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Roskilde Universitetscenter
Dybedemoduleksamen i kvantemekanik

Monday 26. June 10.00-14.00
ONLY PERSONAL HELP-MATERIALS ALLOWED: NO COMMUNICATION WITHIN OR OUT FROM THE

EXAM ROOM.
The exam consists of three problems. These are independent of each other (they can be answered in any order). The

parts within a given problem have equal weight. Answers may be written either in Danish or in English.

1 Question 1 (40 percent)

Two identical spin-1/2 particles (therefore fermions), with position variables x1 and x2 and mass m, are subject to a
one-dimensional harmonic oscillator potential V (x) = 1

2mω
2x2. Assume first that the particles do not interact with

each other.

(a) Write down the Hamiltonian for this system. What is the ground state wavefunction Ψ0(x1, x2), including spin?
What is the ground state energy?

(b) What is the first excited state energy? What is the degeneracy of this energy (how many states are there ac-
tually with this energy)? Write down the wavefunctions in terms of the usual one-particle harmonic oscillator
wavefunctions (which you can call ψ0(x), ψ1(x), etc).

Now suppose the particles are connected by a spring with spring constant α, so there is an extra term in the Hamiltonian
H ′ = 1

2α(x2 − x1)
2.

(c) Use first-order perturbation theory to estimate the correction to the ground state energy, E1
0 .

(d) Next, use the variational principle with a gaussian trial wavefunction Ψ(x1, x2) = Ae−b(x2
1+x2

2), where A is a nor-
malizing constant, to estimate the real (with interactions included) ground-state energy by varying the parameter
b. Without knowing the exact ground state energy, can you say whether this estimate is any better than the
perturbation theory estimate?

2 Question 2 (30 percent)

In this problem we will consider a particle with spin-1. We ignore the motion of the particle (that is, the space part of
the wavefunction) and concentrate only on the spin.

(a) How many states does this system have? List them, using the usual quantum numbers representing total spin and
z-component of spin.

(b) Write the states as column vectors and write the operator for the z-component component of the spin as a matrix.

(c) We want to obtain the matrices which represent the x- and y-components of the spin. To do this you must
first obtain the matrix forms of the raising and lowering operators. Do this by (1) considering the action of
S+ and S− on each state, which gives the columns of the matrix apart from an overall constant, and (2) using
S±|sm〉 = h̄

√
s(s+ 1) −m(m± 1)|s(m± 1)〉 to fix the constant.

(d) Write out the matrix forms of Sx and Sy.

(e) Suppose that the particle is charged, and therefore has a magnetic moment ~µ = γ ~S. Write down the Hamiltonian

which corresponds to the particle being in the presence of a fixed magnetic field ~B (with arbitrary direction).
Write it both in terms of operators and as a matrix.

(f) Now assume that ~B points in the z-direction. Suppose at time t = 0 the particle is in a state 1√
2
(ψA +ψB) where

ψA and ψB are the basis states with highest and second highest z-component of spin, respectively. Calculate the
expectation value of the y-component of spin as a function of time.

3 Question 3 (30 percent)

(a) Consider the three-dimensional harmonic oscillator with potential V (r) = 1
2mω

2r2. Show that the Hamiltonian
can be written as a sum of three separate one-dimensional Hamiltonians. Then write the form of the energy
eigenstates and eigenvalues in terms of one-dimensional eigenfunctions.

1
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(b) What are the first four distinct energy eigenvalues and what are their degeneracies?

(c) Now, consider a one-dimensional potential V (x) = 1
2mω

2x2 for x > 0 and V (x) = ∞ for x < 0. Use your
knowledge of the ordinary harmonic oscillator in one dimension to determine the energy eigenvalues and sketch
the ground state wavefunction.

(d) Returning to the three-dimensional oscillator, but now thinking in terms of the radial variable r, write down the
radial equation for u(r) = rR(r) for general l. Then consider the case l = 0. Argue that this is equivalent to the
one-dimensional half-harmonic oscillator and show that you get the same ground state energy as in part (b).

(e) The energy eigenstates that you have from treating the three-dimensional oscillator do not correspond one-to-one
with the ones you get by separating into radial and angular functions (except for the ground state). Because there
is degeneracy, all you can say is that an eigenstate which is a product of one-particle functions can be written as
a sum of terms with different nlm and vice versa. Show that the state Ψ(x, y, z) = 1√

2
(ψ100 + iψ010) (where the

subscripts indicate the quantum numbers of the one-dimensional wavefunctions, and NOT nlm) is (1) an energy
eigenstate, and find the eigenvalue, and (2) an eigenstate of the Lz operator, and find the eigenvalue.

2
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Roskilde Universitetscenter
Dybedemoduleksamen i kvantemekanik

Friday 15. June, 2007. 10.00-14.00
ONLY PERSONAL HELP-MATERIALS ALLOWED: NO COMMUNICATION WITHIN OR OUT

FROM THE EXAM ROOM

Questions 1, 2 and 3 are independent of each other and can be answered in any order.

Question 1 (40 %) One-dimensional analog of the Hydrogen molec-
ular ion

We have seen in the course that for a potential V (x) = −αδ(x) the ground state wavefunction has the

(non-normalized) form exp(−K0|x|) with energy − h̄
2K2

0

2m where K0 = mα
h̄2 . Here we will consider a double

delta-function potential, V (x) = Va(x) + V−a(x) ≡ −αδ(x− a)− αδ(x+ a).

1. (5%) Write down the (normalized) wavefunction ψ−a(x) that would be the ground state wavefunction
if there were just one delta-function well at x = −a, and the (normalized) wavefunction ψa(x) that
would be the ground state if there was just one well at x = a. What is the energy in these cases?

2. (10%) We will consider a pair of trial wavefunctions ψ+(x) and ψ−(x) for the variational method, of
form ψ±(x) = A(ψ−a(x) ± ψa(x)). Are these functions even, odd or neither? Find the normalization
constant A. Check that it makes sense in the limit a → ∞. What happens in the case of ψ− in the
limit a→ 0, and why?

3. (15%) Calculate the expection value of H = T + V−a(x) + Va(x) in the states ψ+ and ψ−, where
T = − h̄2

2m
d2

dx2 is the kinetic energy operator. Note: calculating the kinetic energy part by itself is a
little tricky because the first derivative is not continuous. But you can avoid having to deal with this
by using the fact that ψa(x) is an eigenstate of Ha ≡ T + Va(x) (and similarly with ψ−a(x)).

4. (5%) Of the two states ψ+ and ψ−, which would you expect to be a reasonable estimate of the ground
state energy? Suggest a way to improve the calculation (but do not do it)

5. (5%) Investigate the behaviour of 〈H〉ψ± in the limits a→∞ and a→ 0. Is it what you expect?

Question 2 (30 %) Discrete analog of a free particle in one dimen-
sion

We consider a system consisting of N sites arranged on the x-axis at positions 0, a, 2a, 3a, . . . , (N − 1)a. We
define a set of basis states for this system {|n〉} where |n〉 represents the particle being located at site n. A
general state may then be written as |ψ〉 = ∑

n cn|n〉. To model a particle that can move from site to site,
we consider a Hamilonian operator which in matrix form looks like

H =




0 −t 0 0 0 . . . 0 −t
−t 0 −t 0 0 . . . 0 0
0 −t 0 −t 0 . . . 0 0
0 0 −t 0 −t . . . 0 0
0 0 0 −t 0 . . . 0 0
...

...
...

...
...

...
...

...
0 0 0 0 0 . . . 0 −t
−t 0 0 0 0 . . . −t 0




(1)

where t > 0. So every state |n〉 is connected to the neighboring states |n−1〉 and |n+1〉 by a matrix element
Hn,n−1 = Hn,n+1 = −t. For convenience we imagine that the line is “wrapped around” as if in a circle, so
that state |N − 1〉 is not only beside state |N − 2〉 but also |0〉 (this is called periodic boundary conditions).
That is why there is a −t in the bottom left and top right corners of the matrix; it means we don’t have to
worry about treating sites 0 and N − 1 in a special way.

1. (6%) If the coefficients cn are gathered to make a column vector c, then the time independent
Schrödinger equation is Hc = Ec where E is an eigenvalue. Write out the nth row of this matrix
equation explicitly.

1
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2. (6%) Now we guess a solution ~ck of the plane-wave form: ckn = A exp(ikna). By substituting into the
result from the last part, show that this is indeed an eigenstate and write down the eigenvalue. Also
determine the constant A by normalization.

3. (6%) Show that adding 2π/a to k gives the same state (that is, c
k+2π/a
n = ckn). This means we need

only consider a range of k from −π/a to π/a. Sketch E as a function of k in this range.

4. (6%) To make the connection with our normal concept of a particle moving in one dimension, we
consider states with a wavelength much longer than the spacing between sites a, that is ka(= 2πa/λ)�
1. Expand the energy near the ground state in this limit; then by comparing to the usual expression

for the energy of a free particle, h̄
2k2

2m , write down what t must be in terms of m, h̄ and a.

5. (6%) Because there are a finite number (N) of basis states that we started with, there must be the
same finite number of energy eigenstates. That means that not all values of k within the range −π/a
to π/a are possible. ecause of the periodic boundary conditions it must be that if you put n = N in
ckn, it must be the same as ck0 . Use this to get an expression for allowed values of k. Then write down
the energy difference between the ground state and the first excited state. What is the degeneracy of
the first excited state and what is its physical interpretation?

Question 3 (30 %) Two localized electrons in a magnetic field

We consider two localized electrons, for example they are part of trapped ions and not free to move in space.
So we can ignore the space part of their wavefunction, and also ignore the requirement of antisymmetry.
The magnetic field ~B is pointing in the positive z-direction and the ratio between the magnetic moment of
each electron and its spin-angular momentum is a constant γ.

1. (5%) Write an expression forthe Hamiltonian HB in terms of the spin operators ~S(1) and ~S(2). Then

write it as a 4 × 4 matrix in the basis of eigenstates of S
(1)
z and S

(2)
z , the spin operators for the first

and second electrons respectively.

2. (5%) Write down the energy eigenvalues and the corresponding eigenstates (use arrow notation ↑↓
etc.).

3. (5%) We now add an additional term to the Hamiltonian of the form H ′ = −β~S(1) · ~S(2) (β is a real,
positive constant). Show that H ′ is not diagonal in the basis we started with by computing the matrix
element H ′

↑↓,↓↑ = (H ′
↓↑,↑↓)

∗
between states ↑↓ and ↓↑.

4. (10%) Show that both HB and H ′ (and therefore H = HB +H ′) are diagonal in the basis consisting

of eigenstates of (S(1))2, (S(2))2, (S(tot))2 and S
(tot)
z , where ~S(tot) ≡ ~S(1)+ ~S(2) is the total spin. Write

down the new energy eigenvalues and the corresponding eigenstates (in terms of the old basis).

5. (5%) Until now, H ′ was taken to be time-independent. Now instead suppose that H ′ was “turned on”
at time t = 0 and “turned off” again at time t = T , and also assume that β is small. In this case the
original basis states are good states, but the perturbation will cause transitions between them. What
transitions are possible? You do not need to calculate the transition probabilities. In fact, if you think
carefully, you do not need to calculate anything new at all.

2
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Roskilde Universitetscenter

Dybedemoduleksamen i kvantemekanik

Monday 23. June, 2008. 10.00-14.00

CLOSED-BOOK EXAM: NO EXTRA MATERIALS ALLOWED BEYOND THE
FORMULAS INCLUDED WITH THE EXAM SET (THIS INCLUDES NO

CALCULATORS)

Questions 1, 2 and 3 are independent of each other and can be answered in any order.

Question 1 (40 %)

We will consider a harmonic oscillator potential for particles of mass m, constrained to move
in one dimension: V (x) = 1

2
mω2x2. There are two particles in this system, which to start

with are considered to be non-interacting.

1. (10%) Assuming first the particles are distinguishable and have no spin, what are the
first three allowed energy levels of the system, and what are the corresponding degen-
eracies? For each level write the energy eigenstate (if there is degeneracy, write down
a set of orthogonal eigenstates) in terms of the product states ψmn = ψm(x1)ψn(x2)
where the n or m is the index of the one-particle eigenstate and the x1 and x2 are the
positions of the particles.

2. (10%) Now suppose the particles are identical and have spin-1/2. What are the lowest
three energy levels and their degeneracies? Write out the states, including the spin
part.

3. (10%) For the calculation coming up we need the explicit expression for the one-particle
state ψ1(x). Calculate this by use of the raising operator a+ and sketch it.

4. (10%) We add now a perturbation to the system consisting of a short-range attractive
interaction between the particles:

H ′ = −αδ(x1 − x2) (1)

where α > 0. Calculate the first order correction to the ground state energy and first
excited energy (note that not all of the states corresponding to the first excited energy
are affected the same way!).

Question 2 (35 %) Hydrogen atom

1. (10%) Sketch the radial part of the Hydrogen orbital states ψ200 and ψ210. In the case
of ψ210 calculate 〈r〉.
Including spin now, consider a state ψ which is a linear combination of eigenstates (χ+

and χ− are the spin states which are eigenstates of Sz with eigenvalues h̄/2 and −h̄/2,
respectively):

ψ = A(ψ200 χ+ + (1 + i)ψ210 χ+ + 3ψ211 χ−) (2)

1
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2. (5%) Calculate A so that ψ is normalized.

3. (10%) If a measurement of the square of total orbital angular momentum (L2) is made,
what are the possible results, and what is the probability of measuring each?

4. (10%) Suppose the L2 is measured and the result is 2h̄2. What is the probability to
measure the Z-component of spin to be h̄/2 immediately after this L2 measurement?

Question 3 (25 %) Scattering in 1D

For a particle of massm moving in one dimension, consider a step potential V = 0, for x < 0,
and V = V0, for x > 0. Here V0 > 0. We are interested in what happens to an incident
particle of energy E > 0 approaching from the left.

1. (5%) What would happen classically for E < V0 and E > V0? Are there any bound
states (energy eigenstates with negative energy) in this system?

2. (10%) Consider the case with E > V0 and calculate the probability R for the particle
to be reflected back from the step. Write the answer in terms of the quantity Z = E/V0

3. (10%) Without doing the full calculation, argue why the reflection probability is 100%
in the case E < V0. Check that your result for part (2) agrees with this in the limit
E → V0. Can you say anything about the limit of high incident energy (Z →∞) ?
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Roskilde Universitet

Dybdemoduleksamen i kvantemekanik

onsdag d. 24. juni, 2009. 10.00-14.00

INGEN HJÆLPEMIDLER TILLADTE UDOVER DEN UDLEVEREDE
FORMELSAMLING OG JERES EGEN FORMELSAMLING. INGEN

LOMMEREGNERE

Opgavesættet er på tre sider. Opgave 1, 2 og 3 er uafhængige af hinanden og kan besvares i
hvilken som helst rækkefølge.

Opgave 1 (40 %)
I denne opgave betrager vi tre potentialer for en partikel der bevæger sig i én dimension:
den uendelige firkantbrønd VUFB(x) = 0 for 0 < x < a, og VUFB(x) = ∞ for alle andre
værdier af x; den harmoniske oscillator VHO(x) = 1

2
mω2x2; og delta-funktionspotentialet

VDF(x) = −αδ(x), med α > 0. Grundtilstandene til de tre potentialer betegnes henholdsvis

ψg
UFB(x) = A sin

(πx
a

)
(1)

ψg
HO(x) = B exp

(
−mωx

2

2h̄

)
(2)

ψg
DF(x) = C exp

(
−mα|x|

h̄2

)
. (3)

(a) (b)

(c) (d)

1. (10%) Hver bølgefunktion i figuren ovenfor er en energi-egentilstand for et af tre de
overnævnte potentialer. Angiv for hver bølgefunktion, hvilket potentiale der er tale
om, og hvilken egentilstand (for eksempel “n = . . .”—angiv også hvilken n der svarer
til grundtilstanden)

2. (10%) Beregn grundtilstandsenergien i hvert tilfælde ved at operere på grundtilstand-
bølgefunktionen med den relevante Hamilton-operator.

[Bemærk, at d2

dx2 exp(−b|x|) = b2 exp(−b|x|)− 2bδ(x)]

1
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3. (10%) Normér hver grundtilstand (beregn koefficienterne A, B og C i ligninger (1), (2)
og (3)), og beregn variansen σ2

x af sandsynlighedsfordelingen for stedkoordinaten x.

4. (10%) Beregn for hvert system forventningsværdien af den kinetiske energi og omskriv
den i termer af σ2

x (dvs, eliminér a i Lign. (1), ω i Lign. (2) , og α i Lign. (3))).
Det kan oplyses at resultatet bliver det samme i alle tilfælde (bortset fra faktorer af
størrelsesordenen 1).

Opgave 2 (30 %)
I denne opgave betragter vi hydrogenatomets tilstande inklusiv spin. H0 er den sædvanlige
Hamiltonoperator (med kun Coulomb-potentialet), Vi betragter også spin-bane koblingen

H ′
SO =

e2

8πǫ0

1

m2c2r3
S · L (4)

og Zeeman vekselvirkningen med et magnetisk felt Bext i z-retningen,

H ′
Z =

eBext

2m
(Lz + 2Sz). (5)

Vi betragter også to mulige baser, som begge består af egentilstande af H0: “P”-basen
(produkt-basen) med kvantetal n, l,m,ms svarende til egenværdier af henholdsvis H0, L

2, Lz

og Sz; og “T”-basen (total impulsmoment-basen) med kvantetal n, l, j,mj hvor j og mj er
forbundet med egenværdier af henholdsvis J2 og Jz. Her er J ≡ L+ S det totale impulsmo-
ment.

1. (10%) Betragt det underrum som består af n = 2 egentilstandene af H0. Lav to
tabeller som nedenunder, og udfyld de relevante værdier af kvantetal og deres tilhørende
egenværdier.

“P” basis
l,m,ms L2 Lz Sz

“T” basis
l, j,mj L2 J2 Jz

Zeeman Hamiltonoperatoren er diagonal i én ud af de to baser. Angiv hvilken og
egenværdierne ved at lave en ekstra kolonne i den relevante tabel.

2. (10%) Angiv de kommuteringsrelationer som Jx og Jy og Jz tilfredsstiller. Bevis at
J2 kommuterer med de individuelle komponenter Jx, Jy og Jz. Bevis derefter at L2

kommuterer med Jz og J2. Bevis til sidst at S · L kommuterer med L2, J2 og Jz.

3. (10%) I P-basen er S · L ikke diagonal—der er ikke-diagonale matrixelementer som er
forskellige fra nul. Opskriv kombinationen S ·L i termer af L±, Lz og de tilsvarende S
operatorer. Beregn derefter matrixelementet 〈ψ2,1,0, 1

2
|S·L|ψ2,1,1,− 1

2
〉 (kvantetal n, l,m,ms).

Giv et eksempel på et ikke-diagonalt matrixelement af denne operator som er lig med
nul.

2
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Opgave 3 (30 %)

0 0 aa
a/2

∆

∆

∆

a/2

−

SV
VA

x x

Her betragter vi den uendelige firkantbrønd i én dimension, med to forskellige per-
turberende potentialer V ′

S og V ′
A, som illustreret ovenfor.

V ′
S ≡

{
∆2x

a
, x < a/2

2∆−∆2x
a
, x > a/2

(6)

V ′
A ≡ −∆+∆

2x

a
(7)

1. (10%) Beregn korrektionen i første orden til det n’te energiniveau for tilfældet VS.

2. (10%) Hvilke tilstande bliver “blandet” ind i grundtilstanden af perturbationen VS til
første-orden? Det vil sige, hvilke koefficienter er forskellige fra nul når førsteordensko-
rrektionen til grundtilstanden udtrykkes som en linearkombination af uperturberede
egentilstande? [Det er ikke nødvendigt at beregne dem—et symmetriargument er fint]
Hvad med VA-tilældet—hvilke koefficienter er forskellige fra nul?

3. (10%) Bevis, enten ved en beregning eller et symmetriargument, at førsteordenskor-
rektionen til energierne er nul for VA-perturbationen. Beregn andenordenskorrektionen
til grundtilstandsenergien (svaret må stå som en sum).
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Roskilde Universitet

Dybedemoduleksamen i kvantemekanik. Re-eksamen.

Fredag d. 28. august, 2009. 10.00-14.00

INGEN HJÆLPEMIDLER TILLADTE UDOVER DEN UDLEVEREDE
FORMELSAMLING OG JERES EGEN FORMELSAMLING. INGEN

LOMMEREGNERE

Opgavesættet er på tre sider. Opgave 1, 2 og 3 er uafhængige af hinanden og kan besvares i
hvilken som helst rækkefølge.

Opgave 1 (40 %)
I denne opgave betrager vi spintilstandene i et system der består af to spin-1/2 partikler.
De tilsvarende spin-operatorer betegnes S(1) og S(2), og det “totale spin-impulsmoment” er
S(tot) ≡ S(1)+S(2). Komponenter skrives som S

(1)
x , osv, og (S(1))2 ≡ (S

(1)
x )2+(S

(1)
y )2+(S

(1)
z )2

betegner kvadratet på absolutværdien (tilsvarende for S(2) og S(tot))
En basis for disse tilstande, “P”-basen (produkt-basen), består af produkt-tilstandene

| ↑↑〉, | ↑↓〉, | ↓↑〉 og | ↓↓〉, hvor pilene refererer til egenværdier af S(1)
z og S(2)

z som sædvænligt.
En anden, “T”-basen (total spin-basen), består af egentilstande af (S(tot))2 og S

(tot)
z , som

skrives |S,M〉 hvor S er enten 0 eller 1 og −S ≤M ≤ S.

1. (10%) I de nedenstående tabeller står tilstande i den første søjle og spin-operatorer
i den første række (glem søjlen med HSS indtil videre). Du må antage at de givne
tilstande er egentilstande af de givne operatorer i hver tabel. Udfyld de tilsvarende
egenværdier.

“P” basis

tilstand (S(1))2 (S(2))2 S
(1)
z S

(2)
z

| ↑↑〉
| ↑↓〉
| ↓↑〉
| ↓↓〉

“T” basis

tilstand (S(1))2 (S(2))2 (S(tot))2 S
(tot)
z HSS

|0, 0〉
|1,−1〉
|1, 0〉
|1, 1〉

Nu betragter vi en Hamilton-operatorHSS baseret på prik-produktet af spin-operatorerne
(“spin-spin kobling”)

HSS = −αS(1) · S(2) (1)

hvor α er en reel, positiv konstant.

1

August 2009: Kvantemekanik (Dansk) 87



2. (10%) Bevis at tilstanden | ↑↓〉 ikke er en egentilstand af operatoren S(1) · S(2) ved at
beregne S(1) · S(2)| ↑↓〉. Det betyder, at HSS ikke er diagonal i P-basen.

3. (10%) Bevis, at HSS er diagonal i T-basen ved at omskrive den i termer af operatorer
i T-basis-tabellen. Udfyld dens egenværdier i den tilsvarende søjle.

4. (10%) Nu antager vi, at hver partikel har en positiv ladning og dermed et magnetisk
moment, µ(1) = γS(1) og µ(2) = γS(2), hvor γ > 0 er en konstant. Hvis vi påtrykker et
magnetisk felt B = B0ẑ på systemet, er det tilsvarende led i Hamilton-operatoren

HB = −γB0S
(1)
z − γB0S

(2)
z , (2)

Er HB diagonal i T-basen? Hvis ja, give en liste over dens egenværdier. Hvis nej,
antage at B0 er lille nok, til at man kan bruge perturbationsteori, og beregn førsteor-
denskorrektionen til energier ved at betragte HB som perturbation. Skitsér energierne
som funktion af B0.

Opgave 2 (30 %)
I denne opgave betragter vi de radielle bølgefunktioner Rnl(r) i hydrogen-atomet, specielt
R10, R20 og R21.

1. (10%) Figuren nedenunder viser de tre overnævnte radielle bølgefunktioner. Angiv,
hvilken funktion svarer til hvilken kurve (a), (b) og (c).

0 2 4 6 8 10 12 14 16 18 20
r/a

0

0.2

0.4

0.6

0.8

R
nl

(r
)

(a)
(b)

(c)

2. (10%) Beregn forventningsværdien 〈r〉 i de to tilstande R20 og R21.

3. (10%) Beregn den mest sandsynlig værdi af r i tilstanden R21.

Opgave 3 (30 %)
I denne opgave betragter vi den endelige firkant-brønd, med potentialet V (x) = −V0, for
−a/2 < x < a/2, og V (x) = 0 for alle andre værdier af x (bemærk, at koordinatsystemet
er forskelligt fra det sædvænlige—brønden er rykket til venstre ved a/2 for at gøre den
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symmetrisk). Vi bruger en gætte-bølgefunktion (som i variationsprincippet) som svarer til
grundtilstanden af en uendelig firkant-brønd med bredde b (denne er også rykket for at passe
med potentialets symmetri):

ψb(x) =

{√
2
b
sin((π/b)(x+ b/2)) =

√
2
b
cos(πx/b), −b/2 ≤ x ≤ b/2

0, x < −b/2 og x > b/2
(3)

1. (10%) Beregn forventningsværdien af den kinetiske energi 〈T̂ 〉 for ψb, som funktion af
b. Skitsér denne funktion.

2. (10%) Beregn forventningsværdien af den potentielle energi 〈V̂ 〉 som funktion af b.
Bemærk: tænk omhyggeligt over forskellen mellem de to tilfælde b < a og b > a.
Skitsér denne funktion.

3. (10%) For at estimere grundtilstandsenergien skulle vi minimere summen 〈Ĥ〉 = 〈T̂ 〉+
〈V̂ 〉. Det er ikke muligt at løse den fremkomne ligning analytisk. I stedet for, argmentér
for at der egentlig er en minimumsværdi af 〈Ĥ〉 ved en bestemt værdi bmin af b, for alle
værdier af V0 > 0. Gør dette grafisk ved brug af dine skitseringer, og ved at tænke på
hvordan 〈T̂ 〉 og 〈V̂ 〉 opfører sig når b → ∞. Hvordan opfører bmin sig i de to grænse-
tilfælde V0 → 0 og V0 → ∞? Kan vi konkludere, at der eksisterer en bunden tilstand
for alle værdier af V0 > 0?
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Roskilde Universitet

Dybdemoduleksamen i kvantemekanik

Tirsdag d. 28. juni, 2011. 10.00-14.00

INGEN HJÆLPEMIDLER TILLADTE UDOVER DEN UDLEVEREDE
FORMELSAMLING OG JERES EGEN FORMELSAMLING.

Opgavesættet er på tre sider. Opgave 1, 2 og 3 er uafhængige af hinanden og kan besvares i
hvilken som helst rækkefølge.

1 Brintatomets bølgefunktioner (35 %)
Her betragter vi Hydrogentilstande med n=3. Vi ser fuldstændig bort fra spin i denne
opgave. Vi har den almindelige (Coulomb samt kinetisk energi) Hamilton-operator H0 samt
et Zeeman-agtig led som giver vekselvirkning mellem atomet og et uniformt magnetfelt med
styrke B0 i z-retningen

HZ = − eB0

2me

Lz

Her betegner e og me henholdsvis elektronens ladning og masse.

1. (5 %) Hvad er udartningen af n = 3 niveauet?

2. (15 %) Tag den (unormerede) tilstand (med standard notation ψnlm)

ψA = ψ301 + 2ψ321

For hver af de tre operatorer H0, L2, og Lz , angiv om ψA er en egentilstand. Hvis ja,
angiv egenværdien, hvis ikke, angiv forventningsværdien af operatoren.

3. (5 %) Førsteordens-perturbationsteori giver det eksakte resultat for perturbationen
HZ . Hvorfor?

4. (10 %) Hvor mange niveauer bliver n = 3 niveauet splittet op i når man tænder for
magnetfeltet? Skitsér niveauerne som funktion af B0, og angiv hvert niveaus udartning.

2 Koblede spin-1/2 systemer (30 %)
Her betragter vi et system som består af to spin-1/2 partikler og ser bort fra deres rumlige
frihedsgrader. Spin-operatorerne for de individuelle partikler benævnes med 1 og 2 (for
eksempel er S(1)

z z-komposanten af partikel 1’s spin).

1. (5 %) Hvis systemet er i tilstanden | ↑↑〉 (altså hvis både elektron 1 og elektron 2 er
i op-tilstanden) og kvadratet af det totale spin, (S(tot))2, bliver målt, hvad er så de
mulige resultater og de tilsvarende sandsynligheder?

2. (5 %) Hvis systemet istedet er i tilstanden | ↓↑〉 (altså hvis elektron 1 er i ned-tilstanden
og elektron 2 er i op-tilstanden) og man laver den samme måling, hvad er så de mulige
resultater og deres sandsynligheder?

1
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3. (10 %) Hvis elektron 1 er i tilstanden (1/
√
2)(| ↑〉 + | ↓〉) og elektron 2 er i tilstanden

| ↑〉, hvad er de mulige resultater og sandsynligheder så, for den samme måling som
før?

4. (10 %) Antag at, resultatet fra målingen i spørgsmål (2) var 0, og z-komposanten af
elektron 1’s spin bliver målt. Hvad er sandsynligheden for at måle h̄/2? Hvis denne
værdi faktisk bliver målt, og man bagefter måler z-komposanten af elektron 2’s spin,
hvad er så sandsynligheden for at måle h̄/2?

3 En-dimensionelt model af Helium-atomet (35 %)
Vi betragter to identiske spin-1/2 partikler som er begrænsede til at bevæge sig i én dimension
under indflydelse af et harmonisk-oscillator potentiale:

HHO =
p21
2m

+
p22
2m

+
1

2
mω2x21 +

1

2
mω2x22

Her betegner x1 og x2 de to partiklers sted-koordinater. Vi betragter også en vekselvirkning
mellem partikler af form

H ′ = αδ(x1 − x2)

hvor α > 0 antages så tilpas lille, at først-ordens perturbationsteori kan anvendes. Vi skriver
tilstandene i termer af de almindelige én-partikelstilstande ψn(x) og passende spintilstande.
De første to energi-egentilstande for en harmonisk oscillator med frekvens ω i én dimension
er

ψ0(x) =
(mω
πh̄

)1/4

e−
mω
2h̄

x2

og

ψ1(x) =
(mω
πh̄

)1/4
√

2mω

h̄
xe−

mω
2h̄

x2

1. (5 %) Angiv grundtilstanden og dens energi, i det tilfælde hvor der ikke er nogen
vekselvirkning mellem partiklerne. Spin-tilstanden skal også inkluderes.

2. (10 %) Regn korrektionen til grundtilstandens energi på grund af H ′ ved brug af
førsteordens-perturbationsteori.

3. (5 %) Den første eksiterede tilstand er udartet når der ikke er vekselvirkinger. Hvor
mange forskellige (altså ortogonale) tilstande er der? Angiv dem og deres fælles energi.
Bemærk: der findes i princippet forksellige måder at gøre det på, men det hjælper
senere at vælge basistilstande som er symmetriske eller antisymmetrisk (under partikel-
ombytning) separat for spin- og rum-dele, som vi plejer at gøre.

4. (15 %) Udregn korrektionen til det første eksiterede niveaus tilstande. Det må antages
at perturbationen er diagonale hvis du vælger basistilstande som forslået i del (3).

2
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Roskilde University

Master’s Module, Quantum Mechanics

Friday, June 8, 2012, 10.00-14.00

CLOSED-BOOK EXAM: NO EXTRA MATERIALS ALLOWED BEYOND THE
FORMULA SHEET INCLUDED WITH THE EXAM SET AND YOUR

OWN GOLDEN SHEET (THIS INCLUDES NO CALCULATORS)

There are THREE problems on THREE sheets of paper. Problems 1, 2
and 3 are independent of each other and can be answered in any order.

Problem 1 (35%)

A quantum mechanical rigid rotor (it could consist of two charged particles
attached to the ends of a rigid rod) is constrained to rotate in the xy-plane
around a fixed axis; hence, the wavefunctions only depend on the angle φ.
The rotor has moment of inertia I about its axis of rotation and electric
dipole moment µ (in the plane). In the absence of an electric field, the
Hamiltonian operator of the system is

Ĥ0 = − h̄
2

2I

∂2

∂φ2
(1)

When the rotor is placed in a weak uniform electric field ε, which is in the
plane of rotation, this gives rise to a perturbation term

Ĥ ′ = −µ · ε = −µε cosφ (2)

1. (10%) First, we assume that the electric field is absent. Show, that the
eigenfunctions are

ψn = Ane
inφ, n = 0,±1,±2, . . . , (3)

Determine the constants An and find the energy levels.

2. (10%) Now, we let an external field act on the system. For what values
of n can we use non-degenerate perturbation theory? Show that for
the ground state, the first order correction to the energy is zero.

3. (15%) Find the second order correction to the energy for the ground
state.
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Problem 2 (25%)

The so-called coherent states of the harmonic oscillator are the eigenstates
of the lowering operator â−. Hence a coherent state ψα satisfies

â−ψα = αψα, (4)

where α is the eigenvalue. The eigenvalue can be real or complex.
It turns out that when we write ψα in terms of the eigenstates ψn of the

Hamiltonian operator of the harmonic oscillator, we get:

ψα = c0
∞∑

n=0

αn√
n!
ψn, (5)

where the ψns are the normalized energy eigenstates of the harmonic oscilla-
tor.

1. (10%) Show that ψα in equation (5) is an eigenfunction of â− and show
that the normalization constant c0 is equal to exp(−1

2
|α|2).

2. (15%) We consider two coherent states ψα and ψβ with different eigen-
values α 6= β. Show that these two coherent states are not orthogonal.

Hint: Find |〈ψα|ψβ〉|2.
Why is this fact not inconsistent with the theorem that eigenfunctions
of a hermitian operator belonging to distinct eigenvalues are orthogo-
nal?

Problem 3 (40%)

Consider a spin-1 particle. Within the basis of eigenvectors of S2 and Sz and
with the eigenvectors ordered as in Griffiths (i.e, starting with the eigenvector
for the lowest value of sz and ending with the eigenvector for the highest
value), its Hamiltonian is given by

H = h̄ω




0 −2i 0
2i 3 0
0 0 3


 (6)

where ω is a constant.

1. (10%) What values could we get if we measure the energy (NB! You
should get integer values of h̄ω.) What are the corresponding normal-
ized states?
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2. (10%) Initially, the system is in the state

χ(0) =




1
0
0


 . (7)

Find the state of the system at time t.

3. (10%) If we measure the spin in the x-direction when the system is in an
arbitrary state, what values can we measure? What is the probability
of measuring the lowest value of these values when the system is in the
state χ(0)?

4. (10%) Is Sx a conserved quantity?

3
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Roskilde University

Master’s Module, Quantum Mechanics

2012, August 23, 10.00-14.00

CLOSED-BOOK EXAM: NO EXTRA MATERIALS ALLOWED BEYOND THE
FORMULA SHEET INCLUDED WITH THE EXAM SET AND YOUR

OWN GOLDEN SHEET (THIS INCLUDES NO CALCULATORS)

There are THREE problems on THREE sheets of paper. Problems 1, 2
and 3 are independent of each other and can be answered in any order.

Problem 1 (40%)

Consider a system whose Hamiltonian is given by

H◦ = E0




1 0 0 0
0 8 0 0
0 0 3 0
0 0 0 7




where E0 > 0.

1. (10%) What are the eigenenergies and the eigenstates? If the system
is in the state

1√
2




1
1
0
0




what is the probability of measuring the energy E0?

We now perturb the system by

H′ = E0




λ 0 0 0
0 0 0 0
0 0 0 −2λ
0 0 −2λ 0


 ,

where λ is a positive, real constant that fullfills λ� 1. Hence, H = H◦ + H′.

2. (10%) Show that the exact eigenenergies of H are (1 + λ)E0, (5 −
2
√

1 + λ2)E0, (5 + 2
√

1 + λ2)E0 and 8E0.
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3. (20%) Argue that we can use non-degenerate perturbation theory. Find
the approximate eigenenergies of H and the eigenstates to first order.
For the (unperturbed) eigenstate of energy 7E0, find the approximate
eigenenergy of H to second order.

Problem 2 (30%)

A particle of mass m moves in one dimension. The potential energy is given
by

V (x) =





∞ for x < 0
0 for 0 ≤ x ≤ a
∞ for x > a

We assume that the particle at a certain time t = 0 is in the ground state
corresponding to the Hamiltonian operator with potential energy given by
V (x). At time t = 0 the potential energy is changed to

V ∗(x) =





∞ for x < 0
0 for 0 ≤ x ≤ 2a
∞ for x > 2a

We assume that the change happens so fast that the wavefuntion of the
particle immediately after t = 0 is given by the ground state wavefunction
corresponding to V (x).

1. (10%) Calculate the probability of finding the particle in the first ex-
cited state of the new potential immediately after t = 0.

2. (10%) What is the probability of finding the particle between a and 2a
immediately after t = 0? Where are we most likely to find the particle
immediately after t = 0?

3. (10%) What is the expectation value of the energy immediately after
t = 0?

Problem 3 (30%)

The wave function for a hydrogen atom is

ψ(r) = A(3ψ100 + 2ψ210 +
√

3ψ211),

where the subscripts are values of the quantum numbers n, l,m. We ignore
electron spin.

2

100 August 2012: Quantum Mechanics (English)



1. (5%) Find A.

2. (5%) What values of the total angular momentum can we measure?
What are the corresponding probabilities?

3. (20%) Estimate (based on an appropriate approximation) the probabil-
ity of finding the electron within a distance of 10−10cm from the proton.
Hint: use that the Bohr radius a fulfills a� 10−10cm.

3
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Roskilde Universitet 
Kandidatuddannelsen i FYSIK, KVANTEMEKANIK 

26. juni, 2013, 10.00-14.00 
 

Til eksamen må kun anvendes den udleverede formelsamling samt det 
personlige 'golden sheet', der også udleveres. Lommeregner etc. må ikke 

medbringes 
 

Sættet består af 2 opgaver med i alt 11 spørgsmål. De fleste spørgsmål kan 
besvares uafhængigt af hinanden 

 
 
 
Opgave. 1. En spin 1/2 partikel bevæger sig langs y-aksen under påvirkning af et harmonisk 
oscillator potentiale.  
 
Til tiden t = 0 er partiklen beskrevet ved bølgefunktionen: 
 

   )(3)(5)()1()0,( 110 yuyuyuity  

 
)(yun  er den n'te normaliserede stationære egentilstand for den én-dimensionale harmoniske 

oscillator.   og   er de normaliserede egenspinorer for z-komposanten af det spin-angulære 
moment, Sz. 
 
1.1 (5%) Normér bølgefunktionen.  
 
1.2 (5%) Energien af et stort antal systemer i tilstanden   måles – hvad er middelværdien af de          
målte energier?  
 
1.3 (5%) I et eksperiment måles energien, E, samtidigt med Sz til tiden t = 0. Hvad er de mulige 
resultater af målingen og hvad er sandsynligheden for de enkelte måleresultater?  
 
1.4  (10%) I et eksperiment måles y-komposanten af det spin-angulære moment, Sy ,                                           
til tiden t = 0. Angiv de mulige resultater af målingen med tilhørende sandsynligheder. 
 
1.5 (10%) Systemet udsættes for en lille tidsuafhængig perturbation, der er lineær i y: H' y  
Vis at der til første orden ikke sker nogen ændring i de relevante energiniveauer for tilstanden  . 
 
1.6 (10%) Find 2. ordens korrektionen, , til energien af de uperturberede stationære tilstande 

. (Hint: Udnyt stepoperatorerne ("ladder operators") a+ og a-). 

2
nE

)(yun

 
1.7 (15%) Find den eksakte energi for de perturberede tilstande og kommentér udfra denne 
størrelsen af højere ordens korrektioner til energien. (Hint: Skift variabel til ) )/(' 2 myy 
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Opgave 2. Brintatomet. 
 
2.1 (10%) Brintatomets kerne har radius rk. Hvad er den eksakte sandsynlighed for at en elektron i 
brints grundtilstand befinder sig indenfor kernen, hvis det antages at det funktionelle udtryk for 
bølgefunktionen også gælder for r < rk?  
 

2.2 (10%) Brug rækkeudviklingen 
!32

1
32  e , hvor  er et lille tal, til at udtrykke den 

fundne sandsynlighed som en potens af (rk/a), hvor a er Bohrradius. Vis, at dit resultat er i 
overensstemmelse med et simpelt argument baseret på en antagelse om, at bølgefunktionen er 
konstant i det område, hvor kernen befinder sig. Giv et numerisk overslag for sandsynligheden, når 
rk ~ 10-15 m.  
 
2.3 (10%) Antag at brintatomets elektron befinder sig i tilstanden nlm . Hvad er værdien af <Lx>  

og <Lx
2>?  Værdien af <Ly> og <Ly

2>? L  er det bane-angulære moment.  
 
2.4 (10%) I et Stern-Gerlach eksperiment sendes atomer gennem et inhomogent magnetfelt. Hvis 
magnetfeltet er rettet langs  z-aksen, splitter atomerne op i flere 'bundter' med forskellig afbøjning 
langs z-aksen. Kraften, der forårsager afbøjningen, er proportional med z-komposanten af atomets 

magnetiske moment, μ. Vi ved nu, at der er to bidrag til det magnetiske moment: S
g Bs

s





    og 

L
g Bl

l





   , hvor S


 er spin og L


er bane-angulært moment. De øvrige størrelser er i denne 

sammenhæng at betragte som proportionalitetskonstanter. 
Det oprindelige Stern-Gerlach eksperiment blev udført i 1922 med sølvatomer. I 1927 gennemførte 
Phipps og Taylor eksperimentet med brintatomer i grundtilstanden. Hvad observerede Phipps og 
Taylor i deres eksperiment og hvorfor er Stern-Gerlach eksperimentet banebrydende i 
kvantemekanikken? 
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Roskilde Universitet 
Kandidatuddannelsen i FYSIK, KVANTEMEKANIK 

30. august, 2013, 10.00-14.00 
Til eksamen må kun anvendes den udleverede formelsamling samt det personlige 'golden sheet', der 

også udleveres. Lommeregner etc. må ikke medbringes 
 

Sættet består af 3 opgaver med i alt 10 spørgsmål. Spørgsmålene vægtes ligeligt i bedømmelsen. 
 
Opgave 1. En spin 1/2 partikel bevæger sig langs x-aksen under påvirkning af et harmonisk 
oscillator potentiale.  Til tiden t = 0 er partiklen beskrevet ved bølgefunktionen: 
 

   )()2()(3)0,( 100 xuixutx  

 
)(xun  er den n'te normaliserede stationære egentilstand for den én-dimensionale harmoniske 

oscillator.   og   er de normaliserede egenspinorer for z-komposanten af det spin-angulære 
moment, Sz. 
 
1.1 Normér bølgefunktionen og angiv hvilke resultater en samtidig måling til tiden t=0 af energien, 
E, og Sz kan give og med hvilke sandsynligheder.  
 

Operatoren repræsenterer projektionen af partiklens spin-angulære moment langs retningen 
givet ved enhedsvektoren ,  

Sn


ˆ S


n̂ zyxn ˆ)cos(ˆ)sin()sin(ˆ)cos()sin(ˆ   , hvor  er polarvinkel, 
  er azimuthalvinkel og og er enhedsvektorer langs hhv x, y og z-aksen. yx ˆ,ˆ ẑ
 
Undervejs i opgaven kan følgende eventuelt bruges: 

 sincos iei   og   sincos ie i 

1)
2

(cos2)
2

(sin21cos 22 
     og       

2
cos

2
sin2sin

                                                                 

1.2 Hvad er egenværdierne for  ? Hvor mange egentilstande er der for ? Sn


ˆ Sn


ˆ
 

1.3 Vis at 






















ie

2
sin

2
cos

1  og 
























ie

2
cos

2
sin

2  er egentilstande for Sn


ˆ og angiv sandsynligheden 

for lige efter en måling på partiklen i tilstanden 0  at finde partiklen i hhv 1  og 2 . 

 
Et tilsvarende system, der er i tilstanden   )()0,( 0 xutx

SnH

, placeres i et homogent magnet felt 

. Hamiltonoperatoren er 0ˆ BnB 


H


 ˆ0  0H , hvor  er den oprindelige Hamiltonoperator 

for det harmoniske potentiale, der ikke afhænger af spinnet og ω er en skalar. Den oprindelige 
rumlige tilstand er fortsat en egentilstand for det modificerede system.  
 
1.4 Angiv partiklens bølgefunktion, ),( tx , til tider t>0. 
 
1.5 Bestem de tider, hvor systemet med sikkerhed igen befinder sig i begyndelsestilstanden og giv 
en fortolkning af ω. 
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Opgave 2. 
En partikel med masse m befinder sig i en uendelig dyb potentialbrønd (square well) med bredde  
2L (-L<x<L). Partiklen er i grundtilstanden.  
 
Til tiden t=0 flyttes væggene i brønden momentant udad, så brøndens bredde fordobles (-2L<x<2L). 
Partiklens tilstand er den samme umiddelbart før og umiddelbart efter ændringen i potentialet.  
 
Undervejs kan følgende eventuelt være nyttigt: 

)(2

)sin(

)(2

)sin(
)sin()sin(

qp

xqp

qp

xqp
dxqxpx








                           p q  

)(2

)sin(

)(2

)sin(
)cos()cos(

qp

xqp

qp

xqp
dxqxpx








                         qp   

 
2.1 Skitsér bølgefunktionen samt potentialet før og efter flytningen af væggene. Angiv et udtryk for 

)0,( tx .  
 
2.2 Hvad er sandsynligheden for at en måling af energien umiddelbart efter flytning af væggene 

giver 
2

22

32mL
E


  ? 

 
2.3 Hvis man måler energien af et stort antal systemer i den beskrevne tilstand til t>0, hvad er 
middelværdien af de målte energier?  
 
2.4 Angiv en betingelse for størrelsen af den hastighed, væggene skal flyttes udad med, for at 
flytningen kan betragtes som momentan. 
 
 
 
Opgave 3 
I et Stern-Gerlach eksperiment sendes atomer gennem et inhomogent magnetfelt. Hvis magnetfeltet 
er rettet langs  z-aksen, splitter atomerne op i flere 'bundter' med forskellig afbøjning langs z-aksen. 
Kraften, der forårsager afbøjningen, er proportional med z-komposanten af atomets magnetiske 

moment, μ. Vi ved nu, at der er to bidrag til det magnetiske moment: S
g Bs

s





    og 

L
g Bl

l





   , hvor S


 er spin og L


er bane-angulært moment. De øvrige størrelser er i denne 

sammenhæng at betragte som proportionalitetskonstanter. 
Det oprindelige Stern-Gerlach eksperiment blev udført i 1922 med sølvatomer. I 1927 gennemførte 
Phipps og Taylor eksperimentet med brintatomer i grundtilstanden. Hvad observerede Phipps og 
Taylor i deres eksperiment og hvorfor er Stern-Gerlach eksperimentet banebrydende i 
kvantemekanikken? 
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Exam for “Quantum mechanics”

June 23, 2014. 10:00 - 14:00

• The test consists of 3 exercises.

• The test is worth 100 points in total.

During the test:

• You are allowed to use your golden sheet, the course formula
sheet, and differential equation road map.

• You are not allowed to use any electronic equipment, books or
any additional notes.

Good Luck!

1
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Problem 1 (35 points)

Figure 1

The nitrogen molecule consists of two covalently bonded nitrogen
atoms. In this problem we study the initial state of one of the
electrons forming the bond. First, assume that the position of the
electron is 0 ≤ x ≤ L, where L is the bond length L = 1.1 Å. The
system will be treated as a one particle system, and we describe
the electron’s state by a simple one dimensional wave function. The
potential is given by the infinite square well such that the potential
is zero in this interval and infinite otherwise.

1 a: The nitrogen molecule is in the gas phase, T ≈ 100 K, and
the rest mass of the electron is me = 9.1 × 10−31 kg. Use the
system length, temperature and electron mass to argue why we
need quantum mechanics to describe this system.

Figure 2

From experiments we guess two possible initial wave functions. They
are shown in figure 2. Ψa(x, 0) and Ψb(x, 0) are given by

Ψa(x, 0) = Ax , and Ψb(x, 0) =

{ √
2/L 0 ≤ x ≤ L/2
0 L/2 < x ≤ L

1 b: Consider Ψa(x, 0) only. First, show that A =
√

3/L3. How
does standard deviation σx of the position operator x depend
on L?

2
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1 c: At t = 0 we assume the electron to be in the state Ψa(x, 0),
when we measure the energy. What is the probability of finding
the electron in its ground state as a result of the measurement?
Answer the same question if instead the initial state is Ψb(x, 0).
Recall, the stationary wave function for the ground state is

ψ1(x) =

√
2

L
sin
(π
L
x
)
.

1 d: The measurement also reveals that at t = 0 the probability
of measuring a zero momentum is zero. Show that Ψb(x, 0)
cannot be the initial wave function. Help: you must first find
the momentum space function Φb(p, 0).

Problem 2 (30 points)

Consider two operators Q̂ and P̂

Q̂ = − h̄
2

2I

d2

dφ2
and P̂ = − h̄

2

2I

d

dφ
,

where φ is a polar angle 0 ≤ φ ≤ 2π. The observable represented

by Q̂ is denoted q, and is the rotational kinetic energy of a rigid
rotator.

2 a: Show that P̂ does not represent a quantum mechanical observ-
able.

2 b: Show that the rotational kinetic energy, q, and the polar coor-

dinate φ̂ = φ are incompatible observables. Help: First show
that the commutator is

[Q̂, φ̂] = −ih̄
I
Lz ,

where Lz = h̄
i
d
dφ

.

2 c: Find the uncertainty relation between q and φ.

2 d: Explain how you will determine whether q is a conserved quan-
tity? (No explicit calculation is needed here!)

3
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Problem 3 (35 points)

In this problem an electron is at rest in a magnetic field. The field
points in the z-direction and the magnetic field strength B(t) can be
a function of time (e.g. we can crank up the field). The Hamiltonian
is

Ĥ0 = −γB(t)Ŝz = −γh̄
2

(
B(t) 0

0 −B(t)

)
,

where γ is the gyromagnetic ratio.

3 a: First, we let B(t) be a simple linear function of time

B(t) = A t ,

and the particle be in an initial spin state

χ(0) =
1√
2

(
1
1

)
.

Write down the time dependent Schrödinger equation for the
spin state. Show that the solution for the problem is

χ(t) =
1√
2

(
eiγAt

2

e−iγAt
2

)
.

3 b: Does the increasing field change the magnitude of the spin?

3 c: Find the time dependent expectation values for all three spin
components Sx, Sy and Sz. Give a physical interpretation of
the results.

We now let the magnetic field be constant with field strength B0 in
the z-direction. Also, we introduce a small additional field in the
x-direction with strength εB0. We will treat this as a perturbation.
The total Hamiltonian is

Ĥ = Ĥ0 + Ĥ ′ = −γB0Ŝz − γεB0Ŝx = −γB0h̄

2

(
1 ε
ε −1

)
.

3 d: Show that the first order corrections to the energies for the
spin up and spin down states are zero.

3 e: Argue what the lowest-order non-zero correction is.

End of exam

4
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Exam for “Quantum mechanics”

August 27, 2014. 10:00 - 14:00

• The test consists of 3 problems.

• The test is worth 100 points in total.

During the test:

• You are allowed to use your golden sheet, the course formula
sheet, and differential equation road map.

• You are not allowed to use any electronic equipment, books or
any additional notes.

Good Luck!

1
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Problem 1 (35 points)

Consider a particle in the one dimensional harmonic potential. First,
we study the situation were the initial state, t = 0, is given by a
linear combination of the ground state, ψ0(x), and the n’th excited
state, ψn(x),

Ψa(x, 0) = A(ψ0(x) + 2ψn(x)), n = 1, 2, . . .

1 a: Use the properties of ψ0(x) and ψn(x) to show that A = 1/
√

5.

1 b: We now carry out a measurement of the energy at t = 0.
What is the probability of measuring the ground state energy,
E0? What is the probability of measuring the n’th excited state
energy, En?

1 c: Show that the expectation value of the position, 〈x〉, is zero for
even n and non-zero for odd n at t = 0.

Next we study the situation where the initial state is

Ψb(x, 0) =

{
1√
2a
−a ≤ x ≤ a

0 otherwise .

1 d: First show that the standard deviation at t = 0 of the position
is σx = a/

√
3. Then use this result to find a lower limit for the

standard deviation of the momentum.

1 e: What is the probability current at t = 0 for both initial states
Ψa and Ψb?

Problem 2 (30 points)

A two state system given by the ket |s(t)〉 depends on time t and
not on position x. We have the Hamiltonian

Ĥ = h̄ω

(
1 −i

√
2

i
√

2 2

)
.

2 a: Show that Ĥ is a valid quantum mechanical operator.

2

112 August 2014: Quantum Mechanics (English)



2 b: Find the corresponding energies. (You may express your result
in terms of h̄ω.) Is the system degenerate?

At time t = 0 the system is in the state |s(0)〉 given by

|s(0)〉 =

(
0
1

)
. (1)

2 c: Write up the Schrödinger equation for the system. From this
find the time evolution of the system state |s(t)〉.

2 d: Find the expectation value for the energy corresponding to the
initial state given by Eq. (1).

Problem 3 (35 points)

An atom is placed in an electric field which is independent on space,
but decays exponentially over time as

E = E0e
−γtk .

E0 is the initial field strength, γ gives the decay rate, and k is the
unit vector parallel to the z-axis. The field can bring the atom from
eigenstate ψa with energy Ea to eigenstate ψb with energy Eb by
excitation of an electron. Recall that the state is given by

Ψ(t) = ca(t)ψae
− iEa

h̄
t + cb(t)ψbe

− iEb
h̄
t .

In this exercise we shall use time dependent perturbation theory to
analyze the problem. The perturbation Hamiltonian is

H ′ = −qE0ze
−γt ,

where z is the spatial coordinate and q is the fundamental charge.

3 a: Show that elements H ′bb and H ′ba in the perturbation matrix,
H′, are

H ′bb = 0 and H ′ba = −qE0e
−γt〈ψb|z|ψa〉.

3 b: The system starts out in state a. Show that first-order pertur-
bation gives the following approximation to cb(t)

c1
b(t) =

iqE0〈ψb|z|ψa〉
h̄(iω0 − γ)

[
e(iω0−γ)t − 1

]
, ω0 =

Eb − Ea
h̄

.

3
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3 c: Assume that the energy difference between states a and b is
small, i.e., ω0 � γ. Give an expression for the probability of
measuring the system in state b as a function of time. Show that
the maximum probability is (qE0〈ψb|z|ψa〉)2/(h̄γ)2 and sketch
the function.

3 d: Keeping in mind that the analysis is based on first-order per-
turbation theory, what is the upper limit for the maximum
probability given in problem 3c above? How does this relate to
the field strength E0?

End of exam

4
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Roskilde Universitet

Masters module in Physics. Quantum Mechanics

Tuesday June 16, 2015. 10.00-14.00

No help materials permitted other than the provided formula sheet and your own personal
formula sheet. Answers may be written in Danish or English.

The exam consists of two pages with three independent problems. All ten sub-questions
have equal weight in evaluation.

Question 1: Operators
1.1. If ψA and ψB are eigenstates of an operator O with the same eigenvalue a, show that

any linear combination of them is also an eigenstate of O with eigenvalue a (i.e. the
set of eigenstates corresponding to a given eigenvalue is a subspace).

1.2. Considering the subspace of eigenstates of O with eigenvalue a, suppose B is another
operator. We are interested in whether B takes vectors out of the subspace or not–
what condition will guarantee that Bψ is still in the sub-space, ie still an eigenstate of
O with eigenvalue a, given that ψ is? You should justify your answer mathematically.

We now focus on the Hydrogen atom wavefunctions ψnlmms where n is the principal quantum
number, l and m are the usual quantum numbers associated with orbital angular momentum
(L2 and Lz respectively) and ms (represented by an up- or down-arrow) is the quantum
number associated with Sz. Define J = L+ S as the total angular momentum.

1.3. Take the three states ψa = ψ321↓, ψb =
1√
2
(ψ321↓ + ψ321↑) and ψc =

√
1
3
ψ211↓+

√
2
3
ψ210↑.

For each of them, and for each of the operators Lz, Jz and Sx (note: x-component!), say
whether the state is an eigenstate or not, giving the eigenvalue if it is and calculating
the expectation value otherwise. Express your results in the form of a table.

1.4. Calculate the effect of applying the operator L · S to each term in state ψc above,
as well as to the combination ψc itself (hint: rewrite in terms of raising and lowering
operators). Comment on the results given that this state is actually an eigenstate of
J2.

1
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Question 2: One-dimensional scattering

-2 -1 0 1 2
x

0

V
0

V

-2 -1 0 1 2
x

0

V
0

V

-2 -1 0 1 2
x

0

-V
0

V

-2 -1 0 1 2
x

-V
0

0

V
0

V

(a) (b)

(c) (d)

Consider the four one-dimensional scattering potentials shown in the figure, and a scat-
tering experiment where the particle is incident from the left (coming from x = −∞).

2.1. For each potential, sketch the wave function (real part) for (i) E > V0 and (ii) E < V0.
Your sketch doesn’t have to be quantitatively accurate, but changes in the nature
of the wavefunction from one region to the next should be clear (you may include
labels/captions on your sketch for clarification).

2.2. For the first case (Fig (a), step potential), calculate the reflection coefficient R for
an incident particle with energy E > V0. What happens in the limits E → ∞ and
E → V0?

Question 3: 2D harmonic oscillator
Consider the 2-D oscillator Hamiltonian

H0 =
1

2m

(
p2x + p2y

)
+

1

2
mω2

(
x2 + y2

)
. (1)

We will also be considering the perturbation

H ′ = −λxy. (2)

3.1. Show that product states ψmn(x, y) ≡ ψm(x)ψn(y), where ψn (one subscript) rep-
resents an ordinary 1D harmonic oscillator energy eigenstate, are eigenstates of the
unperturbed Hamiltonian H0 and give the energy of such a state.

3.2. Still considering the unperturbed Hamiltonian, give the lowest 4 distinct energies,
giving the degeneracy and state(s) for each one.

3.3. Calculate the first order correction to the ground state energy.

3.4. Calculate the first order correction to the energy of first excited state due to the
perturbation H ′. Hint: write x =

√
h̄/(2mω)(ax+ + ax−) etc.

2
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Roskilde Universitet

Masters module in Physics. Quantum Mechanics re-exam

Wednesday August 19, 2015. 10.00-14.00

No help materials permitted other than the provided formula sheet and your own personal
formula sheet. Answers may be written in Danish or English.

The exam consists of two pages with three independent problems. All ten sub-questions
have equal weight in evaluation.

Question 1: Coupled spin states
Consider the spin-state(s) of two electrons; we ignore the spatial state, except to note that
they are separated spatially so that it is possible to make measurements on each one sep-
arately. At a certain time they are in the spin-singlet state ψS = A(↑↓ − ↓↑) (this could
happen, even though they are spatially separated, as a result of some previous interaction
between them). We are also interested in the “middle” of the triplet states, ψT,0 = B(↑↓ + ↓↑)

1.1. Normalize the states ψS and ψT,0 (determine A and B)

1.2. Suppose, with the state ψS we measure the z-component of the first electron’s spin.
What are the possible values and their corresponding probabilities, and the expectation
value?

1.3. Rewrite the singlet state in terms of the one-spin states → and ←, the eigenstates of
the operator Sx (the x-component of the spin of either electron; these eignestates are
sometimes denoted χ

(x)
± ). What is the expectation value of Sx (when applied to the

first electron)?

1.4. The states ψS and ψT,0 are part of the “coupled basis” in which dot-product of the spins
S(1) ·S(2) is diagonal. Show that S(1)

z , the z-component of the spin of the first electron,
is not diagonal in this basis by calculating its matrix element between ψS and ψT,0.

Question 2: Operators
2.1. Show that the eigenvalues of a Hermitian operator are real.

2.2. If ψA and ψB are eigenstates of an operator O with the same eigenvalue a, show that
any linear combination of them is also an eigenstate of O with eigenvalue a (i.e. the
set of eigenstates corresponding to a given eigenvalue is a subspace).

1
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Question 3: Square well with a bump

0 a/4 a/2 3a/4 a
x

0

V
0

V

We consider the one-dimensional infinite square well with an extra bump in the middle
of height V0 and width a/2. We are particularly interested in the ground state for different
values of V0.

3.1. Discuss qualitatively the behavior of the ground state (wave-function and energy) in
the limit of (a) V0 going to zero and (b) V0 going to infinity. Make a sketch of the
ground state wavefunction in each case.

3.2. Calculate the first-order perturbation theory estimate of the ground state energy. Un-
der what circumstances would this be expected to be a good estimate of the ground
state energy?

The remaining questions involve writing down the form of the exact wave-function in the
different regions (to the left of, within, and to the right of the bump) and determining the
equations that result from requiring the different pieces to match. Note: thinking about
symmetry may simplify the problem.

3.3. Assuming that the ground state energy is greater than V0, write down the form of
the exact wave-function in each region and determine the equations that result from
matching the expressions at the boundaries. Show that there enough equations to
determine all the unknown quantities but do not try to solve them.

3.4. Assuming that the ground state energy is less than V0, write down the form of the exact
wave-function in each region and determine the equations that result from matching
the expressions at the boundaries. Show that there enough equations to determine all
the unknown quantities but do not try to solve them.
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Roskilde University,
Master’s Module, Quantum Mechanics.
Thursday the 23rd of June 2016 from 10.00 to 14.00.

Closed-book exam: No extra materials allowed beyond the formula sheet in-
cluded with this examination set and your own golden sheet (this includes no
calculators).

This four hour written examination consists of THREE problems with a total of TEN questions
on TWO pages. Each of the ten questions have equal weights of 10%.

Problem 1: The infinite square well

Imagine a single particle with mass m in the infinite square well potential with bounds at 0 and
a: V (x) = 0 for 0 < x < a and V (x) = ∞ otherwise. The wavefunction Ψ(x, t) has the initial
form

Ψ(x, 0) = A sin5(πx/a) (1)

for 0 < x < a and zero otherwise. Here, A is a normalization constant. It can be convenient to
use that

sin5(y) =
5

8
sin(y)− 5

16
sin(3y) +

1

16
sin(5y). (2)

Question 1.1: Write the initial wavefunction as a linear combination of normalized stationary
solutions ψn(x): Ψ(x, 0) =

∑
n cnψn(x). Choose the values of cn such that Ψ(x, 0) is nor-

malized.

Question 1.2: For the state Ψ(x, 0), what are the probabilities of measuring the system to have

the energies π2h̄2

2ma2
and π2h̄2

ma2
, respectively?

Question 1.3: Write-up the time-dependent Schrödinger equation and give an expression for the
time-dependent wavefunction Ψ(x, t) in terms of the eigenfunctions ψn(x). Ensure that the
wavefunction is normalized.

Problem 2: The hydrogen atom

The electron in a hydrogen atom is in the state described by:

ψ(~r) = A[3ψ100(~r)χ− −
√

2ψ210(~r)χ+ + ψ31−1(~r)χ+] (3)

where A is a normalization constant, ψnlm(~r) is a normalized hydrogen atom spatial stationary
state and χ is the spin part of the total wavefunction.

Question 2.1: Normalize ψ(~r) and find the average value of the energy of the electron.

Question 2.2: Find the expectation value 〈Lz〉 of the z-component of the angular momentum.
What is the probability that a measurement of the square of the angular momentum gives
6h̄?

Question 2.3: Is ψ(~r) an eigenfunction for Ŝz? What is the expectation value 〈Sz〉 of Ŝz? What
is the expectation value 〈Sy〉 of Ŝy?
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A hydrogen atom is placed in an electric field such that the potential energy V (r, θ) = γr cos(θ)
is added to the Coulomb interaction between electron and the nucleus. γ is a small and positive
constant. The figure above shows the definition of the coordinates r and θ – i.e. the z-axis is the
polar axis. Spin and finestructure can be disregarded.

Question 2.4: Find to first order the ground state energy of the hydrogen atom in the field.

Question 2.5: Determine how many levels the first excited state splits up into after application
of the field, and present the arguments leading to your answer. The only matrix elements
different from zero are 〈ψ200|V |ψ210〉 = 〈ψ210|V |ψ200〉 = −3γa, where a is the Bohr radius.

Mathematical tool box: The determinant of the 4× 4 matrix

M =




d1 b 0 0
a d2 0 0
0 0 d3 0
0 0 0 d4


 is det(M) = (d1d2 − ab)d3d4. (4)

Problem 3: The biomolecule β-carotene

β-carotene is the biomolecule responsible for the orange color of carrots. The molecule is linear
and 22 of its electrons are delocalized and can be modeled as being confined in an infinite square
well potential. The well is marked with gray on the chemical structure below. For simplicity we
model the 22 delocalized electrons as a system of non-interacting spin 1

2
fermions. The de Broglie

wavelength of an electron is λB = h/
√

3mekBT .

Question 3.1: Argue why the system must be treated with quantum and not classical mechanics
at room temperature.

Question 3.2: Make an energy level diagram with the electron configuration in the ground state
Ψ1 and the first excited state Ψ2. Give an expression for the wavelength λ of a photon,
which by absorption can excite the system from Ψ1 to Ψ2. How is this related to the color
of a carrot?

End of examination set.
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Roskilde University,
Master’s Module, Quantum Mechanics.
Friday the 26th of August 2016 from 10.00 to 14.00.

Closed-book exam: No extra materials allowed beyond the formula sheet in-
cluded with this examination set and your own golden sheet (this includes no
calculators).

This four hour written examination consists of TWO problems with a total of TEN questions on
TWO pages. Each of the ten questions have equal weights of 10%.

Problem 1: The harmonic quantum oscillator

Imagine a particle with mass m confined in the one-dimensional harmonic oscillator potential:
V (x) = 1

2
mω2x2 where x is the position, ω =

√
k/m is the angular frequency of the oscillator

and k is the spring constant. The wavefunction Ψ(x, t) has the initial form

Ψ(x, 0) = A(5ψ0 + 4ψ2 + 2
√

2ψ4) (1)

where A is a normalization constant and ψn are the usual normalized stationary solutions.

Question 1.1: Determine A such that Ψ(x, 0) is normalized, and for this state calculate the
probabilities of measuring the system to have the energies 1

2
h̄ω and 1

4
h̄ω, respectively.

Question 1.2: Let j = 0, 1, 2, 3, . . . be a positive integer and consider Ψ(x, 0). Give symmetry
arguments to why the expectation value of the operators with the form x2j have non-zero
expectation values while the expectation values of the operators with the form x2j+1 have
expectation values of zero. Use the operators x and x2 to describe the experimental outcome
of repeated measurements of the particle positions of systems prepared in the initial state
Ψ(x, 0) (you do not need to compute actual numbers).

Question 1.3: The term κx2 is added to V (x) where κ is a real positive constant. What is the
physical interpretation of this change? Assume that κ is small and calculate an approxima-
tion to first order in κ of the new ground state energy.

Next, model the stretching of a C-H covalent bond in a hydrocarbon-molecule as a one-dimensional
quantum oscillator. The picture below show an example of such a bond stretching along the
direction highlighted in red. The strength of the covalent bond determines the spring constant
k. Assume that the mass of the remainder of the molecule is infinite relative to the mass of the
hydrogen.

Question 1.4: In an experiment at ambient conditions, the value of the dimensionless number
kBT
h̄ω

is measured to 0.45. Argue from this that quantum and not classical mechanics is
needed to describe the system.
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Question 1.5: Determine the wavelength λ of a photon that through an absorption process can
excite the system from the ground state ψ0 to the first excited state ψ1 (in terms of m and
k). Assume that the hydrogen atom of mass m is replaced by a deuterium atom of mass
2m without any change in the spring constant k. Determine the photon wavelength now
necessary to accomplish the same absorption process.

Problem 2: The quantum Zeno effect

A Hermitian operator, Â, represents a physical property of a system. The states of the system
exist in a two-dimensional space. An orthonormal basis is given by the two states |1〉 and |2〉,
which are eigenstates corresponding to different eigenvalues for Â:

Â|1〉 = a1|1〉

and
Â|2〉 = a2|2〉,

a1 6= a1. The Hamiltonian operator, Ĥ, is given by: Ĥ|1〉 = β|2〉 and Ĥ|2〉 = β|1〉, where β is a
real positive constant.

Question 2.1: Express Ĥ as a matrix and find the energy eigenvalues, E+ and E−. Show that
the corresponding normalized energy eigenvectors, |+〉 and |−〉, are given by

|+〉 =
1√
2
|1〉+

1√
2
|2〉

and

|−〉 =
1√
2
|1〉 − 1√

2
|2〉

where Ĥ|+〉 = E+|+〉 and Ĥ|−〉 = E−|−〉.

Question 2.2: The system is in the state |1〉 at time t = 0. Give an expression in terms of |1〉
and |2〉 for the state of the system at all later times, t.

Question 2.3: What is the probability, Pa1(t), that a measurement at time t, of the physical
property corresponding to Â gives the result a1?

Question 2.4: Pn(t) is the probability that a measurement at time t of the physical property
corresponding to Â, gives the result a1, if previously (n − 1) measurements of the same
property (with no specification of the outcome) were done at times t

n
, 2 t

n
, 3 t

n
, . . . , (n− 1) t

n
.

As an example, P2(t) is the probability that a measurement at time t gives the result a1, given
that a measurement was done at time t/2, no matter the result of this first measurement.
Argue first that P2(t) > Pa1(t/2)Pa1(t/2). Then argue that

Pn(t) > [Pa1 (t/n)]n .

Question 2.5: Pa1(t) can for small t be expressed as Pa1(t) = 1− β2

h̄2
t2. Show, using the inequality

from question 2.4, that Pn(t)→ 1 for n→∞ and give a physical interpretation of this result
– this is the so-called quantum Zeno effect as observed in 1989 for a two-level atomic system.

The identity limn→∞(1 + x
n2 )n = 1 for all x, is useful.

End of examination set.
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