, the B-theory gives the continuity of

the family of Cauchy data spaces {A:} (of the continuous operator family -

{A:}, considered over My). They are all Lagrangian subspaces of 8 and make
Fredholm pairs with B_ = Ag = y(H'(M)). From the General Spectral Flow
Formula (here Theorem 2.1) and by the criss—cross reductlon of the Maslov’
index (Theorem 1.1), we obtain

(3.5) sf{Ao+Ci} = sf{4], +C}
(3.6) "2 mas ({A;}, Ag)
(3.7) . T mas ({A,NL},L.)

Note that here
AN L = {s|—pyus | s € H*(My) and Ay(s) = 0 in M; \ M)},

i.e. it coincides with the ‘conventional’ L2~definition of the Cauchy data spaces.
In the particular case of a partitioned manifold

M=M0UEM1 withE=6Mo=6M1=MoﬂM1,
not only 8 and L split but also the Cauchy data spaces split
A= A)+ AL,

according to the splitting of M into two parts. So, we obtain from (3.7) the
true Yoshida—Nicolaescu Formula, though without any assumptions about the
regularity at the endpoints or the differentiability of the curve:

THEOREM 3.1.
sf{Ag+C;} = mas ({A§J N LA (-%)+ AN L3(D)}, L_)
=: mas ({A‘,’ NLA(-D)}, {Al N LZ(E)}) ,

where the last expression is just a rewriting of the Maslov index of Fredholm
pairs of two curves.
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REMARK 3.2. (a) We notice that the subspaces B_ and L_ are defined
independently of a reference tangential operator, here By, but the choice of
any other reference operator B; would have given a different decomposition,
though not a different result.

(b) We would like to emphasize that the Yoshida-Nicolaescu formulas in the
literature always assume product structures near &, whereas the general spec-
tral flow formulas, as proved in [2] and expressed in [3] in 8 ¢ H~Y/2(Z), do
not require product structures near £. However, we also need product struc-
tures near ¥, to apply our criss—cross reduction theorem and to transform the
" general spectral flow formulas, expressed in ‘natural’ distribution spaces, into
‘conventional’ L>~formulas. Possibly, the criss—cross reduction theorem may
provide one explanation for the need of product structures for L?~formulas.
(c) We also want to point to a misprint in [3], p. 74 (after Equation (7.13)),
where it must read that “y(S)NL2(E) is not closed in L2(E)’ instead of “y(S)N
L%*(Z) is not closed in L%(Z)".

Appendix A. Addendum and Corrections to [2]

Let £ denote the space of all Lagrangian subspaces of a real separable
symplectic Hilbert space #, and let £C denote the space of all complex La-
grangian subspaces of H® C. As correctly observed in [2], the full group U (H)
of unitary operators of H does not act on FLy,(H), but the reduced group
U (H) does. It consists of unitary operators of the form Id + K, where K is a
compact operator. In [2], below on p. 5, we claimed that the reduced group
acts transitively on FL,,(H), i.e. the mapping

p: U(H) — FLy(H)
U = UK

is surjective. This claim is erroneous, since the difference of the orthogonal
projections onto a Fredholm pair of closed subspaces of # need not be of the
form Id + K, but can become an arbitrary Fredholm operator as proved in [3],
Appendix.

However, if we replace U (H) by U(H), FLx(H) by L, U.(H ® C) by
U(H ® C), and FLY oc(H @ C) by L, we have the same results as in [2],
§§1.1-1.2:

The group U(H) (resp. U(H ® C)) acts transitively on £ (resp. on LC).
So let

(A-1) s U(ﬁé)
and
42) £ UHSC) —  LC

g — g(A\f ® C)
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denote the mappings defined by these actions. We obtain a commutative
diagram

UH) —— UHBC)
(A.3) lp l,,c
L —I- <,

where 7 denotes the complexification U — U ® 1d.
Correspondingly to [2], Proposition 1.3 we have

PropoOSITION A.1. The mapping
pCo® : UH) — LC
is a homeomorphism, where ® is defined in the same way as in [2], p. 7.
Now we must add the following lemma to [2], following Definition 1.4:

LEMMA A.2. Let A € £ and A = U()\y). Then we have that

AEFL,(H) UT ™" +1d is a Fredholm operator.
PROOF. By identifying H = Ao ® C = Ao @ v/—1 )g, We represent U as
U=X+V-1Y
with X,Y : A\p = A¢. Since
UT ' +00 ' =(U+D)T '=2XT ',

we have that UTU ' +1d is a Fredholm operator, if and only if X is a Fredholm
operator. .

First we assume A\ € FLy,(H). Then we know already by [2], Equation
(1.1) that

(A.4) ker X = A0 A,

and we have also

(A.5) A do = {~Y (@) +V=IX(2) +y |2,y € Ao}
So

(A.6) H/(A+ Ao) = Ao/ range(X),

hence range(X) is closed and of finite codimension in ).
Conversely, if X is a Fredholm operator, then also by (A.4), (A.5), and
(A.6) we have A € FLC,,(H). a
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