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Abstract

Working on four-dimensional manifolds with boundary, we consider formally self-adjoint,
elliptic boundary value problems (A, B), A being the interior and B the boundary oper-
ator. These problems (A, B) should be valued in a tensor-spinor bundle; should depend
in a universal way on a Riemannian metric g and be formally self-adjoint; should behave
in an appropriate way under conformal change g — Q2¢g, Q a smooth positive function;
and the leading symbol of A should be positive definite. We view the functional determi-
nant det Ag of such a problem as a functional on a conformal class {Q2g}, and develop
a formula for the quotient of the determinant at Q%g by that at ¢g. (Analogous formu-
las are known to be intimately related to physical string theories in dimension two, and
to sharp inequalities of borderline Sobolev imbedding and Moser-Trudinger types for the
boundariless case in even dimensions.) When the determinant in a background metric g is
explicitly computable, the result is a formula for the determinant at each metric 2go ¢not
just a quotient of determinants). For example, we compute the functional determinants of
the Dirichlet and Robin (conformally covariant Neumann) problems for the Laplacian in
the ball B*, using our general quotient formulas in the case of the conformal Laplacian,
together with an explicit computation on the hemisphere H*.
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THE FUNCTIONAL DETESRMINANT OF A
FOUR-DIMENSIONAL BOUNDARY VALUE PROBLEM

THOMAS P. BRANSON AND PETER B. GILKEY

ABSTRACT. Working on four-dimensional mauifolds with boundary, we consider formally self-
adjoint, elliptic boundary value problems (A, B), A being the interior and B the boundary
operator. These problems (A, B) should be valued in a tensor-spinor bundle; should depend
in a universal way on a Riemannian metric g and be formally self-adjoint; should behave in
an appropriate way under conformal change g — Q%g, Q a smooth positive function; and the
leading symbol of A should be positive definite. We view the functional determinant det A of -
such a problem as a functional on a conformal class {2°g}, and develop & formula for the quo-
tient of the determinant at Q2g by that at g. (Analogous formulas are known to be intimately
related to physical string theories in dimension two, and to sharp inequalities of borderline
Sobolev imbedding and Moser-Trudinger types for the boundariless case in even dimensions.)
When the determinant in a background melric gy is explicitly computable, the result is a
formula for the determinant at each metric 22g, (not just a quotient of determin'ants). For
example, we compute the functional determinants of the Dirichlet and Robin (conformally
covariant Neumann) problems for the Laplacian in the ball B*, using our general quotient
formulas in the case of the conformal Laplacian, together with an explicit computation on
the hemisphere H*?. ' C B

0. INTRODUCTION

The zeta function determinant det A of an elliptic differential operator A is important in
Quantum Field Theory because it provides a regularization of the functional integral, for-
mally identical to a functional determinant. (The adjective “functional” indicates that the

" integral, or determinant, is taken over an infinite-dimensional function space.) Originally of -

interest on four-dimensional manifolds, these objects have recently been intensively studied
by physicists and mathematicians in two dimensions, in connection with String Theory,
the isospectral problem, and uniformization problems. In each of these applications, the
operator A = A, should be built naturally from a Riemannian metric ¢ on a compact
manifold M (and possibly some related extra information, like spin structure), and one is
concerned with det A, as a functional on the cone {¢} of Riemannian metrics on M, or
more precisely, the quotient of {¢} by the action of the diffeomorphism group Diffeo(M).
A key point has been the behavior of the determinant under conformal change of ¢; that
is, replacement of ¢ by Q2%¢, where § is a smooth positive function. The idea is that if
A has reasonable conformal behavior, then the behavior of det A should be predictable,
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2 BRANSON AND GILKEY

much as the behavior of the fundamental solution of A is. In the two-dimensional case, this
thinking gets one quite far, as the quotient of {g} by the groups Diffeo(M) and C3°(M)
(the positive functions Q acting by g — Q2%g) is a finite-parameter object; see, e.g. [O,
OPS1-2]. Since diffeomorphisms act on conformal factors €2, this quotient has the form
G = {g}/(Diffeo(M) x C(M)); i.e., the total group is a semidirect product. In dimen-
" sions three and higher, G 1s much larger, and in particular is in no sense a finite-parameter
object. Even though it is not clear how one would go about tracking the behavior of the
functional determinant as the metric g cuts across conformal classes, it seems timely to
~ return to four dimensions, and, inspired by two-dimensional successes, at least handle the
behavior of det A as a functional on a conformal class C°(M) - g.

For compact manifolds without boundary, some results are already in place. For a
~ computation in connection with Yang-Mills theory on four-manifolds, see [CT)]. In [B®3]
Branson and @rsted derived a formula for the functional determmant of a strongly ellip-
tic differential operator, with reasonable conformal properties, over a Riemannian four-
manifold without boundary; this is analogous to the much—studied Polyakov formulas
on two-manifolds. Branson, Chang, and Yang [BCY] used these formulas to study the
isospectral and extremal (uniformization) problems in four dimensions, trying to get ana-
~ logues of the two-dimensional results of Onofri [O] and of Osgood, Phillips, and Sarnak
[OPS1-2]. The conformal behavior of the functional determinant in dimension two is
intimately related to the Moser-Trudinger inequality, which expresses the contlnuxty (and,
- in its sharp form, is the norm calculation for) the embedding

(0.1) LI el

of the Sobolev class L? in the Orlicz class e”. (0.1) may be regarded as a limit of borderline
Sobolev inequalities L2 < L2/(1~*) (where L? is the usual Lebesgue class) as v T 1, or as
m | 2. Roughly speaking, the log-determinant (logarithm of the functional determinant) is
the quantity that (0.1) asserts to be nonnegative. In general dimension m, the borderline
Sobolev inequalities correspond to the imbeddings L2 «— L?™/(m=2¥) and the limiting case
is an inequality of Moser-Trudinger type, corresponding to the imbedding L2, /2 < el;
this has been studied by Adams [A] and by Beckner [Be]. In dimension four, [B@3]
and [BCY)] show that the logarithm of the functional determinant is a linear combination
of two terms, one of which describes the embedding L? — e, and the other of which
describes the “ordinary” borderline Sobolev embedding L? — L*. Up to normalization,
the L2 — el and L? «— L* terms are connected by one coupling constant, say a. The two
inequalities “work together” (the quantities asserted to be nonnegative do not appear with
opposite signs) if and only if ¢ > 0. a = a[A] depends on the elliptic operator A whose
functional determinant we are studying; for example, A could be the conformal Laplacian
Y or the square ¥? of the Dirac operator Y. But a[A] is universal in the sense of being
independent of the particular manifold and Riemannian metric; indeed, the number a[A]
can be computed from a knowledge of the heat invariants, which are similarly universal.
Fortunately, a[Y] and a[V?] are positive; this makes possible, among other things, the
extremal results of [BCY, Sec. 5] for the log-determinant on S*.

In this paper, we begin the extension of this program to four-dimensional manifolds with
boundary, inspired by the quite complete two-dimensional treatment of [OPS1-2]. As will
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become clear, this is qualitatively harder than the boundariless case, but still tractable on
on a conceptual as well as computational level. (Incidentally, the three-dimensional case is

not interesting for manifolds without boundary, as the functional determinant is very rigid -
conformally in odd dimensions; see Sec. 2 below. The boundary value version of this three- -

dimensional problem is, however, interesting, though not as rich as the four-dimensional
theory. Our results on the three-dimensional problem will appear separately.) It would
‘seem that an effective treatment of isospectral and extremal problemsin the boundary-
" value case would have to await a theory of boundary-value inequalities of Moser-Trudinger

type; we note that an excellent theory of sharp borderline Sobolev mequahtles is already.

in place [E1-2].

We shall need to be precise about three types of assumptions on the'elliptié opeérator A

and the boundary operator B which define our problem: (1) analytic assumptions, i.é. the
strength of the ellipticity needed; (2) naturality assumptions; and (3) conformal assump-
tions. Since we wish to invoke invariant-theoretic properties of local spectral invariants
associated to (A B), specifically the heat invariants, we néed to know that (A B) enJoys

suitable invariance properties; this is the rationale behind (2). (3) makes precise the “con-

formally reasonable behavior” mentioned above. We work out two examples in detail: the
conformal Laplacian Y = A 4 7/6 (7 = scalar curvature) with Dirichlet conditions, and

Y with conditions of Neumann type called Robin conditions by physicists; specifically, the

boundary operator here is N — H/3, where N is the inward unit normal derlvatxve and H
is the trace of the boundary embeddmg s second funda.mental fo1m

This paper is organized as follows. In Sec. 1, we summarize the invariant-theoretic
background needed to extract information from the heat asymptotics on manifolds with
boundary. Sec. 1 also describes a natural fourth-order differential operator P, originally
introduced by Paneitz ([P]; see also [Br2, ES]) in connection with the interaction of the
gauge and conformal groups on Maxwell fields; P seems to be absolutely central to four-
dimensional functional determinant problems. In Sec. 1, we also make precise statements
_of the above-mentioned analytic and naturality assumptions. In Sec. 2, we define the
functional determinant and prove a formula of Polyakov type for its conformal variation.
(See also [R, B@?2] in the boundariless case.) Though the functional determinant.is a
nonlocal invariant of the spectrum of (4, B) (i.e., it is not the integral of a local expression),
its conformal variation is local, and in fact is a heat invariant. In Secs. 3 anid 4, we apply this
variational formula in concert with invariant-theoretic and conformal geometric knowledge
" of ‘the heat invariants in dimension four to get explicit local formulas for the quotient of
functional determinants. At this point, the operators A and B have not been pinned down,
apart from their naturality and conformal behavior; thus our formulas at this point depend
on (exactly 13) parameters. In Sec. 6 we compute these parameters for the two choices
of (A, B) mentioned above: the conformal Laplacian with Dirichlet and Robin conditions.
In Sec. 5, still in the abstract (parameter-dependent) setting, we compute determinant
quotients on special manifolds; specifically the unit four-hemisphere H*, the unit four-
ball B%, the spherical shell Aj ={zeR"|1< || <s}fors>1, and the cylinder
Ct =[0,h] x S® for h > 0, all with their standard metrics. H* is conformally equivalent
to B* and A% to C} (when h = logs); this provides checks on our calculations. It also
provides a value for the functional determinant on the ball since, as we show in Sec. 7,
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everything is explicitly computable on H*. For example, we find that if Y_ (resp. Y ) is
- the conformal Laplacian with Dirichlet (resp. Robin) conditions, then

—logdet Ya = 3Cr(=3) + §Ch(—1) + 745 £ 3¢r(=2)  on HY,
—logdet Y= = 3¢p(—=3) + 3CR(—1) + 555 — 3¢R(—2) + (4log2+ 11)/360  on B,
—logdet Yy = $(R(—3) + 3Cr(~1) + 555 + %Ch(—Q) + (4log2 — 1)/360-  on B*,

‘where (g is the Riemann zeta function. This shows, in particular, that the minimality

‘result of [BCY, Sec. 5] for detY in the conformal class of the standard metric on S*

does not readily extend to the hemisphere: passage from the round H* metric to the flat

B* metric “improves” (lowers) both functionals. In an appendix (Sec. 8), we collect in_

" one place the deﬁmtlons of local invariants used in developmg the determinant quotlent

formulas, and prove some facts (used in Sec. 7) about zeta functions associated to spheres.
Special thanks are due to Bent (rsted for enlightening discussions.

1. LOCAL INVARIANTS, NATURAL DIFFERENTIAL OPERATORS
AND BOUNDARY VALUE PROBLEMS, AND THE HEAT INVARIANTS

Let M be a smooth, compact, m-dimensional Riemannian manifold with smooth bound-
ary OM. Denote by ¢ the metric tensor on M; the pullback of g under the inclusion
~ OM — M is a Riemannian metric on M. Let R be the Riemann curvature tensor of g,
with the sign convention that makes R!;;5 positive on standard spheres. We adopt the
convention that letters 7,7,... run from 1 to m, and index a local coordinate frame and
coframe on M. We raise and lower indices using the metric tensor, and sum over repeated
indices. The Ricci tensor p of M has p;; = R¥;; , and the scalar curvature of M is T = Pl

Additional invariants describe the embedding of OM, and are defined as tensor fields
over OM (as opposed to M). Let N be the inward unit geodesic normal in a collar for OM
in M, and consider local coordinates (z') in a neighborhood of a point of M for which
8/0z™ = N, and for which the z%, a = 1,...m — 1 are local coordinates on M. Letters
a,b,... will run from 1 to m — 1, and index coordinate frames and coframes of this type
on OM. The subscript N will be interchangeable with m in this setting, and will serve
to indicate that we are working in such a coordinate system. We denote the coordinate
coframe element dz™ by N, . The (second) fundamental form L of the boundary embedding
is a symmetric 2-tensor defined by

Lgp = —%Ngab .

The trace H := L%, of L is a multiple of the mean curvature. Here we have used glans,
the pullback of g to M under the inclusion, to raise the boundary index; we shall always
use g|anr as the metric on M. Repeated boundary indices are, of course, summed from 1
to m — 1. L measures the deviation of the boundary embedding from total geodesy; that
is, it is the obstruction to the p0581b111ty of finding coordinates ' which are normal on
both M and OM.

A symmetric 2-tensor G is defined by

G% := R NN,
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.and we let F := G%, he symmetrlc 2-tensor T is deﬁned by
Tab :=. Rfyep.

Note that (T + G)sp = pas , and that 7%, = R°®,, = 7 — 2F. We use g and its pullback -
glom to define quantities like |p|? = pYp;;, |L|? = L% L4y, (L,G) = LGy, etc. Intrinsic
objects on M which are analogous to objects on M will usually be denoted with a tilde;
for example, § = g|on ; V, V are the Levi-Civita connections on M and M respectively;
and A, A are the Laplacians on functions. The Riemannian measure on (M, g) will be
denoted by dz, and the Riemannian measure on (8M, §) by dy. Our sign convention for the

Laplacian gives A = —d?/dz* on R!. We shall sometimes use a standard abbrevietion in
which indices after a bar indicate covariant differentiations with respect to V, for example
¢,,|k1 = VVipi; = (VVLp)Ik,J, and indices aftér a colon similarly indicate covarlant'
diffentiations w1th respect to v. ' '
~ Let
J=1/2(m~-1),
() V =(p-Jg)(m~2),

Clikt = Riji + Ve’ = Viu8's + Vigje = Vigir.

C is the Weyl conformal curvature tensor. C,V,J carry the information in R in a way
which is better adapted to conformal variational calculations than are R, p, 7. Specifically, -
let the metric run through a conformal curve gew] = eze“’g[O] for w € C°(M). and €a real
parameter. Then (d/d6)|€—o(g[5w]) = 2wg[0] and

(1.2) (d/de)le=0Clew] =0,
(1.3) (d/de)|e=oJ[ew] + 2wJ[0] = A[Q)w,
(1.4) (d/de)|e=oV]ew] = —(VV)[O]w.

Here we have used the following convention, which will be maintained throughout thls
paper: given a conformal class of metrics

(910 = {eg[0]) | 0 € C=(M)}, L
| ok
and a metric-dependent quantity T, we indicate that T should be evaluated in g[w] :=
e?¥g[0] by writing T|w]. For example, the conformal invariance of |C |2dz on four-manifolds
can be expressed as

(1.5) (|C|*dz)[w] = (|C|*dz)|0], m=4, wé€C®M).
We shall need the Paneitz quantity

(1.6) Q=-2VP+2J*+AJ
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and Paneitz operator
P=A*46{(m~2)J —4V-}d+ E—;——‘LQ.
Here d is the exterior derivative, & is the formal adjoint of d, and V- is the bundle endo-

morphism ¢ = (p;) = (Vi’p;) on the cotangent bundle T*M. By [P], [Br2, Theorem
1.21], [ES] Pis conformally covariant: given a conformal class (90),

(17) f e,_'?t""P[w‘] = P[O]p(eT_“’) all w € C*(M), m#1,2,

where for any i € C°(M), u(u) denotes multlphcatlon by u. The 1nﬁn1tesn’nal form of
(17)is ~

(18) (d/de)le=oPlew] = ~4wP(0] + T2 P(0], )]

A conformal variational formula for the local scalar invariant @ in dimension m = 4 will
be important for us. To get this, let m > 3 be arbitrary for the moment, and let

PO P—-——Q A%+ 6{(m —2)J —4V-}d.

v o

Applying the conformal covariance relation (1.7) to the function 1, we gét

m—4 m44 ~4

2 Qule™#* = (Po[O] + —"1—2“—442[0]) R

= Rol0] ("7 — 1) + 7—712;462[0]61’:2“’,

since Py annihilates constants. This leads to the identity

—"l#w — 2 m-—4 ., _ m—4.,
g Ol “—Po[0] (37 — 1) + Qo] ™F
= P[0](w + (m — 4)w’a((m — 4)w)) + Q[0] + (m — 4Jwb((m — 4)w),
where a and b are entire functions. This identity holds for m # 4, but since all conformal

variational calculations can be done within spaces of polynomial invariants with rational-
in-m coeffients, analytic continuation in m is justified, and we get

(1.10) P[0lw + Q[0] = Qw]e*™, m =4,
Taking the variation of (1.10), we have

(1.11) P[0Jw = (d/de)|emoQlew] +4wQ[0], m = 4.
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. 1.1 Remark. ‘We shall work with differential operators on bundles of tensor-spinors over
. (M,g). One way to describe these is as follows. A tensor-spinor bundle V is a vector

bundle associated to the principal O(m)-bundle of orthonormal frames, the SO(m)-bundle

of oriented orthonormal frames, or the Spin(im)-bundle of spin frames. (The groups H =

O(m), SO(m), and Spin(m) are the natural structure groups of Riemannian, oriented
Riemannian, and Riemannian spin geometry respectively.) That is, V has the form

Fux,V, where (V, p) is a finite-dimensional representation of H, and Fy is the appropriate

frame bundle. Since the defining representation T' of SO(m) and the spin representation

T of Spin(m) are faithful, any irreducible tensor-spinor bundle can be realized as a direct.
summand of an iterated tensor product '

Ty =(TM)®* ® (T*M)® © (EM)® @ (5" M)®", af,0,m €N,

We shall need a quick review of some basic results on the small time asymptotic ex-

pansion of the trace of the heat operatbr. Details can be found in [G2], especially:Sec. I

1.9.

1.2 Analytic Assumptions. Let A be a differential operator of positive order on sections

of a tensor-spinor bundle V over M. Suppose that A is formally self-adjoint and has positive
definite leading symbol 01caa(A); that is, o1caa(A)(2,€) is positive definite in EndV, for
allz € M and 0 # £ € T; M. Let B be an operator on the bund]e of Cauchy data for A

" on 8M with the property that the pair (A, B) is e]hptw

1.3 Remark. Formal self-adjointness and the assumption on the leading symbol make
sense because tensor-spinor bundles over a Riemannian manifold come equipped with Rie-
mannian vector bundle structures. Since o1cad(A)(z, —€) = (=1)°"4 o .4(A)(z,€), the
assumption of positive definite leading symbol forces the order of A to be even. We shall
always denote ord(A4) by 2¢ > 0, so that ojead(A) = 02¢(A). We do not give the definition
of ellipticity for a boundary value problem here as it is somewhat technical and distracting;
see [G2, Sec. 1.9] for this. :

1.4 Remark. The bundle W of order 2¢ Cauchy data for sections of V has a natural
gradlng by subbundles '
W Wo®...0 Waey

where W; holds the j¥ Cauchy datum. The boundary operator B for an elliptic boundary’

value problem is valued in an auxiliary bundle W' which admits a similar grading
W =Wy&...0 Wy,

but which has dim W' = 1 dim w. (See the examples below.).

Let Ap be the restriction of A to the subspace

C*(M,V)p = {F € C®(M,V)| B(CD,, F) = 0}.
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Here CDy¢ : C°(M,V) — C®°(OM, W) is the operator which assigns the order 2¢ Cauchy
data. If f € C*°(M), there is an asymptotic expansion

' oo
(1.12) Trp» fexp(—tAp) ~ Y an(f, 4, B)" "™/, ¢ |0,

n=0

~ where

- ' : 7 T on-1- )
(1.13) "~ an(f,A,B) = /M fan(z, A)dz + Z /aM(N"f)an,,,(y,A,B)dy.

: Thejan(:c, A) and;an,,,(yr, A, B) are locally computable from the total symbols of 4 and B
in local coordinates. : :

1.5 Remark. The auxiliary function f is a device which allows us to observe the dis-

tributional behavior of the heat kernel at the boundary. We are forced to deal with this

extra information because, as we shall see below, conformal deformation of the asymptotics

of Trexp(—tAp) and of the functional determinant naturally lead to the asymptotics of

Trwexp(—tApg), where w is the infinitesimal conformal factor as above. Here and below,

we write simply “Tr” for Try2, and use the notation “tr” for traces over vector bundle
fibers.

1.6 Naturality Assumptions. Suppose that A and B are given locally by universal,
polynomial formulas in the jets of a Riemannian metric g; the inverse g* of g; plus (if
orientation is involved), a volume form E; plus (if spin structure is involved) the funda-
mental tensor-spinor y. Suppose that, with respect to uniform dilations of the metric, A
has homogeneity degree —ord A, and the boundary condition does not change:

(1.14) g=a?¢g (E=a™E, y=a"'y) = A=a"2A, N(B.CDy) = N(BoCDy),

where N is the null space. Suppose further that A satisfies the analytic assumptions 1.2
categorically; that is, the realization of (A, B) on any Riemannian manifold (M,0M) with
boundary satisfies the analytic assumptions.

1.7 Remark. If M has spin structure, the fundamental tensor-spinor, or Clifford section
7 is a section of TM @ End TM gyin(m) TM @ EM © £*M, where TM is the tangent
bundle and ¥ M the spinor bundle. ¥ satisfies the Clifford relations

7Y + vy = —2¢" 1ds,

where v* is the local section of End ¥ gotten by tensoring with dz* and contracting the TM
argument. The scalings of E and v posited in (1.14) are those which are consistent with
the scaling of the metric; the scaling of v being forced by the Clifford relations. The Levi-
Civita connection on T M is lifted to the spinor bundle (if any), and extended to iterated
tensor products of TM, ¥M, and their duals, so that we may take covariant derivatives
of tensor-spinor fields. Vg, VE, and V« all vanish when defined.
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1.8 Remark. Since a sca,hng § = a?g of the metric induces a sca,hng N = a™'N of the

inward unit normal, the operator CDyy is sensxtlve to unlform dilation; thus we had to
speak of CDg, in (1.14). S

1.9 Remark. By Weyl’s invariant theory, A is built polynomially (using tensor product
and contraction) from g, its inverse ¢*, V, and iterated covariant derivatives of R; plus (if-
orientation is 1nvolved) E; plus (if spin structure is involved) . B is similarly built from §,

g‘t N, N,, Vn, V, and tangential covariant derivatives of R and L, plus the restrlctlons
to aM of E and/or v if applicable. As a result, the an(z, A) are polynomlal in g, ¢!, and

iterated covariant derivatives of R; plus E and/or v if applicable. The a,.(y, A, B) are -
polynomial in §, §*, N, N,, and iterated tangential covariant derivatives (V) of Ry M and

of- L, plus the restrictions to OM of E and/or v if applicable.

1.10 Remark. We shall say that a local scalar invariant on M or M, or a natural” ‘
differential operator A on some C®(M, V), has level n if it scales according to A = a™"A
under uniform dilation § = a?g of the metric, 0 < a € R (with the compatible scalings
E = o™E, ¥ = a~!v if applicable). For example, it is part of the naturality assumptions
1.6 that A has level 2¢ (equal to its order). It is stralghtforward to show that we may
measure the level as follows. If A is a level n monomial local 1nvar1ant or monomial

. natural differential operator on M, of degree (kr,kv)in (R, V), then
2kg + kv = n.

If A is a level n monomial local invariant or monomial natural dlfferentxal operator on M,
of degree (kR kL kg, kn) in (R, L, V,Vx), then

2kR+kL+k¢+kN=-fn.

In the study of the index, analytic torsion, and functional determinant, a special role is

played by quantities of level m, the dimension. Thus in this paper, we shall be especially
interested in level 4 objects on M, for example the Paneitz quantlty Q and operator P;

and level 3 objects on OM.

1.11 Remark. By the last two remarks, the assumption of categorically positive definite -

leading symbol implies that o9¢(A) is polynomial in g and ¢!; plus, if applicable, E and/or
7; that is, no higher jets of these objects are involved.

1.12 Remark. Parity considerations force acad(z,4) = 0, but the aoqq,.(y, A, B) are
generally nonzero. Homogeneity considerations (i.e., comparison of the behavior of the
two sides of (1.13) under uniform dilation of the metric) imply that a,(z, A) has level n.
Similarly, the a, ,(y, A, B) must have level n — 1 — v. ‘

2. THE FUNCTIONAL DETERMINANT AND ITS CONFORMAL VARIATION

We retain the notation of Sec. 1, and assume that our boundary value problem (A, B)
satisfies the analytic and naturality assumptions 1.2, 1.6. The analytic assumptions guar-
antee that (A, B) has real eigenvalue spectrum Ag < A\; < ... T 400, with corresponding
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eigensections in C°(M, V). We define the zeta function of the problem (4, B) by

CaB(s) =) 1™

A; #0

There exist ¢ > 0 and j"o € N such that Aj 2 7€ whenever 7 > jo, so (a,8(s) is manifestly
well-defined and holomorphic for large Re s. Since there are only finitely many nonpositive
Aj, the heat expansion (1.12) gives '

‘ ' N
Y el = —g(4,B)+2 Y sinhtd; + Y an(4, B 4 0 (t”—‘*z"r'L)
2.1) Aj#0 : Aj <0 - n=0 - . : :

N | -
= D a4, BT 0 ()
n=0

where an(A, B) = an(1, A, B), g(A, B) is the multiplicity of 0 as an eigenvalue of (4, B), .
and

an(A,B) - ¢(A4,B), n=m,

(22)  an(4,B) =4 (4 B) +2 Y Ak/RL n=m+20(1+2k), k€N,
—_— A; <0

an(A, B) otherwise.
Applying the Mellin transform, we get a meromorphic continuation of (4 g(s) to C:

an9) = 175 (ﬁ (- %—’3) au(4, B)

n=0

1 oo
el (Rt / o=1 —t]A;]
+/Ot O(t ; )dt-l— A Yoo dt),'

Aj#0

where O(t(N~m+1/28) i5 the error term from (2.1). In particular, (4 p(s) is regular at
s = 0, and we define the functional determinant of the problem (4, B) by

det Ap = (~1)#% <% exp(~(}; 5(0)).
2.1 Remark. It is important to note that the functional determinant is not invariant
under uniform dilation of the metric. Suppose, as before, that § = a?g, and if applicable,

E=a™E,5=a"'v. Then

(2.3) ¢4,8(0) = ¢4,5(0),
detAg = o 24.8(0) et Agp.
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That is, the quantity (4 5(0) is scale-invariant, and the functional determinant has a scale
homogeneity which depends on (4,8(0). Thus the functional -

P(A, B, g) = vol(g)24.8(0)/m det Ap

is a scale-invariant “version” of the determinant. An added advantage of 'P(A B,g) is
that, like the determmant it 1s a spectral invariant, since

ag(A, B) = Cvol(g),

where C' is a constant depending only on o2¢(A). (The number 2¢/m can be recovered
from the spectrum because —m/2{ is the leading exponent in the heat asymptotics (1.12).)

We emphasize that there is no reason to expect det Ap or "F'(A B g) to be the mtegral of

a local expression, as is a,(4, B).

2.2 Remark. If m > 1 and M # §, the functional ’
(24)  Pa(4,B,g) = vol(g)2/™ vol(§)246a2O-N/(m=Ndet 45, A€R,

is also scale-invariant, and this raises the interesting prospect of interaction with the isoperi-
metric problem, especially in connection with extremal problems. The new ingredient,
vol(g), is often a spectral invariant: a;(A, B) has the form C vol(§) for some constant C
- which depends on (4, B) but not on M. Thus vol(§) is determined by the spectrum when
C # 0. To preserve the spirit of the endeavor, and with a view toward the- isospectral
problem, one would like to choose exponents in (2.4) which are spectral invariants, per-
haps by choosing A = 0 or A = (4 58(0). (See Theorem 4.10 below.) If M and/or BM is
disconnected, there is also the possibility of giving different components different weights in
making scale corrections. Specifically, if M, and (OM), are the (finitely many) connected
components of M and OM respectively, and g, = g|m, , gv = gl(aM)u , We can cons1der

(H vol(gu)u’\“/m) (H vol([}v)ux"/(m_l)) det Ap,

v

where Z Au + Z Do = CA’B(O)'

The problem is that this may move us outside the realm of spectral invariants.

2.3 Remark. Suppose we are given an elliptic boundary value problem (D, b) in which
D is formally self-adjoint, but does not necessarily have positive definite leading symbol.
Let d be the order of D. If r € Z+, we can form a new elliptic problem (D", b{") by taking
the rtt power: the boundary condition determining 5" is

boCDygp = bo CDy(Dyp) = ... = bo CDd(Dr_lcp) = 0.

The operator corresponding to the problem (D",b(" ) will be called (Dy)". If (D,b) is
natural, then so is (D7, b("), and if r is even, D" has positive definite leading symbol.

We shall now impose some additional conformal assumptions.




12 ~ BRANSON AND GILKEY

2.4 Conformal Assumptions. Suppose that A is a positive integer power of a natural
differential operator D, A = D" which is conformally covariant in the sense that given a
conformal class (g[0]),

(2.5) | eaﬂf/"p[w]’: D0Ju(e®™),  we CP(M),

for some a € R. Here, in case orientation and/or spin structure are used, E[w] := e™“ E[0],
vlw] := e “y[0]. for some a € R. Suppose that B arises as b as in Remark 2.3,
- where (D, b) is an elliptic boundary value problem, and that the conformal behavior of b
is compatible with (2.5) in the sense that N'((boCDj¢y4)[w]) = N ((5oCDy¢/1)[0]p(e**)), or
equivalently,

(26) N((8sCDae/n)lw]) = e=**N((5sCDsey)(0]).

2.5 Remark. Our conformal assumptions are weaker than the assertion that (A, B) is
conformally covariant; this is the special case h = 1. When we work in this generality, we
can handle, for example, the conformal Laplacian D on middle-forms (m/2-forms for m
even) with a suitable boundary operator B. By [Brl], D has the form

éd — dé + (Ricci term),

where d is the exterior derivative, and § is the formal adjoint of d. If M is oriented,

D interchanges the two eigenbundles AT M of the Hodge operator, unlike the form
g + g

Laplacian A = éd + dé, which preserves both A':/ M and A™2M. There do, in fact exist
boundary conditions which are suitable in the sense of ellipticity and conformal covariance
of the right weight. On the leading symbol level, the resulting boundary conditions are
absolute or relative conditions [BG, Sec. 7}, and the necessary lower-order corrections are
given by actions of the fundamental form L. (These results will appear separately.) Note

that since
D? = A? 4 (lower order),

D is elliptic. On the other hand, the Dirichlet problem for the spin Laplacian, i.e., for
the square of the Dirac operator ¥ on the spinor bundle ©M, is outside the framework
we have described, even though ¥ is conformally covariant. The reason is that Dirichlet
boundary conditions for ¥ do not arise from the iteration process of Remark 2.3. In
fact, there are no local boundary conditions for ¥ which are elliptic in the sense we need,;
this is, of course, what leads to the eta invariant of Atiyah-Patodi-Singer. (¥, D) is not
elliptic, even though this problem satisfies our conformal assumptions (V is conformally
covariant).

2.6 Remark. The infinitesimal form of the conformal covariance relation (2.5) is
(27) (4/de)lemoDlew) = ~(20/)DI0] + a[D(0], ()]

The finite and infinitesimal forms of the conformal covariance relation are, in fact, equiv-
alent: an application of (2.7) with g[eow] in place of ¢[0] gives

(2.8) (d/de)le=eo {e!*H2/M % Dlew]p(e™*)} = 0
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for any €9 € R, so that (2.5) is obtained. In practice, the way in whlch we qhall enforce .
(2.6) is.to show that

(be CDag/n)w] = Afw](be CDze/,h)[O]#(eW),
where A[w] is a smooth, functorial, w-dependent section of Aut W', with the curves Aew]

smooth and £[0] = Idw'. An argument like (2.8) shows that this is in turn enforced by
its.infinitesimal form |

(d/de)|e=0(bo CDag/n)[ew] = a(bo CDa¢yr )[0]u(w) + E[w](bo CD2£/h)[O]

where E(w] := (d/de)|e=0Alew] € C®(OM,End W'). In fact, in our examples, the entries
of Aw] in the block decomposition corresponding to the gradmg of Remark 1.4 have the"
form p(e®) for various powers c. ' :

2. 7 Example. Let A be the conformal Laplaczan or Yamabe opemtor

m—2
Y=At
At fm=D)"

Y is conformally covariant of bzdegree ((m 2)/2,(m + 2)/2)
Yiw) = e~ "FY[0]u(e™F),

Though Y can be viewed as a conformally invariant operator between density bundles, we

*  choose not to do so, and instead view it as acting on sections of a trivial line bundle over

M. Accordingly, Dirichlet conditions for Y are obtained by lettmg Wo be a tr1v1al hne
. ‘bundle over M, settmg Wy = 0, and setting :

By, =1d, 301—310—311—-0 , . ,
" in the block decomposition of Remark 1.4. Dirichlet conditions are, of ¢ course, conformally

compatible.

2.8 Example. There is also a conformally compatible Neumann condition, sometimes
called the Robin condition by physicists. This is obtained by “playing off” the conformal
variation of the mean curvature against that of the normal vector field N, just as the
variation of the scalar curvature 7 compensates that of the Laplac1an A to form the
~ conformal Laplacian. By [BG, Appendix],

(d/de)le=o N[ew] = —wN[0], - (d/de)|e=o H[w] +wH[0] —(m f'l)wlNH[O]‘
Thus for all a,d € R, '
(d/de)le=o(N + aH)[ew] + w(N +aH)[0] - a[(N + aH)[0], p(w)] = (—a(m — 1) — a)u(w|n)-
As a result, there is an infinitesimal conformal covariance law for V + aH for each a € R:'
(d/de)le=o(N + aH)[ew] = —w(N + aH)[0] — a(m — 1)[(N + aH)[0}, u(w)]-
In particular, the boundary operator .
m— 2
~2(m—1)
is conformally compatible with Y. More precisely, to set up the Robin condition, we
let W/ be a trivial line bundle, W} = 0, By; = Id, Bo,; = —(m — 2)H/2(m — 1), and

By = By, = 0. The Robin condition is important in the study of the Yamabe problem
on manifolds with boundary; see [E2]. :




14 , , : BRANSON AND GILKEY

2.9 Remark. If (A, B) satisfies 1.2, 1.6, and 2.4, then so does (AT, B(')) for each r € Z.
This is sometimes useful in that it allows us to get rid of the (finite multiplicity) negative
spectrum of (Ap) by passing to (4p)2.

An extremely important property from our point of view is a generalization of the
scale-invariance property (2.3) to pointwise (conformal) scalings under the conformal as-
sumptions 2.4. Following [B@1], we call this a conformal indez property.

2.10 Conformal Index Theorem. If (A, B) satisfies 1.2, 1.6, and 2.4, and g[0] is a
Riemannian metric on M, then the quantities ¢(A, B), #{A < 0}, am(A B) and (4,8(0)
are constant on the conformal class (g[0]).

Proof. Let D be as'in 2.4. The spectral invariants of A[w] on N((BoCD2¢)[w]) are the
same as those of (u(e™(a+2¢/M«)D[0]u(e*))* on N((Bo CDu)[O]u(e““’)) The spectral
invariants of the latter problem are the same as those of

Alw] = ““’(u(e"(“”‘/ M) D{0]u(e™))" (e *) = (u(e™2*/")D(0])*

on N((Bo CD2)[0]). Here we have applied a “global gauge transformation” in conjugating
by p(e®*); this does not affect spectral data, and has the advantage of transforming the
original problem into one in which the boundary condition is fixed. Note that all of the
boundary value problems mentioned are elliptic because the original one is. Because Ap
has pure eigenvalue spectrum, the null spaces A (A) and N(D) in C®°(M,V)p agree. But
by the conformal covariance relations, the dimension of N (D) in C*®(M,V)p is confor-
mally invariant; thus ¢( A, B) is conformally invariant. By a straightforward extension of an
argument in [Bl, Proposition 1], the number of negative eigenvalues of (u(e~2%/")D[0])"
on N((Bo CD3.)[0]) is independent of ¢; this uses the fact that the number of zero eigen-
values is independent of . Since (4,5(0) = am(4, B) — ¢(A, B), we just need to show that
am(A, B) is conformally invariant.

For this, fix w € C®°(M), and consider the conformal curve of metrics glew] = e*¢“g[0].
If we can show that the variation operator (d/de)|.=¢ annihilates the functional an,(A4, B),
we are done, since this result may then be applied with any g[gow] in place of ¢[0], and w is
arbitrary. By the preceding paragraph, it is sufficient to show that (d/de)|.=0 annihilates
am(Alew], B[0]). The estimates in [GS] justify the following formal computation:

3 (@) oAl Blewl P = 3 (el moan(Ales), BIODE

~ (d/de)|e=0 Trexp(—t(Alew])s[0])
= —t Tr{((d/de)|e=0(Alew]) 8[0]) exp(—t(AB)[0])}
(2.9) = —t Tr{((d/de)e=o(p(e™?“/*)D[0])" ) Bio) exp(~t(A5)[0])}
= 20t Tr{w(Ap exp(—tAp))[0]}
= —20t(d/dt) Tr{w exp(—t(Ap)[0])}

~ i(m — n)an(w, A[0], B[0])t(r /2

n=0
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where the asymptotics are for ¢ | 0. Here we have used the fact that that exp( t(Ap)[0])
is a smoothing operator for ¢t > 0, with the consequence that ' : :

Tr(UVe™t48) = Tr(VUe *45)
as long as U and V are finite-order pseudo-differential operators and V. commutes with
Apg , Comparing coefficients for n = m, we get the result. a -

In the course of the proof, we have actually computed the conformal variation of
an(A, B) for every n:

2.11 Corollary. Under the assumptions of Theorem 2.10,
(d/de)|e=0an(Alew], Blew]) = (m — n)an(w, A[0], B[0]). O
. The corollary shows that a,(A, B) is a conformal primitive, or integral, for a,(w, A, B) '
provided n # m. The following variational formula, which will be fundamental to our

computations, shows that the functional determinant supplies the ¢ . mlssmg pr'im'itivy,e for
am(w, A, B), at least when the conformal invariant ¢(4, B) vanishes. '

2.12 Theorem. Suppose (A, B) satisfies 1.2, 1.6, and 2.4. Let (M, g[0]) be a partzcu]ar o

manifold with boundary together with a conforma] class on which N (AB) = 0, and let
w € C *(M). Then .

(d/d5)|€ OCA[ew] B[ew](o) = 2€am(w’ [ ] B[O])

_Proof. First assume that (A B)[O] is positive. By the conformal invariance of ¢(A4, B)' and
of #{A; < 0} (Theorem 2.10), (Ap)[ew] is positive for all € ‘€ R, so that the Mellin
transform relates the zeta function to Trexp(—tApg), without the modifications of (2.2)..
‘The estimates in [GS] allow us to conclude that (d/de)|e=0Ca B(s) is meromorph1c and
that -we can interchange the order of conformal variation and. analytm contlnuatlon For -~
Res large, ‘

(d/ds)]5=ocil[ew],3[ew](S) = (di/ds)(d/de)|e=0CA[ew],B[€w](3) |
= (d/ds) {_15 / 17 H{(d/ de)|e=0 Trexp(ft(AB)[sQJ])}dt}. : )

20 [

—<d/ds>{r( [ e (- (AB>[01>}dt}
2s |

- @ { £ [ o Trlwen- (AB)[O])}dt}

Here we have integrated by parts in ¢, and used the computations in (2 9). Analytlcally
continuing this formula, the value at s = 0 is the same as that of

g | Trwen(—H4s) D)

that being 24a,,(w, A[0], B[0}).
To dispense with the positivity assumption on Ap , note that we have proved the result
for the positive operator (AB)?. (Recall Remark 2.9.) But (42 g(s) = (4,8(2s), so
Cuz, 5@ (0) = 2¢} p(0). But by a straightforward extension of [FG Theorem 2. 4] to

boundary value problems, ap,(w, A%, B®) = a;y(w,A,B). O

(2.10)
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2.13 Remark. The effect of zero spectrum on this argument is as follows. Since ¢(4, B)
is conformally invariant, nothing in (2.10) changes until we apply the e-derivative; the
trace on the third line becomes

Tr(wexp(—t(4B)[0])) - P), P= Proj./\/(A[O])jnN((Bo"CDu)[O]) :

The kernel function of w{exp(—t(A4p)[0]) — P} is

w(z){ Ht,z,9) = Y wi(z) @) ¢,
= = = Aj=0 :
where H(t,x,y) is the kernel function of exp(—#(A45)[0]), and {¥;} is an orthonormal basis
of eigensections, A[0]p; = Ajp;, (Bo CD2)[0]p; = 0. The conclusion is that

(@/de)le=0C ey, Blewi (0) = 2¢ [ am(w, A[0), BO]) —w(z) D [ioj(2)]?
A

i =0

Thus an explicit formula for the local heat invariant am(w, A, B), or such a formula together
with an explicit knowledge of the null space A(Ag) when this null space is nonzero, is
sufficient for an understanding of the conformal behavior of the functional determinant.
Note that an explicit knowledge of N(Ap) is not an unreasonable expectation: if the
scalar curvature of the background metric has positive scalar curvature, there can be no
null space for an elliptic boundary problem Yz based on the conformal Laplacian Y. For
more general (A, B) satisfying 2.4, if M and M are locally flat (for example, if M is a
standard flat half-torus), N(Ap) can be given explicitly in the background metric, and
thus in conformal metrics by the conformal covariance law.

The strategy for computing the functional determinant within a conformal class will
be to integrate the variational formula along a one-parameter family glew] = e2°“g[0].
The result will be a formula for the difference C,’A[ o, BM(O) - /'4[0], B[o](o)? that is, for the
quotient of determinants

(det(Ap)[w])/(det(Ap)[0])-

The formulas involve integrals of differential polynomials in w, but such quantities cannot
necessarily be re-expressed as integrals of scalar local invariants in the sense of Remark
1.9. For example, the quantity [wPw, where P is the Paneitz operator, appears in our
formulas; it cannot, in general, be expressed as the integral of a local scalar invariant
of g[w]. This phenomenon is one conformal manifestation of the nonlocal nature of the
functional determinant. To express everything in terms of differential polynomials, at least
via the current methods, it is very important that we stay within a conformal class.

The problem of computing (det(Ap)[0]), so that we have formulas for functional de-
terminants instead of just quotients of such, may be approached separately; see Sec. 7
below.
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3. VARIATIONAL FORMULAS AND CONSEQUENCES
OF THE CONFORMAL INDEX PROPERTY

In this section, fix w € C°°(M ), and again consider the variation (d/de)|.=o as the
metric ¢ runs through the conformal curve g[ew] = €2*“g[0] for a fixed (but arbitrary)
w € C°(M). We extend the definition of local scalar invariant to f-augmented local scalar
invariants, f € C°°(M), by adding df (or df and Nf for boundary invariants) to the list
of 1ngred1ents in Remark 1.9. (Note that suitable derivatives are also ingredients, so it is
only the 0 derivative of f that does not come into play.) When there is no chance of
confusion as to the choice of manifold or measure, or when these choices are arbltra,ry, we
shall sometimes abbreviate [, -dz by f -, and [;, -dy by §-.

We begin by choosing a nonstandard basis of the interior invariants.

3.1 Lemma. With notation as in Sec. 1, the 4 quantities |C|?, Q, J%, AJ span the space

of level 4 local scalar O(m) invariants on M for m >.3; for m > 4 they are a basis. If

m > 5, these 4 quantities are also a basis of the level 4 local scalar SO(m)- -invariants. If

m =4 and Cy are the self- and anti-self-dual parts of C, the 5 quantities |C+|2, |C’ |2 Q, g
J?, AJ are a basis of the level 4 local scalar SO(4) invariants on M ‘

Proof. Let m > 3. By (1.1), A is a scalar multiple of AJ, |p|? is a linear combmatlon
of J? and |V|?, and |R|? is a linear combination of J2, |V|2, and |C|%. |V|? is a linear
combination of @, J%, and AJ. By, e.g., [G1], the 4 quantities |R|?, |o|?, 7%, AT span the
O(m) invariants, and are a basis for m > 4. For m > 5, all O(m)- 1rredumble summands
. of the vector bundle of which R is a section are also SO(m)-irreducible. For m = 4, this.
is true except for the O(4)-bundle of which C'is a section; this splits into two irreducible
summands under SO(4) [S], and this induces the splitting C = C4 +C-. O - '

Using the invariant theory of [BG], we can write down' all the invariants that can
appear in a4(f, A,B). In Table 3.1, we introduce abbreviations for some level 3 local
scalar invariants on OM. tr L3 is. an abbreviation for the local scalar invariant Loy Ib.Le,
For convenience, all indices are written as subscripts, the convention bemg that one lndex
in each palr is raised before summlng

Abbreviation | Invariant | Index expressidn’

Xy Nt Rijijin |
X, TH  RijijLaa |
X, .FH RonanLey

X4 (G,L) RunoNLas

Xs (T, L) -~ ReacbLab

Xs H? LooLpLecc

X7 H|L|? LaaLpcLpe

X tr L3 LuyLycLeo
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Table 3.1

Let f € C*®(M) be an auxiliary function. In Table 3.2, we introduce abbreviations for
some f-augmented level 3 local scalar invariants. Note that because the inward unit normal
is extended to a collar as the tangent to a unit speed geodesic, the iterated partial deriva-
tives N ... N f agree with the iterated covariant derivatives fjy v =(V...Vf)n. N .

Abbreviation Invariant Index expression
Yi(f) (Nf)r | fivRa
Ya(f) VHH | finwLes
Yi(f) . | (<APDH | feelw
Yi(f) (Nf)H? finLaaLyp
Ys(f) (NAF finRaNaN
Ys(f) (VV£,L) frabLab
Y2(f) (NAILI? finLasLab
Ys(f) N(-DA)f | fiin
Table 3.2

From [BG, Lemma 2.3] and the above, we get:

3.2 Lemma. Suppose that either (A, B) is not orientation-sensitive or m > 4. Under the
analytic and naturality assumptions 1.2, 1.6, a4(f, A, B) has the form

as(f, A, B) =/f{0f1,1|C|2+011,2Q+01,3=72+C¥1,4AJ}

8 8
+ % (f Z a2,,4X,,¢ + Z 013,11Yu(f))
,1=1 v=1

for some constants ., which depend only on the formal functorial expression for (A, B),
and on m. (In particular, they do not depend on the particular manifold or metric.) If
m = 4 and (A, B) is orientation-sensitive, the same is true with a{liC_\\.lZ +a7,|C-|? in
place of a; 1|C|? for for constants o:li,1 . O

When f =1, the invariants Y, (f) vanish, and integration by parts gives

(3.1) /AJ - (7{ Xl) /2(m ~1).

Thus a4(A, B) has the form

8
(3.2) as(A, B) = /{al,llc‘z +o12Q + a1 3]} + f Z d p Xy,
u=1
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where the &;,1 are constants with the same dependence as above, (We make the obvious
adjustment if m = 4 and (A, B) is orientation- sensﬂ:lve) Under the conformal assump-

tions 2.4, the number of undetermined coefficients in Lemma 3.2 and (3.2) is cut down

considerably; the “axe” is the Conformal Index Theorem 2.10. To ‘apply this, we need to
~ know the conformal variations of the quantities involved.

- 3.3 Lemma. Let m = 4. For the conformal variation above,

(a) (d/d6)|¢__o(|C’|2da:)[ew] = 0. If M is oriented, (d/d6)|e_o(|Ci|2da:)[sw] = 0

(b) (d/de)le=0 [(I?dz)[ew] = 2 [ w((AT)dz)[0] + 5 $({-wX; + Y1(w)}dy)[0]-

() (d/de)|e=o0 [(IV|*dz)[ew] = 2 [ w((AT)dz)[0] + f({—lel —§Yi(w) = Ys(w) + Ys(w) +

Ya(w)}dy)[0]. L

(d) (d/d€)|e—o J(AJdz)lew) = (d/de)le=o $(Jindy)[ew] = $({~3Yi(w) - Ys(w)}dy)[0]. -

(e) 1(d/de)|e=0 f(Qd:c)[ew f(S )dy)[0], where S(w) lYl(w) + Y3(Q) - Y5(L_a.) -

Ye(w)——Yé(w) .

Proof. (a) was already remarked as (1 5). (The statements about Cy follow from the fact

that the splitting into Cy and C_ is conformally invariant. ) For (b), ‘we. usé (1.3) and
mtegrate by parts to get: A

(d/d6)|c—o /(szx)[ew] = 2/J(Aw Ydz, = 2/(dJ dw)dz + 2% Jw|Ndy
| =2/w(AJ dm—2fJ|Nwdy+2wa_|Ndy, :

g ="

where everything after the firs sign has an implicit [0] (is evaluated in ¢[0]).

For convenience in the rest of the proof, we write all indices as subscripts; one copy
- of each repeated index should be raised before summing.- For (c), we use (1 4) and the
. B1anch1 identity V, jli = J| ;j 5 and 1ntegrate by parts:’

(d/d6)|€=o_j(|V|2dm)[5w] = —2/(V, VVuw)dz = 2/(dJ, dw)dz + 2%1/}Nw|,-dy
= 2/wAde - ZleNwdy + QfV,'Nw“dy.

Again, everything after the first “=" sign is evaluated in g[0]. But

VNiw); = VNnvwiy + VNawa

fVNaw:a = —‘%VaN aW = -1 fpaN :alW.

By (BG, Lemma A.1(b)],

and

PaN:a = H:aa - Lab:ab .

Since Vyn = 1 F — {57, integration by parts over M (which has no boundary) gives

(3.3) }{ Viiwps = 7{ (3¥5(0) ~ 70) — $0) + i),
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This and J = 7/6 give (c).
The first equality in (d) is obtained by integrating by parts; the second is Lemma 3.4(a)
below. For the proof of (e), we use (1.10):

3(d/de)le=0 /(de)[w] =3 /(Pw)d$ = %/wh‘z‘jid$ - /[{J =2V }dw]jjdz |
=-1 fwhuvdy + f[{J — 2V }dw]ndy
=-1 fwumdy + f( IWIN 2VN1""I )d'/

(3 3) now ﬁmshes the proof Alternatively, we could use the definition (1.6) of @ together
with parts (b-d) to derive (e). O '

We shall also need the conformal variations of the boundary invariants that do not
automatically vanish for w = 1. The following can be read off from the variational formulas
in the appendix to [BG]. (Note the differences in sign conventions.)

3.4 Lemma. Let X!(w) = (d/de)|e=0(e3*“ X;[ew]) = (d/de)|e=0Xi[ew] + 3wX;[0]. Then:
(8) X}(w) = ~2¥(©) - 2Am — DYs(w).

(b) X3(w) = —(m = )Y1(w) — 2(m — 1)Y3(w) — 2(m — 1)Y3(w) + 2(m — 1)Yy(w).
(¢) X3(w) = —(m — 1)Ya(w) - Y3(w) + Ya(w) — (m — 1)¥s(w).

() Xi(w) = Vi) ~ Ys(w) — Yo(w) + Vr(w).

(6) Xi(w) = ~Yy () — Y5(w) + Yi(e) + 25() — (m — 3)¥o(w) + (m — B)¥3(w).
(f) X§(w) = —3(m - 1)Ya(w).

(g) Xi(w) = =2Yy(w) — (m — 1)Y7(w).

(h) Xj(w) = -3Y7(w). O

We retain the “prime” notation of Lemma 3.4 to derive some straightforward conse-
quences in the next two lemmas.

3.5 Lemma. Let

1
Ly =~ Xy 4+ X3 —(m—-3)Xe+ X5,
m-1 _

2 m—1
Ls=———""Xe+ X7 ~
5 3(m —1) 6 + A7 3

Then L(w)=0,s=4,6. 0O
3.6 Lemma. Let m =4, and let

JYB .

S = —%Xl + %.X-Q - X4+ %Xs — %X.g.

Then S'(w) = —S(w), where S(w) is as in Lemma 3.3(e). O

We can now harvest the consequences of the conformal index property, reducing the
number of undetermined coefficients from the 20 in Lemma 3.2 to just 13 under the con-
formal assumptions.
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3.7 Theorem. Let m = 4, and suppose (A, B) satisfies 1.2, 1.6, and 2.4. Supposc that
(A, B) is not orientation-sensitive. Then a4(f, A, B) has the form

a4(f,A,B'>=ﬂ1/f|0|2+ﬂ2{%/m+ff5} . o
+8s {/fAJ—lfle}+ﬂ4ff£4+ﬂsjt{f£5+]{iku¥;(f)»- |
: : ' o v=l "

'Where the constants B, p = 1,..., 0 and k,, v = 1,... ,8_depend on]y“qn the formal

functorial expression for (A, B). In particular,

. (3.4) a4(AB) ﬁ1/|C|2+ﬂ2{ /Q+}{ }+ﬁ4}{£4+ﬂ5]{£5

If (A, B) is orientation-sensitive, the same is true Wlth ﬂl +|C+|2 + ﬂl _IC | . m place of
B1|C|? in each formula. _ )

Proof. Changing basis in the formula of Lemma 3.2, we may write a4‘( f,AB ) in the form

ﬂ1/f|CI2+ﬂz{ /fQ+ffs}+ﬂ3{/fAJ——ffxl}+c/fﬂ -

ff{ﬂ4£4 + BsLs + ‘71X1 + 72 X2 + ’)’3X3 + ’Y4X4 + Y6 X6 +78X8} + f Z RuY (f) .

for some universal constants 3;,¢,7v;. In particular by (3.1),

| (4,8) = | OF+61 (3 [+ fs)+ / 7ty f Litbs }4 ot Z . f %X

' By Lemmas 3.3-3.6,

(d/de)|omoas( Alew], Blew]) = 2¢ / W(ATYdz — Le f wX,
+ (=21 = 33) $ ¥i(0) + (—6 — 3va = 70)  ¥a(w) + (=672 =) § i
+(6r+2 = 9%) $ Vi) + (=3 =) $Y5(0) = 7 § Yolw)
+ (7 - 378)}14}’7(60) —~ 671 er(w) |

By the linear 1ndependence of the invariants f Y. ](w) we conclude that ¢ = v, = 72 v3 =
Ya =7 =78 =0. 0

It is now time to clarify the notion of conformal primitive.
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3.8 Definition. A real functional P on a conformal class (g[0]) on M is smooth if the
functions

i ,:RN — R,

N
€=(€1,... ,eN)H'P<g |:2Z€,'w,'j|>

(3.5)

are C* for all N € Z* and functions w; € C®(M). P has degree n € Z* if the maps
(3:5) are polynomial in ¢ of degree n, and we use the terminology linear, quadratic, etc. -
for degree 1,2,.... A map R from (g[0]) to C®°(M) is smooth (resp. has degree n) if
g 'R(g[w])(z) is smooth (resp. is polynomial of degree n in e) for each = € M, and
similarly for maps to C*°(0M). :

3.9 Definition. Let P and T be smooth functionals on a conformal class (g[0]) on M. P
is a conformal primitive for T if

(3.6) (d/de)le=0P(g[n + ew]) = T(g[n])

for all n,w € C*°(M). If in addition, a base metric gy is given and P(g[0]) = 0, P is a
base-pointed conformal primitive for T .

3.10 Remark. A base-pointed conformal primitive P for 7, if it exists, is unique, since
the curve a(e) = P(g[ew]) solves the initial value problem (d/de)a(e) = T (glew]), a(0) = 0.
If a functional 7 and a prospective conformal primitive P are given by universal formulas,
it is sufficient to prove (3.6) at n = 0, since universality allows us to replace g[0] by g[n].
If T(g[w]) is a homogeneous polynomial functional of degree n > 0, then T(g[w])/n is a
base-pointed conformal primitive for 7 (g[w]). Thus a decomposition of a given functional
into homogeneous polynomial functionals is sufficient information for the computation of
a base-pointed conformal primitive. We shall sometimes use the abbreviation 7 [w] for

T(gw)).

Motivated by Remark 3.10, we go on to compute the higher conformal variations of the
local invariants in Theorem 3.7. The formulas for V{w], R[w], L[w], V[w], and N[w] show
that each term in that expression for a4(w, Aw], B[w]) is polynomial of degree < 4; this
will also emerge from our calculations, so we omit the abstract proof. We first introduce
abbreviations for some f-augmented local invariants which are quadratic and cubic in f.
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Abbreviation Invariant Index expression
Zy(f, f) (NF)N? f ,f|Nf|NN :
Zy(f, 1) (NA(-B)f finfiaa

 Z3(f,f) (Nf)*H finfiNLaa
Zy(frf) |df|?H fafaLles
Zs(£,f) (df ® df, L) fafsLay
Zo(f, f) (df, d(Nf)) falfin)a
Ei(f.f,f) - | (NHIfP finfafa
Ey(f, f, f) (Nf)? finfinfin
Table 3.3 |

The notation Z;(f, f) indicates that Z; can actually be thought of as a quadratic form
Zi(f1, f2) after polarization; similarly for the cubic form determined by E;(f, f, f). Lem-
mas 3.11-3.18 immediately following are obtained by direct ‘computation Wlth the varia-
tional formulas and identities of [BG, Appendix], and 1ntegrat10n by parts.--

3.11 Lemma. Let Y] (w,w) = (d/de)|5 o(easz(w)[sw]) = (d/d€)|5_0Y(w)[aw]
+3wY;(w)[0]. Then:

(a) Y{(w,w) = =2(m — 1)Z;(w, w) Am — 1)Zy(w,w) + 2(m — 1) Z3(w, w).
(b) VJ(w,w) = —=(m — 1)Z1(w,w) — Z3(w,w) + Z4(w,w).

(6) Yi(w,10) = —(m — 1)Za(w,10) + (m — 3)Z4(0110).

() Vi(wr) = —2(m - 1)Z5(,w).

(e) Y{(w,w) = —(m —1)Z(w,w) — Zs(w,w) + Z3(w, w)

(f) Yi(w,w) = —Z3(w,w) + Zs(w,w) — 2Z5(w,w).

(&) Vi (wri0) = ~225(00,w). |

(h) Y3 (w,w) = 2(m - 3)Z)(w,w) — 2Z3(w,w) + 2Z3(w w) + 2(m 2)Zs(w w)
+2(m — 2)Z¢(w,w). O

3.12 Lemma. For all f,w € C*(M),

(a) $ Zo(f. f) == $Za(f.f). -

(b)ffZ6(f,f)=_§fZ2(f)f) fE.l f‘)faf)

- (c) (d/de)|e=o ($(Ys(w)dy)[ew]) = (m — 4) § w(Ys(w)dy)[0] + ${2(m — 3)Z, (w W)
—2(m — 1)Z3(w,w) + 2Z3(w,w) + 2(m — 2)Zs(w,w)}. O n

LI U I [ lI

3.13 Lemma. Let Zj(w,w,w) = (d/de)|e=0(e?* Zi(w, w)[ew]) (d/de)|z 0Z; (w w)ew] +
3wZ;(w,w)[0]. Then:

(a) 2} (w,w,w) = By (w,w,w) — Ey(w,w,w). .

(b) Z)(w,w,w) = (m — 3)E)(w,w,w).

(¢) Zi(w,w,w) = —(m — 1) Ez(w,w,w).

(d) Zi(w,w,w) = —(m — 1)Ey(w,w,w).
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(e) Z§(w,w,w) = —=Ej(w,w,w).
(f) Zg(w,w,w) = —Ey(w,w,w). O

3.14 Lemma. The quantities E!(w,w,w,w) = (d/d6)|€=o(e3€“Ei(Q,w,w)[ew])
= (d/de)|e=0Zi(w,w,w)[ew] + 3wZ;(w,w w)[ 0] vanish identically. O

3.15 Lemma. Form > 2, let
6(w) = ~Ya(w) + (m — 1)Y7(W)

(W) = ~Yi(w) ~ (m — 3)¥a(w) + V(W) = ——Yi(w) + (m ~ )¥s(w),

)= T ) - 2 - T )

= ) + - 2)¥s0) + Foo,
Then ¢,(w,w) = 0 for s = 1,2, and (d/de)|.=o f(ﬂg(w)dy)[ew] (m —~ 4) § w(€s(w)dy)[0].
In particular, if m = 4, then (d/ds)ls_o $(¢s (w)dy)[ew] =0,s=1,23 O

3.16 Lemma. Let
.A=X6—(m—1)2X8.

Then A"(w,w)=0. O
3.17 Lemma. Let 7

n(w) = Y3(w) — (m — 1)¥s(w),
@2(w) = (m = 3)¥1(w) + (m = 3)(m - 2)Ya(w) — 2(m — 2)Y3(w),
g3(w) = (m = DY (w) — (m = 1)(m ~ 2)Ya(w) + 2(m — 2)Y4(w).

Then ¢} (w,w,w) =0, s = 1,2,3, with the result that
(d®/de®)|e=0 (f(qsdy)[ew]) =0, m = 4. O

3.18 Lemma. If f € C*°(M), then on OM,

f|iiN = leNN + (le):a.a + 2<7a(Lab®bf)
—H:af:a'"Fle_ILI2f]N'_Hf|NN' O

The following lemma is a consequence of Lemmas 3.4, 3.11, 3.12, and 3.13.

3.19 Lemma. If m =4 and S is as in Lemma 3.6, then

(@/d)ems( f ol S0)le] - 5 § B(ledyiea]) =0.
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4. FORMULAS FOR THE QUOTIENT OF FUNCTIONAL DETERMINANTS

Suppose we have a compact 4-manifold M with boundary M, and a base-pointed
conformal class (g[0]) is given. Suppose also that we have a boundary value problem
(A, B) satisfying the assumptions of Theorem 2.12. A change of basis in the formula of -
Theorem 3.7 allows us to write '

wa(o,4,B)ic) = [ wllCae)e |
4o { [ u@an + fes - i)

+u{ [utananl+ ()~ il
(4.1) + B4 }{w.(ﬁ,_;dy)[w] + Bs f‘w(ﬁsdyj[w] | |

£ 30 f@del+ Y0 flasdnl]
+ s fHII] + er f Vi)l

where B, ,X;,0;,c3,c4 are umversal constants dependmg on the umversa,l polynormal- '
expression for (A, B).
By Theorem 2.12, we can find a formula for

~ log | det(Ap)[[w] + log | det(4)[[0]

_ by finding a base-pointed conformal primitive for each term in (4.1). By Theorem 2. 10
the sign (— 1)#{2 <0} of det Ap is conformally invariant, so this gives a formula for -

 det(Ap)lw]
det(Ap)[0] -

4.1 Lemma. In (4.1), the 8, terms for v = 1, 4 5 and the A; terms for 1 =1,2,3 have -

base-pointed conformal pr1m1t1ves

b [wlCPanlol,  Bu fulLady)l) f W(Lsdy)0l, N f(e (@)dy) (0

respectively.

Proof. By Lemmas 3.3(a) and 3.5, |C|%dz, L4dy, and Lsdy are conformal invariants in
dimension 4; thus the relevant f, terms in (4.1) are linear on the conformal class (g[0]).
By Lemma 3.15, the A; terms are also linear. We now apply Remark 3.10. O
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4.2 Lemma. A base-pointed conformal primitive for [ w(Qdz)w] is

Blw) := %/w(P[O]w)dm[O] + /w(QdJ:)[O]

Proof.r If n,iw‘ € C'°°(M), |
(d/de)le=oBla + sl = § [ {2(PI0L) + (PO} del0] + [ w(Qdo)),
Evaluation at 7 = gow shows that the curve Blew] satisfies-the iﬁitialvalue problem
' (d/de)emesBlew] = / (co(POI) + wQUO)dsl0l,  Bl0) = .
But by (1.10), the right side of this ordinary differential equation is

[ wt@inens,

as desired. . O : ,
4.3 Lemma. A base-pointed conformal primitive for C [w] == $((wS — 3Ya(w))dy)[w] is

fo(saniol- § frin) -3 $w(S@)dy)0
+} $(Za(ow)d)0] - } $ (2w 0yl

Proof. By Lemma 3.19, C[w] is a quadratic functional. By Remark 3.10, its base-pointed
conformal primitive is

f (S0l - } F(¥a(w)dn)0
+1 $@S@)0] - ¥ w,w) 0D dy0).

The last line of this is computed using Lemmas 3.6 and 3.11. (i

4.4 Lemma. The B3 term in (4.1) has base-pointed conformal primitive
1pn [{(2d)le] - (72ds)0])

Proof. This is a restatement of Lemma 3.3(b). O




THE FUNCTIONAL DETERMINANT - - ) l27‘ .

4.5 Lemma. The sum of the o;, c3, and ¢4 terms in (4.1) has base-pointed conformal |
~ primitive ' ; o ' '

o { fa@ano + f(-20+ 320010l
to f (g2()dy)[0] + ?{ (=62 + 32, +22; Z4)(w,w)dy)[0]}

ves { FORI00+ F(-322+ 12000100 - P(Er(w 0]}
+c

A
- 2{ .
o { fa@iamio + f-9z - sz}
{
{

1t =3 fzss. 0] +5 B 0010}

Proof. By Lemma 3.17, the o; terms in (4.1) are quadratic on the conformal class {g[0]),
and by Lemmas 3.11, 3.13, and 3.14, the ¢4 and c¢7 terms are cubic. We now apply Remark
3.10, using Lemmas 3.11 and 3.13 to compute expansions into homogeneous polynomial
terms. O ' : o . ' T

We collect all this information in the following.

" 4.6 Theorem. Under the assumptions of Theorem 2.12, if (A, B) is not orientation-
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sensitive,

det(Ap)[w)
det(Az)[0)

+8, {i / w(P[0w)dz[0] + %/ w(Qdz)[0] + f w(Sdy)[o] - 1 f (¥3(w)dy)[0]
-3 fu(S@al + f(32 - 12wy}

+16s / {(JF¥dz)[w] - (J2dz)[0]} + Bs f w(Lady)[0] + Bs f w(Lsdy)|0]

Y }{ (¢:(w)dy)[0]

v { flarralo)+ f(-2u +32e w0}

(20 log ~ 1 [w(icPano)

+r{ a0+ f(-021 + 322+ 22, - Ze)er)iy )01}

+or { flaa)o + f((-92 - 324)(w,w>dy>[01}

{
fos { F)ao)+ §((-32: + 320 ,0)d)0] — B wrw)inl0]}
{

reu{ 10 -3 § (20, 0)a)0) +3 § (a1

If (A, B) is orientation-sensitive, §y [ w(|C|%dz)[0] should be replaced by
Bi,+ [ w(|C+|*dz)[0] + B1,— [w(|C-|*dz)[0]. If Py is the functional of Remark 2.2, then

_1, PaA4,B,glw]) A [e*dz[0] as(A,B)— X, §e*dy[0]
Bt NV 3 ) R S ) B 1()
det(4p)[w]

det(A5)[0]’

(4.2)
—(26)" ' log

where v[0] = vol(g[0]) and 3[0] = vol(g[0]). O

In the above, recall that a4(A4, B) is conformally invariant. A more manageable version
of this formula is obtained when we notice that several of its terms are also terms in a
formula for as(w, 4, B). Indeed, if w,n € C*°(M), (4.1) can be modified to give a formula
for ay(w, A, B)[n] just by replacing each [w] by [7]. To make the formula even more easily
applicable, we add the mild assumption that our chosen background metric on. M has
constant scalar curvature. We immediately have:

4.7 Corollary. Suppose (M, {(g[0])) and (A, B) are as in Theorem 2.12, and that g[0] has
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constant scalar curvature 7. Let w € C°°(M). Then o

1. det(Ap)w]
—(20)"'log d_{(Tqi_)[_ as(w, A, B)

+82 {3 [wP)islo) - 3 sl + (322 - dz0ww)iniol}
+30{ 1o - (a0 - 3 fnw | +on (~24 + 825 w,iy)l0)
+ou (=621 + 322 + 225 = 20)(w,0)dy)[0] + 03 $((~922 = 324)w,0)dy)[)
e { F(-32:+ 120)(w,w)dy)[0] - 4 (El<w,ué,o_))dy>[o1} | |
oo {-.3 ]{ (Zs (w0, w)dy)[0] +3 f(Ez(w,w,w.)(.iy)[‘O-]}. ) D

Now recall the functionals Py of Remark 2.2, which involve the conformal index a4(A4, B).

It is sometimes useful to express the conformal index in terms of the Euler characteristic
of M. Recall that x(M) = x(0M) + x(M,0M); thus if mis even, x(M) x(M OM) By

~ the Chern-Gauss-Bonnet formula if m=4,

X(M) = @269 [ (7% = ol + |RP)iz

(4.3) | v | | o

+ (2471‘2)'1 (3rH — 6FH — 6(T, L) +2H® — 6H|L|* + 4tr L*)dy.
oM -

The interior integrand can be rewritten as |IC|? - 8|V|2 + 8J2 = |C]> +4{Q - AJ}, and
4 thus the interior term in(4.3) equals oo ' o

(3271—2)—1 (/ (ICI* + 4Q)dm — £ frwdy) . | |
‘Thus | | .

x() = (3202)7 [ (1P +4Q)ds
- M .
4+ (24! }iM(—%r,N +3rH - GFH"— 6(T, L) + 2H® ~ 6H|L|" + 4 tx L*)dy,
or more compactly,
(44)  x(M) = (3207 / (ICI? +4Q)de + (4n*)™* f (S — L4 — Ls)dy.
M . oM

At a background metric ¢{0] with constant scalar curvature as in Theorem 4.7, the 7|n
contributions to the boundary integrals in the formulas for x(M) and a4(A, B) disappear.
It is now appropriate to distinguish two types of “model backgrounds”:
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4.8 Definition. (M, ¢[0]) is a model background of type I if (VR)[0] = 0, OM is totally
geodesic, and M is connected. (M,g[0]) is a model background of type II if g[0] is flat,
(VL)[0] = 0, and OM is connected.

4.9 Lemma. In a model background (M g[0]) of type I, the boundary mtegrals in (3 4)
and (4. 4) vanish, and
as(A[0], B[0]) = 47*Bax(M) + (81 — 582)|C|*[0]v[0].

In a model background (M, ¢g[0]) of type II, the interior integrals in (3.4) and (4.4) vanish,
and

7 a4(A[0] Blo]) = 47r2ﬂ2x(M) +(Be + 6ﬂ2)£4 [0]v[0] +(fs + 6ﬁz)£s[0]v[0]

Proof In the type I case, VR = 0 = VC = 0, so the connectedness of M guarantees
that |C|2[0] is constant. In the type II case, R =0, VL = 0 = VL4 = VL5 = 0, so the
connectedness of OM guarantees that £4[0] and L5[0] are constant. [

We combine these considerations to get a more natural form of (4.2):
4.10 Theorem. Under the assumptions of Theorem 2.12, if (M, g[0]) is a background of
type I and A = a4(A, B), or if (M, g[0]) is a background of type II and A = 0,

gZ’:((ﬁ’,%,Z[[:]])) =&1orm + P2 {% /W(P[O]W)dm[o] - % f(Y;,(w)dy)[O]

-t fus@an + f(32 - 120 o)

—(26)7 1o

+4s [((Pda)le] - (7de)0]) + éx @)

+o1 §((= 24 +325)(w,)i)0)
{ f (g2(w)dy)[0] 7{ (=62, + 325 + 225 — Z4)(w, w)dy)[O]}

+os { faanlo) + f(-92: - 3200l

vos { OO+ F(-322 + 320)0)0)0) - F(BrGor )0}
vou { PN =3 §(Zaw,)d0)0] +3 § (Balwr 0]},

where

as(A, e*w=@) gy 1
& = — (i B) logf v[O]d ol — {7 Box(M) + (61 — §82)|CI*[0]v[0]},
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and i
as(4,B) | $e*")dy(0]

3 BT 5[] |
= — {372 B2 x(M) + +(Bs + 682)L4[0]5[0] + (85 + 682)Ls5[0]5[0]}.

Here & := ( { wdz[0])/v[0] is the mean value of w over M, and & :=(§ wdy([0])/5[0] is the
mean value over OM. -

Proof. In the type I case, we absorb terms totalling (8:|C|?[0] + 382Q[0]) f wdz[0] (or
(B1,4+1C+12[0] + By, |C-|?[0] + £ 82Q[0]) [ wdz[0] if (A, B) is orientation-sensitive) into the
first exponential term of (4.2); the coefficient of the second exponential term is 0. In the
type II case, we absorb terms totalling (825[0]+ 84L4[0]+ 85 L5{0]) § wdy[0] into the second
exponential term of (4.2); the coefficient of the first exponential term is 0. We also make
use of the fact that §(q1(w) dy)[O] vanishes, since (VL)[O] =0in both the type I and type
IT cases. d

'4.11 Remark. The choice A = a4(4,B) or A =0 makes Pi(A, B, g) a spectral invariant

_gu = —

(recall Remark 2.2). The presence of the |C|? term in the case.of a model background .

of type I is an indication that the analysis of the determinant functional will be heavily
~ dependent on conformal geornetry as well as on topology. See [BCY] for this analysis, and
the effect of the |C|? term, in the boundariless case. Similarly, for a model background of
type II, the £4 and L5 terms 1nd1cate a dependence on conformal geometry '

4.12 Remark. There need not be a model background of type Torlina given conformall '

class, of course. It can happen, however, that there are model backgrounds of both types
in the same conformal class. For example; the round metric on the closed hemisphere H*

(type I) is conformal to-the flat metric on the closed ball B* (type II). The standard metric - .

on the cylinder C} = [0, k] x §° of height h is conformal to the flat metric on the spherical
shell 42 = {z € R*| 1 < |z| < s}, s = e*. Here the cylindrical geometry is type I; the
“shell geometry fails to be type II only because of its disconnected boundary.

5. SPECIAL MANIFOLDS

We would now like to do some computations in the special cases of the hemisphere, ball,
- cylinder, and spherical shell. Since the hemisphere and ball are conformally equivalent,

and the cylinder of height & is conformally equivalent to the spherical shell of outer/inner
radius ratio s = e*, this will provide checks on our formulas, in that we can compute certain
determinant quotxents in two different ways. Moreover, since we can write down the spectra
of the Dirichlet and Robin problems for the conformal Laplacian on the hemisphere, and
compute the determinants of these problems explicitly (Sec. 7), we shall be able to compute
the determinants of the similar problems on the ball. The following elementary observation
will be useful.

5.1 Lemma. If OM is totally geodesic and « is the intrinsic scalar curvature of M, then
T =k +2F on OM.

Proof. We use total geodesy to pick coordinates at a point of OM which are normal for
- both ¢ and §, then use the characterication of the Riemann tensor as the second-order
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part of the Taylor expansion of the metric, to show that k = R*®,,. Since 7 = RY;; =
R4 + 2R Nun , the result follows. O

Now consider the upper hemisphere H™ in S™, the boundary of which is the equa-
tor S™~1, with the standard round metric g[0] as background. Here the interior met-
ric has VR = 0 and the boundary embedding is totally geodesic, so (H™,g[0]) is a
model background of type I. In this background, C = 0, V = 1g, and J = m/2. If
U2 := A + (m — 1)2/4, then the Paneitz operator and quantity are

P=(@-3E-HT+HE+D),  Q=m(m+2)(m—2)s
In particular, if m = 4, then p= A(A +2) and @ = 6. By (1'1),
| | ;Rijkl = —g;kgil + 919k -

Thus on the boundary H™ = S™~! of H™,

G=§ F=m-1, T=(m-2).
L and H vanish, and by Lemma 3.18, if f € C®°(H™),

Ya(f) = N(=A)f = N3f + (~A)Nf) - (m — )N,

We also have

Xi=0,:=1,...8
Yo(f) = Ya(f) = Ya(f) = Ys(f) = Ya(f) = Zs(£, F) = Z4(f, f) = Zs(f, f) = 0;
and
Yi(f) = m(m —1)Nf,  Ys(f) = (m — 1)NF.
As a result, on 0H™,
Ly4=Ls=0,
6(f)=0,  £b(f)=—-(m—-1)N/,
t3(f) = —(m —4)(m ~ )Nf + N(=A)f = N*f + (=A)(Nf) - (m = 3)(m — 1)Nf,
a(f)=0, @f)=mm-1)(m-3)Nf,  g¢(f)=m(m—-1)’Nf.
On OH*,
§=0, S8(f)=Nf-3iN(=A)f=-jN°f - J(-A)Nf)+3Nf.
Since vol(H*) = 4n?%/3,
aq(4, B) = 21*$,Q[0]/3 = 47> B

for (A, B) satisfying 1.2, 1.6, and 2.4. (Alternatively, we can use the formula of Lemma
4.9 and the fact that y(H™) = 1.) Specializing Theorem 4.10, the conclusion is:



5.2 Theorem. Suppose that (A, B) satisfies 1.2, 1.6, and 2.4, and- that N(AB) = 0 on
((H*,g[0]), where g[0] is the round metric.” Let A = 4n?3, . Then for w € C*(H*), '

Px(4, B, g[w]) Jys €2~ dz[0]
”PA(A B g[O]) 472 /3 .

+ (32 + 302 =900~ §ea) § (Vw)(-Bu)dy)l0]

—(22) -1 l = —712p, log

00 {3 [ w(@@+20-5§ w@od+if w@awn}
1g, { /H 4(.72dx)[¢.g] —~ 16#/3} |
H(=3) — 3 + 120, + 3605) f; (edy)(o] + 3, }{ (V*)dy)[0]

—6a f (Nw)(V?w)dy)[0] = c5 fa ((Nw)|dw|2dy>[01+3c4 f ((Nw)sdwm]

: A formula for the determmant functional

_ det(AB)[w]

—(20) 7t log ———4

-0 g T

4:1'5:“ obtained by replacing '
' o 4(w-9) gz[0 _
2 f.H4 ¢ z(0] 24 - .
—7“ [, log ’ _47r2/3 by 47 ﬂgw
in the formula for .  py(AB.gle])
: —26-«116 P\ [ )gw ) O '

To set up the conformal diffeomorphism between the hemisphere and the ball, view S™
as the unit sphere of R™*! with coordinate function £ = (u,s) € R™ x R. Identify R™,
whose coordinate will be called z, with the complement S™\ (0, —1) of the south pole via

u 2z 1=
= U= —-—- =
1438’ 1472’ s 1+ r2

= cos p, a=|u|=sinp;

where r = |a:|, and p is the azimuthal angle between the vector (u,s) and the ray emanating

from the origin (0,0) and passing through the north pole (0 1). The standard metrics are -
related by . : ' -

grm = @2g5m y d = %(1 + 7'2) = m

This version of the stereographic projection identifies the upper hemisphere in S™ with

the unit ball in R™; our two conformal metrics agree on the common boundary of H™ and :

B™. The total interior volumes of our models differ, as

(4m)™/2T(m/2) vol( B™) — 2™/
2T(m) I8 )"mP(m/?)’

vol(H"‘) =
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so that : ,
vol(B™) I'(m)

vol(H™) ~ 2m=2;(m/2)2

in particular,

- - vol(B*)/ vol(H*) = 3/8. -

The inward unit normal in H™ is N = —3, . Here we use p, together with any coordinate
system on the latitudes s = const, to get local coordinates on H™. Since Ns = —0ps = «
and 0, = —s/a, :

N=0ad,, N =a?-3s8, N*®=a3"—3asd? - ad,
or;Hm \ {(0, 1)} In pari:icula;f, 77 ) |
’ N=98,, N*=9?, N*=8*-08, ondH™.
In the notation of Theorem 5.2, if ¢[0] is the hemisphere metric and g[w] the ball metric,

then w = —log(1 + s). In particular,

-~

do=0, Aw=0 on H™\{(0,1)},
w=0, —-Nw=Nw=-=-Nuw=1 on OH™.
‘Specializing to the case m = 4 now, and looking at the formula of Theorem 5.2, our

first need is for (A(A + 2))[0]w = P[0]w. Applying our covariant setup in the form (1.10),
we can immediately conclude that

Pl0J = Qule™ — Q[0] = —Q[0] = 6,

since all local scalar invariants vanish in the flat metric g[w]. J?|w] also vanishes for this
reason. The surviving boundary terms in Theorem 5.2 all come from the expressions

(@il = f (V3w)dy)[0] = f ((Nw)(N?w)dy)[0]
dH* OH4 SH4
= %‘;H“((Nw)‘gdy)[O] = —vol(0H*) = —vol(§%) = —2r%.

(Note especially that no 3, boundary terms survive, since w vanishes on the boundary.)
Thus Theorem 5.2 specializes to

- PA(4, B, g[w]) vol(B*) - /

—(201 = —q2 - -3 d

(2¢) log,pk( B,9[0)) 7°f2 < log /3 4 552 Y z[0]
- %wzﬂ;; — 27r2(—3/\2 —2)\3 + 602 + 3603 + 3¢4).

In this, the ® and [w terms combine to give
PA(Aa Ba g[w]) 2 VOI(B4) 3

= —n2p,1 g dz[0
PAABg0) " 218 Tt el
— 8Bym? — 272(=3); — 2)3 + 602 + 3603 + 3ca).

—(2¢)" log
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To compute the [ w term, let df be a volume form on a standard (radlus 1) S3; then o d9 :
is a volume form on the latitude in H4 with radluq a, and - ‘

—aldpAdf =a’dsAdf = (1= s?)dsAdf

is a volume form on H* \ {(0, 1)} Slnce vol(§3) = 2n? and w = w(o) = —log(l1+s)is

~ constant on latitudes,

. ‘
/ wdz[0] = 2n? / (1 — s®)w(s)ds = —2#2/ t(2 - t)logtdt =7n’(3 —§1og2). .
H*4 ' 0 A 1

Here we have used the integral formula

n+1 1 1 '

[ ozt =

in the cases n = 1,2. Since vol(B*) = 7?/2, we have:
5.3 Corollary. ‘With assumptions as in Theorem 5.2 and g|w| the flat B* metric,
PA(A Bag[w])

5P\(4,B,g[0)
(3 ~10g6)fz — $6s + 632 +4hs = 120, = 7203 —6es}. - O

4%)&

In the expression for the quotient of determmants (as opposed to scale- 1nvar1ant deter- '
minant functionals) is simply mlssmg ‘the vol(B*)/ vol(H 4) contribution: ' '

s 5.4 Corollary With assumptions as in Theorem 5.2 a.nd g[w] the ﬂat B4 metnc,

det(Ap)w] _
83 t(Ap)[0] :
2{(% —4log2)ps - —ﬂs + 62 +4A3 - 1202 — 7203 — 6¢s}. . O

—_(20) log

. An interesting check on our calculations can be made by specializing Theorem 4.10 to
‘the flat metric on the unit ball B*, a model background of type II, and viewing the round
H* metric as the perturbation rather than the background. This is not simply the same
- calculation in disguise; different terms from the determinant quotient formula contribute to -
the answer, which is, of course, the reciprocal of the determinant quotient just computed.
To set up the calculation, let the dimension m be unrestrlcted for the moment Since all
interior invariants vanish in a flat metric, ' ' '

ICP=J2=Q=0, . P=A%
The fundamental form and normalized mean curvature are

L=§ H=m-1,
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SO

Xﬁz(m—1)3, X7 =(m—1)2, X8=m~—1.

Because the Riemann tensor R vanishes,

Xi=X=X3=X,=X5=0.
As a rAesultrof the fOI‘IIVlula.SlfOI‘ the X;,
o j Ly=Ls=0.
By Lerﬁma A3.18,
Ya(f) = N°f +(=B)NF) + 2A=B)f - (m - YN?f — (m — N,
Furthermore,

Yi(f) =Ys(f) = 0
R(f) =(m-DN*f,  Ya(f) =(m-1)(-D)f,  Yi(f)=(m—-1)’NF,
Ya(f)=(-8)f, Ya(f) =(m-1)N/,

and

G(f) =0,  &(f) = —(m-3)(m - 1)N*f + (m - 1)(~A)f - (m — 1)N,
Os(f) = N*f + (—A)NF) + (m? —4m ~ ))N? f —m(—=A)f — (m® — 4m + 1)N,
a(f) =0,  gf) =(m-3)(m—2){(m - 1)N*f - 2(-A)f},

g3(f) = (m — 1)}(m — 2){-N2f + 2N f},

Z3(f,f) =(m=1)(NF?,  Zu(f,f)=(m-Ddwl’,  Zs(f,f) = |dw]®.

If m =4,
§=2  S(f)=—3N*f - 3(-B)N) + §N*f + (-A)f +§N .

The conformal index, being a conformal invariant, is that already computed in the H*
background, viz. 4728, . Specializing Theorem 4.10, we have:

5.5 Theorem. Suppose that (A, B) satisfies 1.2, 1.6, and 2.4, and that N(Ag) = 0 on
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(B%,4[0]), where g[0] is the standard flat metric. Then for wE C*>(B*),

PO(A’ B1 g‘[w]) — 47"2ﬂ2
pO(A> Ba g[O])

3
+ (34300 =90 — o) § (Wu=Bu)d)lo]

$ops € )dy[0]
272 ‘

—(20)" ! log log

oo {1 [ watopasiol+ 1§ ol
34 @ -3 o)
+1Bs /B 4(J2dm)[w]+(—3A2—,\3+6&2 —1803)£Bé((N2w)dy){Q] .
HEBh = ks 4 0ms00) (N0 400 <(N3w)dy)_[m' |
6 § (NN 0)dg)0] + (602 = 9s) § (N a0
+ (=302 =900+ §e0) § (1l al0] = s f (Ne)ldolPdy)l0]

+3cx f (Nw)dy)(0].

A formu]_a for the determinant functional

det(AB)[w]
—(2¢ —ATBAT
| ~20 og i(45)0)
is obtained by replacing

_47r2ﬂ2 log SgaB4 3= dy[0]
3 o 272 :

by  4n°Bed

in the formu]a‘.for '
: E PQ(A,B,Q[W])

E P4, Bygf0)

—(28)'1 log

~ Now spec1a11ze further to the case where g[w] is the round hemisphere metnc In th1s
case, :

= log 132"

SO '
w=Nw=0, Nw=—-N3% =1,

"By (1.10), '
7 A?[0)w = Q[w]e*™ — Q[0] = 6e*~.
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~ To evaluate Jgs we**dx[0], note that e*“dz[0] = dz[w] is the measure on the round hemi-
sphere, so our previous calculations give

i / w(A%[0)w)de 0] = %/ we'dz(0] = 3n%(2log2 — 12).
B4

B4
Thus the surviving terms in this special case are

Po(4,B,glw)) det(Ap)[w]

PO(A’B’Q[O]) B det(AB)[O]

= 372(81log2 — 12) + 26, vol(H*) + vol(S*){~3)y — 2)3 + 602 + 3603 + 3¢4}
=n?{(4log2 — 13)B; + 863 — 6); — 4)3 + 1202 + 7203 + 6c4};

—(20)"'log

—(20)"'log

that is, we get the answer predicted by Corollary 5.4.

The case of the ball is helpful in getting a determinant quotient formula in the case of
the spherical shell

Al ={z e R™|1< |z]| < s},

where we assume s > 1. What we need to know is the case of the unit ball B} treated
above, plus the case of the ball B? of radius s. Formulas for the larger ball can be obtained
by scaling those for Bf and keeping track of the effect of the unit normal’s direction on
the sign of each term. Note that our setup is in terms of Riemannian measures rather
than volume elements, so dy is not signed. All level 3 local invariants on M, including
f-augmented ones, reverse sign when the direction of N is reversed. (Recall that L changes
sign with N.) The result of this bookkeeping is the following:

5.6 Theorem. Suppose that (A, B) satisfles 1.2, 1.6, and 2.4, and that N(Ag) = 0 on
(A%, g[0]), where g[0] is the standard flat metric. Let X = —08,, where r is the radial
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spherical coordinate in R™. Then for w € C®(A%),

_______det(AB)[w] — (3 .cr — 903 — 3¢ - —' | —~v
det(Ap)fo] ~ (7 302780 =) (ﬁé ?{s) ()~ Aw)dy)(0]

+62 {4vr2(w<_si> o)+ /A 2 w&[o]wdxm +1 ( fs - fs) w((X*w)dy)[0]

-3 ( 4" f) (X*w)dy)lo) - ( $.- ﬁ) (X))}

_+ ﬁ3/ (J2dx)[w]+( 3/\2-/\3+602 —1803 ( *1}{ ?{S) ((;(%)qg)[q]

—(2¢)" ! log

Iw

+(—'3,\2 — A3 + 3603 + 9c4) (5-2 fg = fs ) ((Xw)dy)l0]

Y (ﬁ; ﬁ) (X)) = (ﬁ - f) ()]
.}+(6a2—9c4)(s-1 $.- ;ﬁf)((zw)?dy)[oy T
(=32 =903+ §es) ( $.-4 ) (1dolPdy)(0) - cs ( $.- 4 J((%@)Wﬁ@)i@]

Here S? is the sphere of radius r centered at the ongm in R4 and w(Sa) is the mean Value-
' of w over this sphere. O

We now specialize further to the case where the perturbed metrlc g[w] is the standard
metric on the cylinder Cj, = [0, k] x §* with h = log s, that being dt? + d6?, where t is the
parameter on [0, ], and d6? is the standard metric on S3. The shell A? is dlﬂ'eomorphlca,lly
. the cylinder [1,s] x §3; in these coordinates, its standard metric is dr? + r? d02 Thus the
- diffeomorphism (2, 6) ' (¢, 6) from Ct to A4 is conformal:~

dr? + r2df® = r2(dt? + d6?).

That is, with A% as the background, the C; metric is gw] for w = — logr with Ch as the
background, the A% metric is g[w] with w = ¢.

Let ¢[0] be the flat A% metric. We first note that the term in Theorem 5.6 which
‘involves A?[0]w vanishes by (1.10), since J[w] = 1 and 2V[w] = —dt? + d6?, so that
Q[w) = 0. (Alternatively, we could use the fact that logr is a constant multiple of the
" fundamental solution of A? in R%.) The fact that Jjw] = 1 also evaluates the 83 term in
Theorem 5.6 as 33k vol(S?). To evaluate the other terms, note that

Xw=r"1 X =172, Adw =2r73,
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we need this at r = s and r = 1. No boundary integrals except the mean value of w over
S3 survive the computation, and the result, using vol($3) = 272, is:

5.7 Corollary. With assumptions as in Theorem 5.6 and g|w) the standard Cj metric,

—(26)™ log %%% =2n’h(—P2 +16;). O

Now let g[0] be the cylinder metric dt?> + d6?; this is a model background of type I.
Computing for the moment in a general dimension m > 3, we have

J= (m—=2)/2, V=23%-dt?+df?), C=0, Q=m*m=-4)/8.
The Paneitz operator is

m(m — 4)

m?(m — 4)?
5 :

A+ 497
+40] + — 5

P=A%4

“Since L = 0 and 7 is constant, X; = 0 for 7 = 1,...8; in particular, £4 = L5 = 0, and if
m =4, S =0. We have F =0, and for all f € C*(C}}),

2(f) =Ya(f) =Ya(f) = Ys(f) = Ys() = Y2(f) =0,  Yi(f) = (m — 1)(m — 2)N{,
Ya(f) = N3f + (=A)NF).

As a result,

af)=a(f) =0, L(f)=-(m-1)(m-2Nf, = &(f)=Nf+(-A)N),
@(f)=(m-1)(m=-2)(m-3)Nf,  g(f)=(m—1)’(m—2)N/,

and if m = 4,
S(f) =2Nf —{N*f - J(-A)(N ).
Furthermore,

Z3(f’f) =Z4(f,f) = Zs(f,f) =0.

Now specialize to the case m = 4. The conformal index vanishes by the above and
(3.4), or by Lemma 4.9, since x(C[*) = 0; thus the scale-invariant functional involved in
the specialization of Theorem 4.10 is Py . Collecting information, we have:

5.8 Theorem. Suppose that (A, B) satisfies 1.2, 1.6, and 2.4, and that N(Ag) = 0 on
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(Cs , g[0]), where g[0] is the standard cylmder metric. Let y = —8,. Then forw € C°°(C ),
PAB o)) _ _ oy detldnlle) |

—(20)" log |
b { : (A0 + 488 odal] - § wiee - O -%(—.5>.<yw>_)dy>[01}
Y ( /C :V(szz)[w]v— h'vol(Ss-)’) + (=62 + éag N 1803.) f *(yw)dy[O] )

e § (Pu)alo] + s (“BY )y

6o f QORI + (381 + 30, 805 — de) § OLN(-Br)O)

~es § NI d)0] + 34 § (G dylo, |

where f:f _}{0.

We specialize further to the perturbation which gives the shell Al Wlth s = eh, that is,

. we set w = . The surviving terms on the right in Theorem 5.8 are

(5.1) B2 {-—f h‘w(2yw)dy[0]} + 5ﬂ3(-—hvol(53)) = 277?’1(,32 - %ﬂa)
: t= ) . . : I : g
" This checks with Corollary 5.7. .

6. THE DIRICHLET AND ROBIN PROBLEMS FOR THL CONFORMAL LAPLACIAN

The determinant quotlent formulas of Theorem 4.6 involve coeﬂ'icxents B, (1 v <5),

- Xi(6=1,2,3),0; ( =1,2,3), e (k= 3,4) that depend only on the universal formula for

(A, B), and not on the particular manifold M. In this section, we compute these constants
for the two boundary value problems described in Examples 2.7-2.8.
The starting point is a formula of Branson and Gilkey [BG] for a4(4, B) for elliptic -

o boundary value problems (A, B) in the case where: (1) A is a second-order dlfferentlal

operator W1th metric leading symbol on sections of a vector bundle V. over M ie.

o2(A)(z,8) = |€|2 ldy, = g6:¢; 1dv,
for all (z,¢) € T*M, and (2) B gives either Dirichlet conditions, or Neumann conditions

- of the form

(6.1) (1N + Sp)lam =0,

where S is a smooth section of End Vg . For convenience, we state these results in the
present notation. There is no restriction on the dimension m, and there no assurnptlons
on naturality or the conformal behavior of (A, B).
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6.1 Theorem [BG]|. Under the above assumptions on A, there is a unique connection V
on V such that A = Ay — &, where Ay = —gijViVj is the Bochner Laplacian of V, and
£ is a smooth section of EndV. If B gives Dirichlet conditions, we write an(f, A, D) for
an(f, A, B), and have

360(47)™/?a4(f,A, D) = / try f{—60AEnavE + 607E + 1802
+30Q27Q;; — 12A7 + 572 — 2|p|® + 2|R|*}
+ f bV o ( F{-120&y — 187y + 1206H
1207 H — 4FH + 12(G,L) — 4(T, L) — 24AH
+3H - BH|LP? + 32 ¢ L3}
+fin{—180€ — 307 — B2 H? + L|L*}

+24finvH + 30(Af)|N)7

where (1 is the curvature of V. O

The connection V determines a connection on End V, and this is used to form Agnq v.
The invariants § fL,.%* = f(@@f, L), § fQ%N.a, and § finyF, which could appear in the
above formula, do so with coefficient 0. Note that we have not quite written things in the
form (1.13); (Af)|~ has been used instead of fjynn in our basis of invariants. This turns
out to be convenient for most practical purposes; if desired, Lemma 3.18 can be used to
switch to a basis consistent with (1.13).

6.2 Theorem [BG]. Under the above assumptions, if B gives Neumann conditions of the
form (6.1), we write a,(f, A, S) for a,(f, A, B), and have
360(4m)™/2a4(f,A,8) = /trv f{=60AEna vE + 607E + 1802
+300Q9Q;; — 12A7 + 572 — 2|p|® + 2|R|*}
+ f trVIOM (f{240€“\1 + 42T’N + 120€H

+207H — 4FH + 12(G, L) — 4(T, L) — 24AH

+2H +8H|LP? + 2t L°

+720S€ + 120ST + 144SH? + 48S|L|?

+48052H + 4805% — 120Agna visp S}

+£in{180€ + 307 + 12H? + 12|L|* + 725 H + 2405?}

+finn{24H 41208} — 3O(Af),N). O
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Again the invariants § fLq.%° = §(VV, L), $fNa, ai_ld f_-‘fINF appéar with coef-
ficient 0, as does the new invariant § fSF. _ o ' ' '

For the conformal Laplacian Y with either Dirichiét or-Robin c.o_nd,itions," '

m — 2 m—2
SR

. To evaluate the interior terms of a4 for either problem, we compute that

72 =4(m - 1)2J7,
o = (m = 2*|V[* + (3m — 4)J?,
|R?> = |C|2 +4(m - VI + 42,

Recall the formula (1.6) for Q. Writing (Y, D) and (Y, 'R,) for the D1r1chlet and - Robin
problems, we have:

6.3 Lemma. The interior terms of 360(47r)'"/2a4(f, Y,D) or of 360(47r)'”/2 a4(f, Y;R) in
~ the formu]a of Theorem 6.1 or 6.2 are

| ' /f(2|¢|2 —2(m —2)(m - 6)|[V|* + (5m_¥ 16)(r_n - 6)J.2v—?-16(:7..n - 6)»4])»_;_': :
= / f (2'b-'2 +2(m — 6)Q — 2(m — 4)(m — 6)|V/|

+ 4(m - 4)(m _'6)J,2 + 4(m - G)AJ) El

In the last expression, we have used a highly linearly dependent list of local invariants;

" the terms that survive upon restriction to dimension m = 4 are linearly indépendent The

factor of m — 6 in the terms that are not local conformal invariants is expected; see [BG,
Lemma 3. 1(c)] Reca.lhng the notation of Tables 3.1 and 3.2, we have: -

6.4 Lemma. The boundary terms of 360(4m)™?a4(f,Y, D) in the formu]a of Theorem
6.1 are

320
f,(f{6(2m 17) X, — 107(nm 4)X2_4){3+12X4_4X5+39X6 878X +§Xs}

l%?:—lﬂ (f)+24Y2(f)+24Y3(f)—1§QY4(f) §9Y7(f)—30Ys(f)>

+

 (The.invariants Ys(f) and Yy(f) appear with coefficient 0.) 0O

We now change the basis of invariants to that of Theorem 3.7, and check that the
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coefficients ¢ and +; vanish as asserted there. For this, note that in dimension 4,
Li=-3Xs+X; - X4+ X5,
Ls=—-2Xe+ X7 — Xs,
G(f) = (=Ya +3Y2)(f), -
b(f) = (-Y1 - Y2 + Y3 — 3Y4 + 3Y5)(f),
t(f) = (3Y; - §Ys + 2Ya + 25 + Ya)(f),
a1(f) = (Ys - 3Ys)(f), '
@(f) = (Y + 2% — 413)(f),
0(f) = (3Y1 — 6Y; + 4Y,)(f).
We then change to the basis of (4.1) and compute the following.
6.5 Theorem. If 3, = (47)%-3603, and similarly foz Ai, 0, and ¢y, then for the problem

(Y, D) in dimension m = 4,

B =2, B2 = Pz = -8, Bs = —4, Bs = -2,

(6.2) (m=4)

A1 , A2 =0,  A3=-30,
a1 = —20, gy =3¢, a3 =—%,
C3 = 8, G4 = —% . O
For the Robin problem,
m-—2
S=—-———H.
2(m-1)

The easiest way to compute is to find the difference between the Robin and Dirichlet heat
invariants; this we do in dimension m = 4 only:

(47)% - 360(as(f,Y,R) — as(f,Y, D)) = f (f{—g%H‘* + 2 H|L)?

— 24rI° + 40AH} + fin {88 H? + 2|L|?} - 40finnH — 60(A f),N)
(6.3)
= f (f{—%Xs + 32 X7 — 32 X3} — 40Y(f) — 40Y3(¥)

+ Y1) + H () + 0% (1))
Using (6.2), we write this in terms of the invariants £, , £:(f), ¢;(f), Y3(f), and Ya(f):

(4 - 360(aa(£,Y,R) = a(£,Y,0)) = § (¥f£5 T S0(f) + 606s(f) + 40a1()

~20q2(f) + Ras(f) + 32 Y4(f)) m = 4.

This gives:
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6.6 Theorem. Iff3, = (47r)2 360ﬁ,, and s1m11ar1y for /\, , 05, apd Ck then for the prob]em

(Y,R) in dimension m = 4

br=2,7 Po=pfz=-8, s =—4, P =8,
A =4, A2 =0, X3 =30,

&1_2(), 0_-2:_2_35', 5'3:2_99’l

C3 =0, C4=—-g O

(35 " 352 ~ 955 — 3¢3)(Y, D) = 48,

'(g 2 +302 - 955 — 36)(Y,R) =

(-3 3)\3 + 125, + 3653)(Y, D) = 106,
(- 3A2 ~ 3% + 126, + 3653)(Y, R) =

( — A3 + 66 — 185;3)(Y, D) = 162,

(= 3A2 % + 65, — 1855)(Y,R) = —138,
(=8X — Ag + 3655 + 98)(Y, D) = —810/7,
(=32 — A3 + 3655 + 924)(Y, R) = 78,

(655 — 92,)(Y, D) = 642/7, .

(65, — 92, )(Y,R) = — |
(=35, — 953 + 2&)(Y, D) = (=352 — 953 + cs)(Y R) =8,
(382 + 352 — 953 — 3&)(Y, D) = 50,

(382 +35; — 955 — 3&)(Y,R) =

(=6Xz + 655 + 1853)(Y, D) = (——6§\2 + 65, +1855)(Y,R) = 8.

By Corollaries 5.3 and 5.4 and equation (5.1), we have:

6.7 Corollary. If g[0] is the standard H* metric and g[w] the standard B metmc then

E as(Y,D) = a4(Y R) =—-1/180. For A = —1/180,

PaY, D, glw]) _
log Pr(Y.D.gl0]) —(log6 + 3% )/360 <0,
det(Yp)[w] 3
logm —(4log2+ 1)/360 < 0,
Pr(Y, R, g[w])
log PV R, g[0) = —(log6 — 3)/360 < 0,
log SR 41000 —1)/360 < 0.

det(Y%)[0]
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If g[0] is the standard C} metric and g[w] the standard A} metric, s = e®, then a4(Y,D) =
a4(Y,R) =0, and
o P Dugle]) _ | det(¥p)fo]

BPo(¥,D,910]) 8 Get(Tp)0] ~ 7360

" Proof. Aside from direct computation, what we need to verify is that the null spaces of
_ the problems vanish on the spaces in question. But the lowest possible eigenvalue of either
problem on H* or Cj, is 1/6 times the (positive) constant scalar curvature of g[0]. = O

Branson, Chang, and Yang [BCY, Sec. 5] have shown that the scale invariant determi-
nant functional for Y on the conformal class of the round metric ¢[0] on S* is minimized
- exactly at g[0], and at the metrics A*¢[0] gotten by pulling ¢[0] back under a conformal dif-
feomorphism h of (54, ¢[0]). In light of this, Corollary 6.7 can be interpreted as saying that
- passage from H* to B* has improved (i.e. lowered) the scale-invariant determinant func-
tionals for both (Y, D) and (Y, R). Roughly speaking, round is “best” in the boundariless
case, but flat is “better” when boundaries are allowed.

7. THE VALUE OF THE FUNCTIONAL DETERMINANT ON THE HEMISPHERE AND BALL )

In this section, the index j will always run over the natural numbers N.
The Hurwitz zeta functions are

() =G+ ) a>0,

j
and the Riemann zeta function is (r(s) = (i(s). Note that
(d/da){a(s) = —sCa(s + 1),
Ca(s) — Cag1(s) =a™".

Consider the double zeta functions

ha($) =Y [ +a)j +a+1)] ",

(7.1)

fa(s) =3 (% + 2+ D[ +a)(j +a+1)]7".

J

In analogy with (7.1), we have

(7.2) (d/da)ha(s) = —sfuls + 1),
(7.3) (d/da)fa(s) = (2 — 48)ha(s) — sha(s + 1),
(7.4) ha(s) = harr(s) = [a(a + 1],

(7.5) fa(s) = far1(s) = (2a+ Dlala +1)]7".

All these zeta functions have isolated simple poles. All identities below are valid in their
elementary form for large Res, and for all s in the sense of analytic continuation. In
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o amdthe

' A > .—2 3 -4 '4:—at ) _ge ety
I = (t~2 = 6t=% + 12t ~4)e %t — 12¢3 T dt
e .

oo o3 e—(a+1)t R
ol e ‘”}
d al~® 6a2—° 1243-° 12
=Es—0{5—'1 (s —1)(s -2 (3—1)3—")(8—3)_(3-—1)( )C““(S 2)}_
“=ala+1)(2a+1)loga —a— %az u a® — 6, 41(~ 2) anv+1(_2)

“This gives
1) = a9 4 2o (1) + 11 (2) - 2apa(-1)
+8a®+32a?+3a-4 ——a(a+ 1)(2a+1)loga
By (82), o
A =4 (53) + 2ea(-1) ~ ala + 1)Ca f-l;)log,,,c.iﬁ;,-"f

- as desired for (7.9).
: Now consider

ha(s) = Z[(j +a)i+a+ 1)

1 s—1 * 28—1 te (a+l)t )
=F(?)'2"/0 [6(1 - 6)] </0 t .9 Wdt)dé
= —F(‘lsj Z ck(s+ Do r(s + %)

k=0

1 oo
= m kgoek(s)c(;-;-l_(zs + k),

where

cex(s):=T(s+k)/k! )

(7.7) is immediate from this; the first term on the right in (7.7) is produced by the singu-
~ larity of (443 at s =1. In ca,lculatxng h!(0), we encounter the smgula.rxty of (441 at the
k =1 term; in calculatmg h!(—1), at the k = 3 term. :
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For the s = 0 calculation, note that
eo(s) =T(s),  ex(s) = sT(s),
ex(0) = 1/k, k>2.
Thus
ha(0) = 2¢,41(0) + a(a) + Iz,
where a(a) is defined by
1
<a+1(1 + S) = ‘; + a(a) + O(S),

and - at1)
o 1 ‘_°°1 Ook_le—a+lt
I _;Egm(k)_kz:szo thl T dt
= /oo(e‘ ~1-t)t! T
) 1—et
® (=1 —at e~ (et D)t
= /0 (t R ) dt
oo 0o —(a+1)t
-4 —1—/ trleotdt — L/ A
ds|,_o L T(s) Jo L'(s) Jo 1—et
d -8
=—| {a™ —slesi(s + 1)}
3=0
= —loga —- a(a).
This gives ‘

as desired for (7.9).
For the s = —1 calculation, note that
ez(s) = 3s(s + 1)I(s),  ea(s) = gs(s +1)(s + 2)I(s),
er(=1)=1/k(k-1), k>4

Thus
hoy(=1) = 2¢ 1 1(=2) = 2¢0 41 (=1) + Cat1(—=1) — 2(at1(0) — 2afa) — T4,
where
k-2 [ e~ (at1)t
Ty:=) —= k-3 It
! k; k! /0 Tt ¢
oo e—(a+D)t
- / (72 -2 — )+ 277 - 1}
A _

d al_-" 2a2—s 2 1
ds - a - AN 1
ds s=o{5_1 (s-1)(s-2) + S_IC +1(8 = 1) = g8Caa1(s + )}

= —a+aloga— _g_az +atloga — 2(aq1(—1) — 2¢, 4 (~1) — §a(a).
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The total is
B (=1) = 2041 (2) + 3ara(=1) = 2o (0) = (& +a)loga+a+ Ja?,

by (8.2),
h;(‘l) = 2(y41(-2) - (a® + a)log a,

as desired for (7.9).
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En biografi.
Af: Else Hgyrup.

Vedr. tekst nr. 55/82 se ogsd tekst nr. 62/83.

56/82 "EN.- TO ~ MANGE" -
En undersggelse af matematisk gkologi.
Projektrapport af: Troels Lange.
Vejleder: Anders Madsen.

57/83 "ASPECT EKSPERIMENTET"-
Skjulte variable i kvantemekanikken?
Projektrapport af: Tom Juul Andersen.
Vejleder: Peder Voetmann Christiansen.
Nr. 57 er udgdet.

58/83 “MATEMATISKE VANDRINGER" - Modelbetragtnin—
ger over spredning af dyr mellem smébiotoper
1 agerlandet.
Projektrapport af: Per Hammershpj Jensen og
Lene Vagn Rasmussen.
Vejleder: Jgrgen Larsen.

59/83"THE METHODOLOGY OF ENERGY PLANNING".
ENERGY SERIES NO. 7.
Af: Bent Sgrensen.

60/83 "MATEMATISK MODEKSPERTISE"- et ekseampel.
Projektrapport af: Erik O. Gade, Jgrgen Kar-
rebxk og Preben Ngrregaard.

Vejleder: Anders Madsen.

61/83 "FYSIKS IDEOLOGISKE FUNKTION, SOM ET EKSEMPEL
PA EN NATURVIDENSKAB ~ HISTORISK SET".
Projektrapport af: Annette Post Nielsen.
Vejledere: Jens Hgyrup, Jens Hgjgaard Jensen
og Jgrgen Vogelius.

62/83 "MATEMATISKE MODELLER"
Universitetsbibliotek.
En biografi 2. rev. udgave.
Af: Else Hgyrup.

- Litteratur pd Roskilde

"GREATING ENERGY FUTURES:A SHORT GUIDE TO ENER-
GY P ",

ENERGY SERIES No. 8.

Af: David Crossley og Bent Sgrensen.

63/83

64/83 "VON MATEMATIK UND KRIEG".
Af: Berhelm Booss og Jenhs Hgyrup.

"ANVENDT MATEMATIK - TEORI ELIFR PRAKSIS".
Projektrapport af: Per Hedegérd Andersen, Kir—
sten Habekost, Carsten Holst-Jensen, Annelise
von Moos, Else Marie Pedersen og Erling Mgller
Pedersen. )
Vejledere: Bernhelm Booss og Klaus Grinbawum,

65/83

"MATEMATISKE MODELIER FOR PERTODISK SELEKTION
I ESCHERICHIA COLI".

Projektrapport af: Hamne Lisbet Andersen, Ole
Richard Jensen og Klavs Frisdahl.

Vejledere: Jgrgen larsen og Anders Hede Madsen.

66/83

67/83 "ELEPSOIDE METODEN - EN NY METODE TIL LINEZR
PROGRAMMERING?
Projektrapport af: Ione Biilmann og Lars Boye.

Vejleder: Mogens Brun Heefelt.

"STOKASTISKE MODELLER I POPULATIONSGENETIK"
-~ til kritikken af teoriladede modeller.
Projektrapport af: Lise Odgird Gade, Susanne
Hansen, Michael Hviid og Frank Mplgird Olsen.
Vejleder: Jgrgen larsen.

68/83




' 69/83 "ELEVFORUDSEININGER I FYSIK" B 83/84 "ON THE QUANTIFICATION OF SBCURITY":
. —gntest:.lgnedkamentarer . ’ PEACE RESEARCH SERIES NO. 1

Af: Albert C. Paul ‘ Af: Bent Sprensen
sen- nr. 83 er p.t. udgéet

70/83 ;'IND]'.ERTN(S - OG FORMIDLINGSPROBLEMER I MATEMATIK

PA VOKSENUNDERVISNINCSNIVEAU". 84/84 "NOGLE ARTIKLER (M MATEMATIK, FYSIK OG ALMENDANNELSE".
Projektrapport af: Hanne Lisbet Andersen, Tor- Af: Jens Hpjdaard Jensen, Mogens Niss m. fl.
ben J. Andreasen,.Svend Age Houmann, Helle Gle- N
rup Jensen, Keld Fl. Nielsen, Lene Vagn Ras- 85/84"CENTRIFUGALRECULATORER OG MATEMATIK".
missen. ‘Specialerapport af: Per Hedegdrd Andersen, Carsten Holst-
Sk]leder Klaus Crimbaum og Anders Hede ' Madsen ’ . Jensen, Else Marie Pedersen og Erling Mgller Pedersen. -
Vejleder: Stig Andur Pedersen.

71/83 "PIGER OG FYSIK" - S

. ~et problem og en udfordring for skolen? 86/84 "SECURITY DdPLI(‘ATICNS OF ALTERNATIVE DEFENSE OPI‘IONS
Af: Karin Beyer, Sussanng Blegaa, Birthe Olsen, . . FOR WESTERN FURCPE". -

) Jette Reich og Mette Vedelsby - PEACE RESEARCH SERIES NO. 2

SR Af: Bent Sgrensen.

72/83: VERDEN IFFLGE PEIRCE" - to metafysiske essa ) .

/ om og af C.S Peirce. s v 87/84 "A SIMPLE MODEL OF -AC HOPPING CONDUCTIVITY IN DISORDERED

Af: Peder Voetmann Christiansen. SOLIDS". :

. Af: Jeppe C. Dyre. _
73/83 ""EN ENERGIANALYSE AF LANDBRUG" " ’ .
- gkologisk contra traditionelt. 88/84 "RISE, FALL AND RESURRECTICN OF INFINITESIMALS".

. ENERGY SERIES NO. 9 Af: Detlef Laugwitz.
- Specialeopgave 1 fysik af: Bent Hove Jensen N N
Vejleder: Bent Sgrensen. 89/84 FJER[\IVAIMEDPI‘MJNG

Af: Bjarme Lillethorup og Jacch mmh Pedersen.

90/84 "ENERGI I 1.G - EN TEORI FOR TII.RE.'ITEUEB(EI.SE"

74/84 "MINIATURISERING AF MIKROELEKTRONIK" - om vi- Af: Albert Chr. Paulsen.
.~ denskabeliggjort teknologi og nytten af at lare
fysik.
Pro ektrapport af: Bodil Harder Linda Szko- .
‘tak] Jensen., o 91/85 "KVANTETEORI FOR GYMNASIET".

Vejledere: Jens Hgjgaard Jensen og Bent C. Jgrgensen, 1. Larervejledning
) ’3 el ’ Projektrapport af: Biger IAmdgren, Henning Sten Hansen

75/84 "NBMT]](UN[ERVISN]NGE‘N I FREMTIDENS GYMNASTUM" og John Johansson.
. '~ Case: Line®r programmering. Vejleder: Torsten Meyer:
Projektrapport af: Morten Blomh¢j, Klavs Frisdahl " "
 0g Frank Mplgaard Olsen. 92/85 "KVANTETBEORI FOR GYMNASIET".
Vejledere: :Mogens Brun Heefelt og Jens Bjgrneboe. - _ 2. Materiale - ‘
C - Projektrapport af: Biger I.atmdgnen Henning Sten Hansen
76/84 "KERNEKRAFT I DANMARK?" - Et hgringssvar indkaldt og John Johansson.
af miljgministeriet, med kritik af mil](bstyrelsens Vejleder: Torsten Meyer.
" rapporter af 15. marts 1984. N Y
ENERGY SERIES No. lo : . 93/85 "THE SEMIOTICS OF QUANTUM — NON - LOCALITY".
) '-Af Niels Boye Olsen og Bent Sgrensen. Af: Peder Voetmann Christiansen. .
77/84 "POLITISKE INDEKS - pUp ‘EIIER FBKTA?" 94/85 "TRE:ENIG!jE:DEN BOURBAKI - generalen, matématikeren
Opinionsundersggelser belyst ved statistiske og &nden".
‘modeller. Projektrapport af: Nbrt:en Blcmh¢3, Klavs Frisdahl
Projektrapport af: Svend Age Houmann, Keld Nielsen - og Frank M. Olsen.
‘og Susanne Stender. Vejleder: Mogens Niss.

Vejledere: Jgrgen Larsen Jens Bjgmeboe.
) s e e 95/85 “AN ALTERNATTV LEFENSE PLAN FOR WESTERN EURopE"
78/84. " JEVNSTRAMSLEININGSEVNE OG GITTERSTRUKTUT I PEACE RESEARCH SERIES NO. 3

AMDRFT GERMANIUM". Af: Bent Sgrensen

Speclalrapport af: Hans Hedal Frank C. Ludvigsen
og Finn Cp.,pghysant. 96/85"£SfPE3<';'ER VED llqlmmwommm ",
‘Vejleder: Niels Boye Olsen. : Bjarme Lilletorup.

; nes oy Hheen Vejleder: Bent Sg¢rensen.

79784 - "MATEMATIK OG ALMENDANNEISE".

Projektrapport af: Henrik Coster, Mikael Wenner-  97/85 "ON THE PHYSICS OF A.C. HOPPING CONDUCTIVITY".

berg Johansen, Povl Kattler, Birgitte Lydholm - . Af: Jeppe C. Dyre.
og Morten Overgaard Nielsen. . " "
Vejleder: Bemhelm Booss. . © 98/85 "VALGMULIGHEDER I INFORMATTONSALDEREN".
: ‘ . . Af: Bent Sg¢rensen.
80/84 "KURSUSMATERIALE TTIL MATEMATIK B".
/ Af: Mogens Brun Heefelt. 99/85 "Der er langt fra Q til R".
. ' Projektrapport af: Niels J@rgensen og Mikael Kl:l.ntorp
81/84 "FREKVENSAFHANGIG LETNINGSEVNE I AMORFT GERMANIUM". Vejleder: Stig Andur Pedersen.
Specialerapport af: Jgrgen Petersen BN
cg?istei;en 2 ? Wind Pete o9 Jan 100/85 "TALSYSTEMETS OPBYGNING". ;
Vejleder: Niels Boye Olsen, Af: Mogens Niss.

82/84 "MATEMATIK - OC FYSIKUNDERVISNINCGEN I DET AUIO' 101/85 "EXTENDED MOMENTUM THEORY FOR WINDMILLS IN

" PERTURBATIVE FOI
. MATISEREDE SAMFUND".
Rapport fra et seminar afholdt i Hvidovre . Af: Ganesh Sengupta.

25-27 april 1983. :
102/85 OPSTILLING OG ANALYSE AF MATEMATISKE MCDELLER, BELYST
;lzdmggigsl\élzggaaxd Jensen, Bent C. J@rgensen VED MD OVER K oG — "
- ProYektrapport af: Lis Elletrtzen, Kirsten Habekost, Lill Ran
og Susanne Stender. .
Vejleder: Klaus Griinbaum.



103785 "ODEIE KOLDKRIGERE 0OG VIDENSKABENS LYSE 'mn. 120/86 "E‘I‘ AN'E\L STATISTISKE S’IZ\NDARH’DDELIER"

Projektrapport af: Niels Ole Dam og Kurt Jensen. ) Af: Jgrgen Larsen
Vejleder: t Sgrensen. : - .
= Bent 59 121/86"SIMULATION I KONTINUERT TID".

104/85 "ANALOCREGHEMASKINEN OG LORENZLI Af: Peder Voetmann Christiansen.

Af: Jens } oY -
e 122/86 "ON THE MECHANISM OF GLASS IONIC OONDUCTIVITY".
105Z85"THE FREQUENCY DEPENDENCE OF THF SPRCIFIC HEAT AF THE Af: Jeppe C. Dyre.
* (WASS REANSTTICH"

Af: Tage Chnsx:ensen. . 123/86 "GYMNASIEFYSIKKEN QG [EN STOFE VERDEN".

Fysiklzrerforeningen, IMFUFA, RIC.
“"A SIMPLE MODEL AF AC HOPPING CQ\I]]JCI‘IVITY“

Af: Jeppe C. Dyre. 124/86 "OPGAVESAMLING I MATEMATIK". °
Contributions to the Third International Oonference Samtlige opgaver stillet i tiden 1974-jan. 1986.
on the Structure of Non - Crystalline Materials held
in Grencble July 1985. 125/86 "UVBY;}— systemet - en effektiv fotametrisk spektral-
- - klassifikation af B-,A- og F-stjemer".
106,/85 "QUANTUM THEORY OF EXTENDED PARTICLES". Projektrapport af: Birger ILundgren. B
- Af: Bent Sgrensen. ’ .
- - - 126/86 "OM UDVIKLINGEN AF DEN SPECIELLE RELATIVITETSTEORI".
107/85 "EN MYG GZR INGEN EPICFMI" rojektrapport af: Lisé Odgaard & Linda Szkotak Jensen
- flodblindhed som dcsempei pd matenatisk modelle- Vejledere: Karin Beyer & Stig Andur Pedersen.

ring af et epidemiologisk_problem. - = 5
Projektrapport af: Per Hedegdrd Andersen, Lars Boye 127/86 "GALOIS' BIDRAG TIL UDVIALINGEN AF DEN ABSI‘QA}’TE 7

- CarstenHolst Jensen, Else Marie Pedersen og Erling ALGEBRA"® . -
Mpller Pedersen. Projektrapport af Permlle .,and, Heine Larsen & -
Vejleder: Jesper larsen. Lars Frandsen.

- ~ Vejleder: Mogens Niss. T
108/85 “APPLICATIONS AND MOLELLING IN THE MATEMATICS CUR -
RICULUM" - state and trends - - 128/86 "SMAKRYB" - om ikke-standard analyse.
Af: Mogens Niss. Projektrapport af: Niels Jorgensen & Mikael Klintorp.

. Vejledetr: Jeppe Dyre.
109/85 "COX I STUDIETIDEN" - Cdx's regressionsmodel anvendt pa '

= gtudenteroplysninger fra RIC. 129/86 "PHYSICS IN SOCIETY"
igjikgtggpport‘]afzzmmﬂael Wennerberg Johansen, Poul Kat- Lecture Notes 1983 (1986)
Vejleder: Jgrgen Larsen. | Af: Bent Sgrensen

130/86 "Studies in Wind Power"

"
110/85%PLANNING FOR SECURT Af: Bent Sorensen

Af: Bent Sgrensen

111/85 JORDEN RUNDT PA FIALE KORI™. 131/86 "FYSIK OG SAMFUND" - Et integreret fysik/historie-
Projektrapport af: Birgit Andresen, Beatriz Quincnes projekt om naturanskuelsens historiske udvikling
og Jimmy Staal. og dens samfundsmessige betingethed.

Vejleder: Mogens Niss. ’ Projektrapport af: Jakob Heckscher, Seren Brend,
Andy Wiered.
112/85 "VIDENSKABELIGGZREISE AF DANSK TEKNOLOGISK INNOVATION Vejledere: Jens Heyrup, Jeorgen Vogelius,
FREM TIL 1950 — BELYST VED ERSEMPLER". Jens Hejgaard Jensen.
Projektrapoort af: Erik Odgaard Gade, Hans Hedal, W
Frank C. Ludvigsen, Annette Post Nielsen og Finn 132/86 "FYSIK OG DANNELSE _
Physant. Projektrapport af: Seren Brend, Andy'wlermd.
Vejleder: Claus Bryld og Bent C. Jgrgensen. Vejledere: Karin Beyer, Jergen Vogelius.
113/85 "DESUSPENSION OF SPLITTING ELLIPTIC SYMBCLS 11". 133/86 "CHERNOBYL ACCIDENT: ASSESSING THE DATA.

ENERGY SERIES NO. 15.

Af: Bernhelm Booss Krzysztof Wojciechowski.
o3 ) AF: Bent Sorensen.

114/85 "ANVENDELSE AF GRAFISKE METODER TIL ANALYSE
AF KONTIGENSTABELTIER". -
Projektrapport af: Lone Biilmann, Ole R. Jensen

og Anne-Lise von Moos. 134/87 “THE D.C. AND THE A.C. ELECTRICAL TRANSPCRT IN AsSeTe SYSTEM"
Veil : ILarsen.
ejleder: Jsrgen en Authors: M.B.El-Den, N.B.Olsen, Ib Host Pedersen,

115/85 "MATEMATIKKENS UDVIKLING CP TIL RENESSANCEN". Petr Vislor

Af: Mogens Niss.
116/85 "A PHENOMENOLOGICAL MODEL FOR THE MEYER- 135/87 "INTUITIONISTISK MATEMATIKS METODER OG ERKENDELSES-

NELDEL RULE". . TEORETISKE FORUDSAETNINGER®

Af: Jeppe C. Dyre. MASTEMATIKSPECIALE: Claus Larsen
117/85 "KRAFT & FJERNVARMEOPTIMERING" Vejledere: Anton Jensen og Stig Andur Pedersen

A.ff Jacob Mprch Pedersen.

Vejleder: Bent Sprensen 136/87 "Mystisk og naturlig filosofi: En skitse af kristendommens

" 3 17
118/85 TILFELDIGHFDEN OG NZDVENDIGHEDEN IFPLGE ferste og andet mede med grask filosofi

PEIRCE OG FYSIKKEN". Projektrapport af Frank Colding Ludvigsen

&f: Peder Voetmann Christiansen } Vejledere: Historie: Ib Thiersen

Fysik: Jens Hojgaard Jensen
" D LEKTRIS DNING I UORDNEDE

119/86 "DET ER GANSKE VIST - - EUKLIDS FEMTE POSTULAT 137787 ﬁISSP'g"? E?z’lf‘g‘FFEI‘{ERE:‘OR— EResum: ;(f LIITE:J’.centiatafhandl'1ng

KUNNE NOK SKABE RZRE I ANDEDAMMEN".

Af: Then Maj Christiansen Af: Jeppe Dyre

Vejleder: Mogens Niss. ' Vejledere: Niels Boye Olsen og

Peder Voetmann Christiansen.




38/87 "JOSEPHSON EFFECT' AND. CIRCLE MAP."

Paper presented at The International
Workshop on Teaching Norilinear Phenomena
.at Universities and School$, "Chaos in

"By: Peder Voetmann Chri Stiansen’

" . 139/87 "Machbarkeit nichtbeherrschbarer Technik
durch’ Fortschritte in der Erkennbarkelt .
S ‘der Natur"
. iR Afi-Bérnhelm Booss-Bavnbek - :
(R _ Martin Bohle-Carbonell.. .*

" 140/87 "ON THE TOPOLOGY OF SPACES’OF HOLOMORPHIC MAPS"

By: Jens Gravesen

141/87 “'RADIOMETERS UDVIKLING AF E[DIX-IASAPPARATUR -
ror E‘I‘ 'I‘EKNOILXEIHIS'IORISK PROJEKT"

- 3 f{?“ Projektrapport af Flnn C. Physant
~Vejleder: Ib Thiersen .

o 142/87 "The Calderdn Pro;ektor for Operators Wlth
: Splitting Elliptic Symbols“

‘ by: Bernhelm Booss-Bavnbek og
Krzysztof P. Wojciechowski

v

;143487‘”Kursusmatériale til Matematik‘pé NAT~BAS"

af: Mogens Brun Heefelt

144787 "Context and Nén—Locality - A Peircean Approach

Paper presented at the Symposium on the
.Foundations of Modern Physics The Copenhagen_
Interpretation 60 Years after the Camo Lecture.
Joensuu, Finland, 6 - 8 august 1987. -

By: Peder Voetmann Chrlstlansen

-145/87 "AIMS AND SCOPE OF APPLICATIONS AND
: MODELLING IN MATHEMATICS CURRICULA"

}3-43‘; Manuscript of a plenafy lecture delivered at
" ICMIA 3, Kassel, FRG 8.-11.9.1987 .

By: Mogens Niss

+146/87 "BESTEMMELSE AF BULKRESISTIVITETEN I SILICIUM"
" -en ny frekvensbaseret milemetode. :
" - . Fysikspeciale af Jan Vedde

" .Vejledere: Niels Boye Olsen & Petr ViSor

147/87 "Rapport om BIS pi NAT-BAS"
redigeret af: Mogens Brun Heefelt

\

148/87 "Naturvidenskabsundervisning med
Samfundsperspektlv"

af: Peter Colding-Jergensen DLH
Albert Chr. Paulsen

I‘1419/87 "In-Situ Measurements of the density of amorphous
: germanium prepared in-ultra high vacuum"

by: Petr ViZdor

150/87 "Structure and the Existence of the first sharp
diffraction peak in amorphous germanium
prepared in UHV and measured in—sltu”

"by: Petr Vit¥or

151/87 “DYNAMISK PROGRAMMERING"

[ i Matematikprojekt af: :
" ’ Birgit Andresen, Keld Nielsen og Jimmy Staal

Vejleder: Mogens les‘

* Education". Balaton, Hthary,-ZG‘April;? May 1987.

152/87 "PSEUDO- DIFFERENTIAL PROJECTIONS AND THE TOPOLOGY. .
- OF- CERTAIN: SPACES OF ELLIPTIC, BOUNDARY VALUE -
PROBLEMS" B e

’by Bernhelm Booss—Bavnbek
Krzysztof P Wojciechowski

.153[88 "HALVLEDERTEKNOLOGIENS UDVIKLING MELLEM MILITERE

0G CIVILE KREFTER" -

Et eksempel pé humanistisk - teknologlhlstorle
Historiespeclale . .

Af: Hans Hedal
VeJleder: Ib Thiersen

154/88 "MASTER EQUATION APPROACH TO VISCOUS LIQUIDS AND
THE GLASS TRANSITION" o

By: Jeppe Dyre

' 155/88 "A NOTE ON THE ACTION OF THE POISSON SOLUTION

OPERATOR TO THE DIRICHLET PROBLEM FOR A FORMALLY
SELFADJOINT DIFFERENTIAL OPERATOR"

. by: Michael Pedersen

156/88 "THE RANDOM FREE ENERGY BARRIER MODEL FOR AC .
CONDUCTION 1IN DISORDERED SOLIDS" :

by: Jeppe C. Dyre
157/88 " STABILIZATION OF PARTIAL DIFFERENTIAL FQUATIONS

_ BY FINITE :DIMENSIONAL BOUNDARY FEEDBACK CONTROL
A pseudo- differentlal approach "

by: Mlchael Pedersen

158/88 "UNIFIED FORMALISM FOR-EXCESS CURRENT NOISE IN,
_ /RANDOM WALK MODELS" S R

'-'by Jeppe Dyre’

- 159/88 "STUDIES IN SOLAR ENERGY"

by: Bent Serensen

”160/88 "LOOP GROUPS AND INSTANTONS IN DIMENSION TWO"

Ty Jens Gravesen

161/88 "PSEUDO- DIFFERENTIAL PERTURBATIONS AND STABILIZATION
OF DISTRIBUTED PARAMETER SYSTEMS:

Dirichlet feedback control problems"

by: Michael Pedersen

162/88 "PIGER & FYSIK - OG MEGET MERE"
AF: Karin Beyer, Sussanne Blegaa, Birthe.Olsen,
Jette Reich , Mette Vedelsby o

163/88 "EN MATEMATISK MODEL TIL BESTEMMELSE AF ..
PERMEABILITETEN FOR BLOD-NETHINDE-BARRIEREN"

Af: Finn Langberg, Michael Jarden, Lars Frellesen‘

VeJleder: Jesper Larsen

164/88 "Vurdering af matematisk teknologi
Technology Assessment
Technikfolgenabschatzung"

Af: Bernhelm Booss-Bavnbek, Glen Pate med
Martin Bohle-Carbonell og Jens Hejgaard Jensen

165/88 "COMPLEX STRUCTURRS IN THE NASH-MOSER CATEGORY"-

. by: Jens Gravesen




I

166/88 "Grundbegreber i Sandsynligheds-.
) regningen" .

Af: Jergen Larsen

167a/88 "BASISSTATISTIK 1. Diskrete modeller"

Af: Jergen Larsen

167b/88 "BASISSTATISTIK -2. Kontinuerte - oL
modeller" §

Af: Jorgen Larsen

168/88 "OVERFLADEN AF PLANETEN.MARS"
Laboratorie~-simulering og MARS-analoger
undersegt ved Mossbauerspektroskopi .

Fysikspeciale af:

= Birger Liindgren -

Vejleder:. Jens Martin Knudsen
N Fys.Lab./HCQ

169/88 ""CHARLES S. PEIRCE: MURSTEN OG MORTEL
TIL EN METAFYSIK."

Fem artikler fra tidsskriftet "The Monist"
1891-93,
Introduktion og oversattelse:

Peder Voetmann Christéansen

170/88 '"OPGAVESAMLING I MATEMATIK"

Samtlige opgaver stillet i tiden
"1974 - juni 1988

171/88 "The Dirac Equation with Light-Cone Da
af: Johnny Tom Ottesen

172/88 "FYSIK OG VIRKELIGHED"

Kvantemekanikkens grundlagsproblem
i gymnasiet.

Fysikprojekt af:
Erik Lund og Kurt Jensen

Vejledere: Albert Chr. Paulsen og
Peder Voetmann Christiansen

173/89 "NUMERISKE ALGORITMER"
af: Mogens Brun Heefelt

174/89 " GRAFISK FREMSTILLING AF
FRAKTALER OG KAOS"

af: Peder Voetmann Christiansen

175/89 " AN ELEMENTARY ANALYSIS OF THE TIME
DEPENDENT SPECTRUM OF THE NON-STATONARY
SOLUTION TO THE OPERATOR RICCATI EQUATION

af: Michael Pedersen

176/89 " A MAXIUM ENTROPY ANSATZ FOR NONLINEAR
RESPONSE THEQRY"

af : Jeppe Dyre

177/89 "HVAD SKAL ADAM STA MODEL TIL"

af: Morten Andersen, Ulla Engstrom,
Thomas Gravesen, Nanna Lund, Pia
Madsen, Dina Rawat, Peter Torstensen

Vejleder: Mogens Brun Heefelt

178/89 "BIOSYNTESEN AF -PENICILLIN - en matematisk model®

af: Ulla Eghave Rasmussen, Hans Oxvang Mortensen,
Michael Jarden

vejleder i matematik: Jesper Larsen
biologi: Erling Lauridsen

1795/89 "LERERVEJLEDNING M.M. til et eksperlmentelt forlzb
— - om kaos"

af: Andy Wiered, Seren Brend og Jimmy Staal

Vejledere: Peder Voetmann Christiansen
Karin Beyer

- 179b/89 "ELEVHEFTE: Noter til et eksperimentelt kursus om

kaos"

af: Andy Wiered, Seren Brend og Jimmy Staal

~'Vejledefe Peder Voetmafin Christlansenf‘
Karin Beyer

.

180/89, "KAOS I FYSISKE SYSTEMER eksemplificeret ved
torsions~ og dobbeltpendul".

af: Andy W1erad, Seren Brend og Jimmy Staal
Vejleder: Peder Voetmann Christiansen

181/89 "A ZERO-PARAMETER CONSTITUTIVE RELATION FOR PURE
SHEAR VISCOELASTICITY"

by: Jeppe Dyre

183/89 "MATEMATICAL PROBLEM SOLVING, MODELLING. APPLICATIONS :
AND LINKS TO OTHER SUBJECTS — State. trends and

issues in mathematics instruction

by: WERNER BLUM, Kassel (FRG) og
MOGENS NISS, Roskilde (Denmark)

184/89 “En metode til bestemmelse af den frekvensafhangige
varmefylde af en underafkelet vaske ved glasovergangen"

af: Tage Emil Christensen

185/90 “EN NESTEN PERIODISK HISTORIE"
Et matematisk projekt
af: Steen Grode og Thomas Jessen

Vejleder: Jacob Jacobsen

186/90 “RITUAL OG RATIONALITET i videnskabers udvikiing"
redigeret af Arne Jakobgen og Stig Andur Pedersen

187/90 "RSA - et kryptografisk system"
af: Annemette Sofie Olufsen, Lars Frellesen
og Ole Meller Nielsen

Vejledere: Michael Pedersen og Finn Munk

188/90 “FERMICONDENSATION -~ AN ALMOST IDEALL GLASS TRANSITION"
by: Jeppe Dyre

189/90 "DATAMATER I MRTRMATIKUNDERVISNINGEN PA
GYMNASIET OG HQJERE LAREANSTALTER

af: Finn Langberg



B N ¢
:

"FIVE REQUIREMENTS FOR AN . . © 201/90 "Undersegelse af atomare korrelationer i
APPROXIMATE NONLINEAR RESPONSE ) . o LT amorfe stoffer ved rzntgendiffraktion"

R n
THEORY af: Karen Birkelund og Klaus Dahl Jensen -
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