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FORORD

De fire artikler, der i dette hafte er samlet under tit-
len "Hvad er meningen med matematikundervisningen?", ‘
danner ikke nogen sammenarbejdet helhed, selv om de al-.
le kredser om den problemstilling, titlen antyder. Der
vil derfor kunne findes beslagtede betragtninger pa tvers
af artiklerne, hvoraf ingen er omarbejdet til lejlighe-

den. Den ene af artiklerne (nr. 3) har vaeret tilgangelig

fpr, dels for Matematiklererforeningens medlemmer i et
serligt hafte, dels i en 1lidt forkortet form i Normat
(Nordisk matematisk Tidsskrift). To af artiklerne - (nr.l
og nr. 4) bliver tilgengeliq om kortere, henholdsvis lan-
gere tid; den fgrste i Studies in Mathematics Education
vol. IT (Unesco), der forventes at foreligge omkring nytar
1980/81, den anden i proceedings fra ICME IV i Berkeley,
der forventes at foreligge om nogle ar. Artikel nr. 2
offentligggres her for f¢rste gang og er ikke planlagt
udgivet pd anden made.

Nar jeg pd trods af denne baggrund har valgt at samle ar-
tiklerne i eh IMFUFA-tekst er det med det enkle formal
at ggre dem samlet tilgangelige for interesserede, der
ellers var henvist til at opsgge dem pd andre og ofte .be-
svérlige mdder, f.eks. ved at bede mig om "handkopier"

Der kan siges at foreligge en vis arbejdsdeling mellem
artiklerne. Den f¢rste,"Goals as a reflection of the needs
of society", forspger at levere en analyse af samfundets
objektive (explicitte og implicitte) interesser i og over-
ordnede hensigter med at give undervisning i matematik i

de offentlige skoler. Analysen bestar af to dele, et gene-
relt afsnit der tjener til at tilvejebringe nogle analyse-
kategorier, og et historisk afsnit, hvor der tegnes et rids
af udviklingen i samfundets hensigter og mal med matematik-
undervisningen. Ogsa den anden artikel "Matematlkkens rolle
i ungdomsuddannelserne er delt i to afsnit. I det fgrste
benyttes den foregiende artikels begrebsapparat til at skit-

- sere den historiske udvikling i hen51gterne med matematik-

undervisningen i det danske gymnasium. Det andet afsnit in-
deholder trak af mit bud pid hvad matematikundervisningens
rolle i ungdomsuddannelsen skal vare. Selv om den tredje
artikel, "Nogle perspektiver for matematikundervisningen

1 de gymnasiale uddannelser i 1990", er mere end et ar &ldre
end de andre, behandler den en viderefg¢relse af tankegangen
fra den foreg&ende, derved at den undersgger nogle mere
detaljere spprgsmdl og aspekter ved matematikundervisningen
under perspektiver af samme art som dem der omtales i arti-
kel nr. 2. Endelig leverer den fjerde artikel nogle overve-
jelser over et enkelt af de spgrgsmal, der bergres i artikel
nr. 3: skal matematikundervisningen gives integreret med
undervisningen i andre fag? Dette sker under titlen "Consi-
derations and experiences concerning integrated courses in
mathematics and other subjects”

Mogens Niss, november 1980
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INTRODUCTION.

Everything'said<inythe present'paper lies in”the delicate
and controversial-twilight ione.hetWeen mathematics as.
a subject and edncation as a social phenomenon;.It‘is
difficnlt to manoeuvre in this zone. Mathematicians,
mathematics educators .and mathematics educationalists
toften feel a certain uneaSiness about the political and
ideological facets inev1tably assoc1ated With SOClal
_matters, or’ they feel inadequately qualified in soc1al

~ science. On the other hand, generalists in education

. only very seldom possess a knowledge of mathematics and
hmathematics teaching suffiCLent to deal satisfactorily B

with all aspects of the complex of mathematics education.'

The present author - a mathematiCian, a mathematics educa—.n'

tor and a mathematics educationalist risking his skin by
transgreSSing’the preserves of mathematics and entering‘
into considerationslinvolving'society - is not'snperior
.to this difficulty In fact, the state of'affairs'seems
even worse. Hav1ng a rather general scope the present

- paper ought‘to be.of relevance to the Situations;in a.
multitude of countries in'the first}:the second and the-
third world With different soc1al, economic and political
-backgrounds, including highly centralized as well as'
highly decentralized organisational systems. Such a

scope 1s highly ambitious in itself and difficult to do
'Justice to. The author wants to apologize for not having
been able to emancipate conSiderations completely from
the limitations of horizon'induced be his specific'natioé.

7

nal prerequisites.



Issues of mathematics education can be considered under

two different perspectives, an analytic perspective and

a normative perspective. Considerations made under an

-analytic perspective concentrate on detecting the state 7
‘of affairs,ridentiinng its fundamental components and

= determinahtS} the causal connections within it, and the ~

sources of influence upon it etc. In considerations made -
under a normative perspective, ideas, principles and
suggestions, or whatever, are put forward and advocated

(perhaps on a background of analytic'considerations).

"The éresent paper 1is primarily an analytic_one. Norma-
tive conéiderations are based on values, including
socio-political values. So, it would probably be futile
to pﬁt fbrward suggéstions or imperatives for the goals
and arrangement of'mathematics education in a publica-
tion of world-wide distribution. This does not mean
that this paper is claimed to be neutral of values,
values lie in the very core of these matters and in-
fluence analytic consideratiéns also, only that a paper
concerned with understanding general external factors
of importance to the role and position of mathematics
education is thought to be more relevant in an inter-
national context than concrete proposals.

*
The main concern of this paper is with mathematics
education of pupils and students (from now on termed
"students", all of them), between 6-7 and 18-19 years

of age, who run through the official school system of




society; whereas we shall.not invest much effort inv:;
dealing with very speCialized courses of mathematics
‘education for a narrow and ‘selected clientele in. speciejd
fic institutions outSide or in ‘the outskirts of the gene—;u;ﬁ

.'ral school system..

 METHODOLOGICAL DIFFICULTIES|

‘When analysing the goals of'mathematics education asia‘ré4

' flection of the needs of a given SOClety, one is faced with

the prinCipal and practical problem of detecting and identi-ijff"‘

: fying (and documenting) ‘the actual impact on mathematics
education of social needs. Only seldom has "soc1ety arti-i“ﬂ
culated its general interests and motives directly and
Apublicly. Most: often OffiClal and semi—offiCial statements

: are confined to dealing with SpelelC objectives, at a |
‘rather'low level of-generality, concerning mathematical“r-“;
content, knowledge and skills and perhaps-orientedvérimarif
Vly towards examination‘requirements,}the ultimate ends'of
mathematics education being presupposed, or conSidered
irrelevant And even if this were not the case,'if "society"
‘dld articulate its interests, by indicating ultimate ends

of mathematics education, we could not be sure’ that such |
publicly:articulated;interests‘and “the real, ob;ective;
‘intereSts" of society (and.what.thev are is subject to |
discussion) coincided: -In this respect the situation is”
different from soc1ety to soc1ety. In some soc1eties

the lelng of general educational goals and curricula lS;w



strongly centralized and bears the stamp of political

,cbntrol, In other societies the plaﬁniﬁg'is centralized

" teacher. Combinations of these features (for instance,

but the decisions are left to non-political professionals.

In still other societies deéisions on goal and curricula

.are taken at a deéeﬁtralized level, locally or, in the

j;zitreme, by the individual school or even the individualfffiV,

centrally fixed frames, certain decisions concerning content left

to the teachers) are also frequently encountered. .

The situation described implies, in any case, that analyses

of the reflection at issue are bound to follow chiefly

péths partly hidden in fbg. Furthermore, it implies that
conclusions referring to these matters must necessarily

be either rather wvague or become postulates to some extent.

To avoid obscuring the main lines of this paper too much

by reservations_and modifications we have preferred postulates

to vagueness.

In any society where mathematics education is being given,
there are intimate relations between mathematics education
on the one hand, and political, ideological and economic
interests of that society on the other hand. It might very
well be that these relations have not resulted from a well-
defined set of conscious considerations, followed by
decisions and initiatives (usually the situation is far more
complex), but this does not imply that the relations do not

exist. In the context of this paper, it probably would not



be éigeasonable inveStmentAof effort to attemptsto.prove'
the existence‘of such relations - a proof wouid'have to‘

. consider; in a very concrete way, the differentisooietiesti'
. covered by the'assertion. We shall confine ourselﬁes to'

A emphaSLZing that in any soc1ety mathematlcs educatlon 1n'
school is part of the total school system of that soc1ety
Hence mathematlcs educatlon 1s bound to be subject to the
.interests of soc1ety as reflected in the school system,'

~ whether the 1nterests lmply that school is left to relatlveifi
,autonomy, w1th only funds provided or the 1nterests 1mply :
'that school is kept to some degree or another under central
]control Instead, it seems more relevant to our theme and
purpose to 1nvest1gate a llttle further the possxble shapesﬂf:'h
and characterlstlcs, ‘which the relatlons 1n questlon can.

take and have aotually taken.

Since, in this conneotion, we are primarily‘interested in -
that subset of the-totallset»of relations between mathe-
matics education'and society which contains goals, ohjecj
tives and purposes and their.possiblelsocial roots, it‘,j
'seems necessary to make .some initial distinct;ons between

terms.

TERMINOLOGICAL DISTINCTIONS, GOALS: PURPOSES AND OBJECTIVES

Throughout this paper. we distinguiSh-betweenltwo kinds of

goals:




- "The purposes" of mathematics education will be de—‘

voted ﬁo indicating'the motives and reasons for which
mathematiés education at all exists (in a given school
system in a given country or region), i.e. the ultimate
gains the attainment of which justifies the existence
of mathematics education (in fhat system). In other
words, the indication of purpbseé answers the question

"why should mathematics education exist?".
The term

- "the objectives" of mathematics education refers to

the specific qualifications (in terms of insight, know-

ledge, accomplishments, behaviour, attitudes etc.)

at which mathematics teaching should be aiming.

This distinction represents an instrument for ggg analysis.
Only very seldom in official documents, in commentaries and
debates on the goals of mathematics education is such a
distinction between "ultimate ends" ("purposes") and other
kinds of "ends" made. This state of affairs implies that

it becomes difficult to separate in the discussion strata
which, in our opinion, ought to be treated as different
from each other. This sometimes gives rise to confusion,
not only of terminology (the terms "goal", "aim", "purpose",
“objecﬁive“ etc. are used indiscriminately), but also in
matters of substance. It should, of course, be admitted

that the distinction made is neither theoretically founded



nor sharp (as can be_seen also from_the.examples'below),
but this does not seem to affect its suhstanCe. The'fact
that official documents on actual-systems of mathematics
education do not very often:operate with:the‘distinction
at-question, does not imply that‘the aistinction‘cannOt

be made in relation to that system, or that purposes

| pcannot be 1dent1f1ed only that complex analy51s and 1nter—‘
'pretatlon is needed. Indlrect 1nd1catlons of purposes are_toe.
be preSupposed'in, and aug,outlfrom, indication‘of coais of B
allhkinds, of which;.practically.arways,,somefare presentr .{‘
‘To 1Jlustrate what 1s meant by these terms, somevexamples.
mlght be approprlate.‘Two‘“vectors" of examples w1ll belt

glven, both constructed, 1n the sense that they are not

‘taken from. any actual dlrectlons for mathematlcs educatlon ev;;

in ~any country, even 1f they are not too far from some of .
them. Serv1ng an 1llustrat1ve purpose only, nelther of these )
two vectors pretends - to constltute_an exnaustive set of

goals:of a system of mathematics.education. .

Exampie 1
?It.is&a purpose of mathematics education to make_itjpos-~
'sible to utiliZe.mathematical‘t001s to contribute to

technoiogical and economic grOWth in.society,”

One correspondlng objectlve mlght be:

'"It 1s an ob;ectlve of mathematics educatlon to Sklll stu-

dents 1n the process of Istructurlng non—mathematlcal

: 4




situations, destilling off the mathematical aspects of

:iproblems under consideration, formulating and solving

-the mathematical problems involved, and interpreting

-solutions with regard to the original problems."

” Example 2

‘goes .along a different line:

"It is a purpose of mathematics education to contribute

to developing in the individual citizen general mehtal ca- » ’ o

Vpacitiés of use to his own life, such as: capacity of carry-

" The fixing of the objectives is dependent of several factors,

ing out and assessing logical reasoning, imagination, inven-

tiveness, and consciousness of aesthetical values."

A corresponding objective:
"It is an objéctive of mathematics education that students
acquire insight into the role, charécter and building up of
at least one axiomatized mathematical topic.”

*
Of course, it is not possible from a given purpose of mathe-

matics education to deduce objectives in a deterministic way.

the most important being: the level (including age level)

of the students thought of, the character and needs of the
society in question, the organisational framework for the
governing of mathematics educatioh, the concepts of mathema-
tics and of mathematics education held by the curriculum
planners. For instance, to the "purpose" of example 1 the
following objectives, different from the one firstly stated,

might correspond equally well at some levels or in some
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societies: "It is an objective of'mathematics educatiOnf

to make students understand and accept that some practical

problems might be successfully treated by means of mathe-

'matics , or "It is an objective of mathematics education

to train students to perform arithmetical operations

quickly and With proficiency,

It is a characteristic feature of purposes" and SOmetimes“‘

also of objectives“ _that the achievement of them cannot

S

be measured by any operational means, the reason beingithat-.fle

”they represent:points_at.infinity which can;be:approached

but never reached.

The direction from "purpose" to "objective" represents a

' is whether oxr not the goal 1S really a purpose in the sense

decrease in generality and social’ involvement (a decrease

which would,haVe'continued;lhad we proceeded into reéarding '

also more specific objectives, content, means and methods of -

: mathematics teadhing).

Thefultimate interests of society in mathematics education

are to be found in the purposés. The objectives are more

detailed, precise and contrete specifications of, or‘cOmponents

in, the purposes to which they refer. They are vehicles for

: for the pursuit of purposes.

What matters, when attempting to cla551fy a goal as a purpose,.'



' certain goé&s as either‘ﬁﬁrposes or obﬁéctives, or'Both;i

--Jo -

here defined, i.e. bears the stamp of being an ultimate

-end in its own right, iniphé context in which it is put

'forward.

The ambiguity arising from the possibility of classifying J—

constitutes one of the several points of obscurity in con-

siderations and debates on mathematiés education.

TYPES OF PURPOSES

In most countries mathematics has always been taught in
somé schools to some students, the categories of which have
varied from time to time and from.country to country. Very
different (and sometimes even mutually incompatible) pur-

poses to justify the existence of mathematics education can

be identified. This state of affairs might seem to indicate

that the existence of mathematics education is in fact

not a function of purposes, or, in other words, "purposes"
are either trivial or have no more importance to mathematics
education than mottos of kings have had to their actual
rules. Hence, it might be argued, attention should be direc~
ted towards specific objectives, contents and methods of

mathematics education rather than to its purposes.
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It mlght be that the mere - ex1stence of mathematlcs education o

as belng given to someone in the school system 1s relatlvelyg;

independent of purposes, but the role and character of f

mathematlcs educatlon, 1ts spec1f1c ob]ectlves, contents and

methods, the set of students to whom mathematics is or should~_

be - taught, are strongly lnfluenced by purposes, whether they |

“be dlrect or lndlrect In partlcular the questlon of detectlng.f

or establlshlng purposes is of cruc1al 1mportance as far.

as mathematlcs educatlon of masses of. students ls'concerned.

'Untll recently, questlons of purpose have not been posed 1n

,relatlon to arlthmetlc teachlng, the usefulness of Wthh has

‘Deen con51dered ev1dent in-: almost every 5001ety The dlffl— f

o~

.'cult questlons in relation to purposes regard "mathemat;cs;

although also arithmetic teaching may now be facing;similar-

questions in view of the introduction and dissemination of

 pocket calculators. All in all, there»seem:to he good rea-

‘'sons for investigating.further the.purposés of mathematiCS

education.

R N

_There are essentlally two main . types of;purposes of mathe—

.. matics education, each of them containing a multltude of

51ngle purposes:

The first type of purposes refers to needs of sbciety as a
totality, such as (a) needs of social and economic develop-:

ment, (b) needs concerning political and administrative

government of society, (c) needs of general-cultura;-aCtiyity'7

proper", post-elementary mathematics, rather?thanxarithmetic, R




aﬁd.achiéVements and (d) needs cqncerning Values and ideology.
These ﬁéeds do not regard the individual citizen or groups of
,ciﬁizené but society as a system. Thefefore, those purposes |
of mathematics education arisen from these needs are only
'aimingjat individuals because individualé are, in their

Vcapacif§f

of being the necessary subjectsfé?%ﬁathématics

edﬁcétion; alsd the indispensable'carriers of the mathematical
.answers to these needs. In emphasizing the global orientation,
in contradistinction to an orientation towaras individuals,

of the social needs mentioned and of the related purposes of
mathematics education, it is-not said that the needs and
prioritiés in this category are generally agreed upon in

a given society in question.AWhat matters is that the deci-
sion-makérs outlining the framework of mathematics education
have these needs and priorities in mind, whatever their posi-
tions and backgrounds might be, when explicitly and implicit-
ly détermining the purposes of mathematics education. The
categories (a), (b), (c) and (d) serve primarily as examples
and should not be understood in too narrow a sense. Thus,

in a given gsociety it might happen that the purpose of mathe-
matics education were to provide an instrument for selec-
ting from the population those persons of the highest
capacities to occupy leading positions in that society,
irfespective of the presence or absence of mathematics
associated with such positions. This purpose may be con-

tained in (a),_ (b) or (c), depending on the society.



The second type of purposes regards the needs of'students

‘as _individuals, either in their situation as students.or ,

as future adults. It consists of'purposes directed -towards

«serV1ng certaln needs of 1ndiv1duals, whlch soc1ety (1 e.

the. dec151on makers on mathematlcs educatlon) looks upon

as being of use to the 1nd1v1dual c1tlzen in mastering his

A:own social and prlvate llfe. It may 1nclude also potent1als4j'”

which are left to free development by the 1nd1v1dual student
exploiting the possxbilltles of mathematics education.
Purposes of the second type regard needs llke the followxng
eXé ples. needs of comprehendlng and Judglng phenomenae, as

well as statements about them,'occurrlng in the natural and :;r”

fsoc1al env1ronment of man; needs of actlve and crltlcal partl-

c1patlon in oemocratlc processes, needs of actlon ‘and creatl-

vity; needs of obtaining emotlonalzand aesthetlcal experlences;._f;;yf

needs of obtaining attractive conditions (including‘materialm

conditions) of privateé life.

It mlght well be that, 1n having a‘purpose of‘the second type

as a purpose of mathematlcs educatlon, .the lnterests of the
declsion—makers,'of_the curriculum planners, of-teachers, of'

students, and of parents, do not coincide. It might also be

‘that they do. Whether one or the other possibility, or a .

mixture of them, is true, depends on a multitude of factors,

primarily of a social nature. In any case, because of the
status of the school system as an 1nst1tution of soc1ety,

socxety determlnes “how mathematlcs educatlon should come

lnto play in relatlon to these purposes, also lf soc1ety

' determined that the developmentxof one, more or all-ofwthe"--~



potentials in question, or similar ones, should be left to

free development in school and outside social control.

T

‘The féllowing'diagramnsummarizes the élassification here

presented of purposes of mathematics education:

. - - T

- Examples of regards ) '
Puiposes oriented B {(a) needs concerning social *
towards and economic development
NEEDS OF SOCIETY i (b) needs concerning political .
AS A TOTALITY : and administrative govern- .

ment of society

(c) needs concerning general
cultural activity and
achievements

(d) needs concerning values
and ideology

Purposes oriented
towards

NEEDS OF INDIVIDUALS § (a) needs of comprehending

IN MASTERING THEIR i and judging phenomenae, as

OWN LIVES & well as statements about

: them, occurring in the na-
tural and social environment
of man ’

(b) needs of "active and cri-
tical participation in
democratic processes

(c) needs of action and
creativity

(d) needs of obtaining emo-
tional and aesthetical expe-
riences

(e) needs of obtaining
attractive conditions (in-
cluding material conditions)
of private life

We do not claim that the above classification of purposes
of mathematics education into essentially two classes can
serve as a partition of the total class of purposes which
have been brought about (explicitely or implicitely, for

examples through objectives) in the course of times, or



- 15 -

mignt be brought about; Howeyer; we hayeAfound thatpa'iarge7
majority of. the goais usually'disoussed4are basedAon one;.Or

' both, of the two types‘operated with'here.'In.a'laterrsection.y
of this paper, a'selection of representative goals and pur-

. poses put forward in 1iteraturern mathematios educationv'
(debate - and research llterature as well as off1c1al pronoun—

cements) Wlll be examlned more closelyt.

To specify; for a system of mathematicsreduoation.(actuaily,
'existing or fictitious) in a‘given society;"those_purposes‘..
‘of each»ofrthe~two types which:are eStaBlished as purposeS‘ofll?ﬁ'”
’that specific system and whlch are not (1t may even happen;l'
- that only one of the types is represented), togetner w1th
possible priorities and lnterrelatlons between them,,rs thenxyi;““
‘first'Step.in CharacteriZing mithin the'present kind of |
framemork of analysis theléoalstofAmathematiosyeduoation as a

reflection of needs of that society.

The two types, I and II,lof pnrposes need not be mutnally
'independent; Itpwill often.be_the.case; in a;given‘sy$tem~
'of'matnematicS education in a'given society, that'thet'v
purpose of fulfllllng certain needs of 1nd1viduals (llke,
‘for 1nstance, actlve and crltlcal partlclpatlon in democra—
tic processes (ITb)) is perfectly compatlble w1th a purpose

of ful‘illlng needs of society as a totallty (llke, for

lnstance, needs concernlng values and 1deology (Id)) :. oy




In the same way, the purpose (part of Ia) of providing
society with qnalified'and épecialized labbu; in certain
professions at'a high lével corresponds, in many societies,
very wéll to the purpdserof providing certain groups of per-
sons with attractive live conditions (IIe). The ways in and

the extent to which purposes of the first type are related
to purposes of the second type, still in a given system of

mathematics education in a given society, reflect profound
political, social, Culturalrand ideoiogical characteristics

of that society.

It could be added that, depending on the characteristics

of the society under consideration, it ﬁight happen,

primarily in societies with a complicated multi-level
educational decision systgm, that differences in interests
within the system give rise to adoption of purposes which

are mutually incompatibie or even contradictory. It might
also happen that different levels in the system (for instance,
central curriculum planners on the one hand, and teachers

on the other hand) emphasize different purposes.

PURSUIT OF PURPOSES

In the course of time several aspects of mathematics education
and mathematics teaching have been subject to intense debates
among people inside as well as outside mathematics and mathema-
tics education. Why have such debates not come to an end long

ago, in consideration of the large amount of experience gained




from mathematics teaching during more than a hundred

years? Two main reasons seem to be of relevance to this
question. Firstly, as has been'previously.touched upon,

the purposes of mathematics education have aiways’been

either rather obscure and 1mp11c1te or subject to dls-~
agreement Secondly, even when purposes are establlshed,

there is no firm foundatlon, in terms of safe’ knowledge,

on which it can be judged if. thlS or that way of organLZLng
mathematics educatlon w1ll ensure the fulfllment of the
purposes. ThlS lack of foundatlon'pertalns to purposes

of the first as well as purposes of the second type, thus;
leav1ng us w1th fundamental questlons unanswered, such

as% "On what grounds can we clalm thatumathematlcs can
'provide students with a general sharpening of intellectuai
capacities, to he actualized in Situatdons outsidéfmathema~ .
lth"’" and “Where do we flnd evidence for the assertlon that
teachlng mathematlcs (as dlStlnCt from arlthmetic and very
'elementary mathematlcs) to masses. of stuaents is a necessary,
or only powerful instrument to economlcal development of
.5001ety7 Wouldn' t it be more reasonable to concentrate the

‘ resources at dlsposal for students really needlng mathematlcs
.ln thelr future p*ofesslons°" The situatlon descrlbed 1mp11es f
’that lrrespectlve of Whlch view one holds concernlng the
capacity of mathematics education to fulflll purposes of the ,s
'nature here dlscussed, the view must be founded to some .
extent on very general, "transcendental“,'considérations,:

'assumptions and beliefs. As particularly regards,purposes.f.
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concerning needs of social and economical development
(Ié):the problem is of a twofold nature: First of all, the

role and function of mathematics as such in social and eco-

-nomic development are far from weli illuminated, its
involvement.being complicated and its effect most often
resulting from "action at a distance" (in space and time).
On that background it is nét surprising that it has caused
difficulties to determine the mathematical qualifications
required for citizens to pafticipate in processes of social
and economic development. Nor is it, furthermore, sufprising
that curriculum planning is faced with substantial problems
in determining mathematics curricula that can meet such
qualification demands. These uncertainties have given rise to the
adoption of two opposite strategies, as regards the needs at issue
varying from time to time and from country to country.

Strategy I can be phrased as follows: There are strong

reasons to believe that in any society mathematics as a
science in addition to the presence of a high level of
mathematical competence with various categories of citizens,
are factors of vital importance to the development of society.
However, only very little of sybstance is known about the
channels and paths of influence of mathematics on society.
So, instead of founding our strategy of mathematics education
on misleading, or even erroneous, ideas, risking to cause
serious damages with far-reaching consequences, we should let
mathematics itself, mathematicians and mathematics teachers
decide from purely mathematical and didactical consideration
not subject to external pressure which mathematics should

be taught and how this should be done. The external restric-
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tions put on mathematlcs education should be as few as
‘possible in order to set free a max1mal amount of mathématical

. resources in soc1ety.

Strategy II can be phrased as follows; Even if itpmaylvery'
well'be true that not very much is'known abOut the Ways

along which mathematics influences soc1ety and its deyelop4:’}
ment, we cannot leave mathematlcs educatlon to mathematics;.
.mathemat1c1ans and mathematlcs teachers alone. Many examples
pcan be given show1ng that such a strategy tends to produce |
}persons whose mathematlcal knowledge remalns encapsulated ;h
from problems of the real world, persons.who,have serioQSf i
difficulties invbringing thelr'mathematlcal'knowledgellntof
contact mlth thelkindvof problems that. occur in“other sciencesglll,”
technology, economy etc.‘Therefore, and because manpower and
economlcal resources are scarce we have to formulate prlorltles -}l
‘and ensulng currlculum plans to. fulflll ~them - whlch can:

ensure a sufficient amount of properly quallfled students-

to further profess1onal educatlon. Withln thlS stracegy, theA'
role of mathcmat1c1ans and mathematlcs teachers is to flll

.the centrally flxed frames w1th spec1flc content and teachlng
Through central examinations it is controlled that studentsiﬂ
meet the-requlred standards.

| *

When ulscu551ng general strategles to be adopted in the

pursult of purposes, there is a factor, neither element

in the category of purposes‘nor in the category‘of objectlves
“but yet reflectlng 1nterests of soc1ety, which is of 1mportance.:

-The.questlon.ls about general concepts and values concerning- B




'bumanAnature and individuals in relations td_other individuals
and to groups of indi&iduals, general ideas énd:views of

what education is and shbuld be, as well as related ideas
about which general educational instruments aré acceptable or

deéirable and which are not. In any society such ideological

prerequisites are presen ;'There might be several of them,

‘some of them might be mutually conflicting, they might
be difficult to identify, but they cannot be dispensed with.

The factor described,'whiéh could be called the human—ideological ' -

'faétor, is self-contained and independent not only of purposes
and objectives of mathematics education but alsoc of mathematics
edﬁcation as a whole. Itris, of course, ihtéracting with
mathematics education where this is being given, putting
restrictions on it, exploiting its potentials etc. As regards
this factor; a given ?urpdse (or objective) can be pursued

in very different ways.

The factor needs not necessarily be purely ideological (i.e.
~purely connected with values). It may contain also considera-
tions from psychology and pedagogy on what is phychdlogically
possible, which pedagogical instruments are efficient and
which are not, and the like. The point is, in any case, that
the concrete character and shape of mathematics education

is Sstrongly influenced by this factor, which thus represents
another path of influence on mathematics education of social

interests.
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. To illustrate possible contents of the human—rdeological

factor a few examples would.probably be useful:

(1), As one extreme, one could 1mag1ne an educatlonal system,

where the 1nd1v1dual students are con51dered prlmarnly as

'necessary carriers of the contrlbutlons by mathematlcs
education to the answering of soc1al demands. In a CEltaln
sense students are educated to become part of the technology""

of that socrety The educatlonal means adopted by the system '

are cho:en accordlng to thelr eff1c1ency in puxsulng the‘

- goals of mathematlcs educatlon 1n that system,'for instance

to obtain a max1mal amount of mathematlcal 1n51ght, knowledgex

and skills w1th students, with only secondary attentlon

- paid to their personal needs in general. Perhaps stuaents are

wanted also to subordinate their personal needs to the'needsf

of 5001ety as a whole, or to a group, a reglon, or whatever '

"mlght be in question. Programmes are establlshed at central

quarters, students are not 1nv1ted to, nor supposed to,. dlscuSS~

the programme, they are supposed to - comply w1th it as well

" as they can.. -

(2) As another extreme, one could imagine an educatlonal system, L

where students are also edtcated to take part in answering

soelal demands, but where‘educatlontls conSLderedyflrstAOf

all a process of personal development of individuals, a process )

“where personal potentials are brought to maturity,A(Probably

this conception is based on the idea that the capacity of

“students to participate in answering social needs becomes

D TR
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optimal when their development of personality is brought
into focus.) So, the goal of fulfilling social needs is
restriéted by the ptiority given to regards to pérsonal
integrity and development of the individual students. The ;

"educational instruments adopted by the system are chosen

“Taccording to their capacity of stimulating maximal develop-

r;fﬁent of individuals;'Student;”ére invited tb?participate in
decisions about the programme, which may even be left
completely to local determinatién; with respect to their
personal interests. They are invited to work inductively,
~ to look fo; themselvés, to play and discover, to follow their

curiousity, and attention is paid to their feeling of comfort.

. There exists no society in which these extreme versions of
the human-ideological factor are in function exactly as
sketched, but probably in any society the factor is present

" as a mixture of them.

OBJECTIVES

Although a distinction within the category of goals between
"purposes" and "objectives" (or other terms covering the same
substance) is normally not encountered in writings on mathe-
matics education, there seems to be a tendency to concentrate
on indicating and commenting upon goals which in our classifi-
cation would become objectives, rather than purposes (in the
sense used here), even if this requires interpretation in

each case.
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Another distinction is, however, frequently madei the

‘division of the goals of mathematics education'into two.

classes, the "utilitarian" goals and the "formatlve" goals..

It seems that this dlstinctlon is not a very prec1se or
happy one to make. This ;s so because the attributes utili-
tarian“ and "formative“'as osed in the'debate are far from

always mutually exclusive. Goals stated to be utllltarlan are .

sometimes of a formatlve character, and goals referred to-as

formatlve are often accompanled by utllltarlan,reasons; llke'

"this or that formatiVe‘goal should be a'goal of mathematiCS

' educatlon because the correspondlng capac1ty is 1mportant

to modern soc1ety

Recalling that objectives are more‘detailed, precise and con-
crete specification of, or components in,_the-purposes for -

which they are vehicles, welshall,yinstead_of'distinguishingf.‘r

‘between formative and utilitarian goals, introduce the follow--
' ing distinction between "formative objectives" and "substance

objectives":

By a formative objective_we.mean any objective oriented to-

wargds establishing in students general personalfcharacteriStics :
and capacities, such as attitudes, general mental capaCities,

capac1t1es of performlng certaln general act1v1ties, etc. To

“such objectlves mathematlcs is solely a vehlcle, the subject 2

matter of whlch being unlmportant in itself, the criterion

for 1nclud1ng a certain content matter belng 1ts capablllty
of 'serving these formatlve aims. In pr1nc1ple formatlve objec- ':
tives might be pursued by any subject other than mathematlcs,-

prov1ded lt possessed this capablllty
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The concept "formative" should be taken in its broadest

sense, including anything concerned with developing general

"personal characteristics in students.

"By substance objéctives we mean objeétives of providing

‘students with competences, for which mathematics as such is

4findispenséble. The term "mathematics as such" is not limited .

f%ib'include only'§§e¢ific content or operations, it includes

anything involving mathematics substance in one form or

- .another.

Now the relation between purposes and objectives may be

schematized as follows:

purposes purposes of
type I
objectives

purposes of
type II

formative "Having the fulfilment
objectives of the general social
need X as a purpose of
mathematics education,
the formative objective

to develop in students
the personal characte-
ristic x is put as an
objective of mathema-
tics education.”

"Having the fulfilment
of the need Y of indi-
viduals as a purpose
of mathematics educa-
tion, the formative

objective to develop

in students the personal
characteristic y is put
as an objective of
mathematics education.”

substance "Having the fulfilment
objectives of the general social
need Z as a purpose of
mathematics education,
the substance objective

of developing in stu-
dents the competence z
involving mathematics
substance is put as an
objective of mathema-
tics education.”

"Having the fulfilment
of the need W of indi-
viduals as a purpose of
mathematics education,
the substance objective
of developing in stu-
dents the competence w
involving mathematics
substance is put as an
objective of mathema-
tics education.”
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A given'objectiVe may refer to type-I pnrposes as weli'

as to type-II purposes at the same time. For instance,

the formative objective "to provide- students with the

' capacity of performing'abstraction processes” may refer'. ' fi“: o

to a. general social~demand of a qualified labour force,o“

whlch in a rapldly changing soc1ety is capable of adaptlng

Jt_w1th flexibility to new situatlons (covered by 1a, b), or ‘

;to the need of students as 1nd1v1duals t0‘obta1n attractlve .

conditions in private liﬁe (IIe) It may refer also to a

V.general ideological desire that citizens w1th consc1ousness
. and'criticism carn, dentlfy the core of 1mportant and compll-'A“;l

, .cated soc1al 1ssues and take p031tlons on them (covered by-

Id (and b)), or to the needs of students as 1nd1v1duals toyt_zl

Ve

.part1c1pate actlvely and with cr1t1c15m in democratlc pro—"ﬁ

' cesses (IIb) So, one and the same objectlve may be chosen'totﬂ5 o

serve several purposes, even of different categorles, at -

the same tlme. Of‘course, this need not be . the. case, we» ?

..could'think‘of'hosts of objectlves,whlch referzto.only,oneA

‘ purpose.’

.One 1mpllcatlon of thlS, as regards analyses of the 1mpact_,
: of 5001al needs on the goals of mathematlcs educatlon, ls

_that it is dlfflcplt to detect from a mere lndlcatlon of

objectives, in official documents or in the'didacticsfdebate, ﬂ

" ‘the ultimate social interests related to these:objectiVes.‘

In this respect, onevcould feei tempted to put forward_the

hypothesis that the more compound, heterogenonS-and.comp;ex

‘the interests and the political organization. of a'given

’society are, the farther away from the surface and from
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the daylight are the purposes of mathematics education to

be found.

ELEMENTS IN THE HISTORICAL DEVELOPMENT OF GOALS

It seéms to an established fact that:in most countries

post-elementary mathematics education in school up to the

beginning of the 20oth cenfury had development of mental
discipline as its foremost goal. Geometry, in particular,
was.dhosen to fulfill this task. Society needed people to
occupy leading positions in politics, public administration,
industry and science, for whom general mental capacities,
such as loyalty to given conditions, ability to distinguish

essentials from casual details, capability of analysing

‘'situations, judgement, care, precision and diligence in

work, appreciation of cultural and moral values of society,
were desired. So, in this respect we are dealing with purposes
of tzﬁe I. But, of course, mental discipline was to some
extent considered also useful to the individual in mastering

his own life (type II-purposes). The distribution of

emphasis on type I- and type II-purposes undoubtedly differed
very much from country to country, perhaps with Germany and
England as extremes in the type I-end and the type II-end,

respectively.

Only a small minority of the population got a mathematics

education going beyond the level of elementary arithmetic.
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Although the instruction of elementary arithmetic aiméd"
’ prlmarlly at prov1d1ng puplls w1th certaln computatlonal
skllls, useful for them in their adolescent llves (purposes.
of type 1), as well as demanded by 5001ety in general
(purposes of type I), w1th anjlncrea51ng emphas1s on the,ﬁ
latter as 1ndustr1allzatlon grew, thlS 1nstructlon was aimed,~ -
' also at developlng mental dlSClpllne. It may be supposed
‘that the- purpose of thls was to serve the 1ncreas1ng demand o
of a careful, prec15e, dlllgent and loyal labour force,;" o
partlcularly for the grow1ng 1ndustry. -

) .
.The very ldea of mental dlsc1pllne stemmed from faculty
.psychology, accordlng to which man possesses certaln general;
context free facultles, whlch, once developed in one context,‘;
: can be freely transferred to any context. In concordance-wrthj
these ldeas, the purposes of post—elementary mathematlcs

educatlon, whether domlnantly of type. I or of type TI, . were

pursued v1a objectlves of a formatlve character.

~

*

Around the turn of the century the changes in the. socio-

‘ economlc and technologlcal condltlons of many countrles,

,flrst of all in Western and Northern Europe and the USA, effected
»:major‘changes in the educational needs of-these countr;es._'
As'particularly'regards mathematics.education; this development.'J
'led to an.increasing emphasiS'in_the.debate oﬁ‘“thetuse“ of7“'
mathematics fn'society. In [1] De Vault and‘WeaVerfcharacteriieﬁ
the period 1894—1923'in the USA (for“grades k-e)‘As follows:‘

v We teach mathematics because adults use mathematlcs in

their everyday work requlrements. . (page llo). Osborne and




-Crosswhite refer in [1] (page 183) (for grades 7-12) to

observations made around. 1912-17 by. an American committee
1under'the Internatiénal Congress of Mathematicians,.that
utilitarian aims were becoming increasingly more impdrtant

and that the formal“discipline'conceﬁt of educétion was

r@eing'auestiéned;
_Ih Germany thevtfends were similar. In 1915 The Association

| for the Promotion of Mathematics and Science Instructidn
("Der Verein zur F6rde1un§ desvmathematischen und natur—A
wiséenschaftlichen Unterrichts") arranged a prize subject
competition on the question "Which demands should be made

. to the education of the German Youth after the War, and
what can mathematics and science instruction contribute to
the realization of these demands?" (translation) ([2]).

The first prize was awarded to Df. W. Schmiedeberg, master
at "der Oberrealschule zu Bielefeld". His contribution
poésesses explicitness, thoroughness and clarity to a
degree which is indeed rare. Schmiedeberg points out four
general purposes of the education in school: education for
national defense; education for serious, diligent and '
conscientious labour; education for working community;
education for patriotism. He summarizes these purposes
as follows: "We need a strong people which can defend
itself, and industrious people which can create economic
greatness, a loyal and patriotic pedple that commits its
power and labour consciously to national aims." ([2],
page 5, translation), and says further: "If we recall that

the future of Germany relies on the maintainance and further

development of work of quality, we realize that the educa-
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tion to absolute,dévotion to duty should“remain’our
foremost educational'aim for Aii kinds of schools.5 k[zj,
page,lé,ﬂtranslation). Various‘components in theSe'purposesA‘~
are.put forward~ "education for regularlty and stablllty"f
,"subordlnatlon of the 1nd1v1dual to the organlsm of work"
preparatlon for adaptatlon and obedlence"\ .The . purpose of
mathematics education should be to contrlbute to the fulfil-
ment of these general purposes of educatlon (the forenostfu‘

means belng appllcatlons of mathematlcs).;t‘r -

Even‘if SchmiedeberQ's points of view may appear today;as
rather extreme, they were’apparently approvedhhyytheg"
assoc1atlon. We thlnk 1t not unjustlfled to suppose that r?
"Schmledeberg expresses v1ews generally held at that time, .
also in official quarters, at 1east‘in'Germany,iProbably,
‘only'his artiCulatelwayfof expreSSinQ;theseiyieWSTﬁakeSéhim'"

a singularity in‘the'debate,

So far,. 1t seems to be well founded to clalm that purposes of

- type 1 obtalned an exp11c1t and domlnant pOSltlon durlng the

first decades of the 2o0th century, whereas purposes of type II-l fi'

were not in focus. In England however, the s1tuatlon was>
.somewhat different. In 1901 John Perry, professor of englneerlng
,science, maintained, in opp051tlon to the malnstream in

England at that time, that the study of mathematics began.
because it was uééfﬁl,‘contipues because'it fs.useful, and
islvaiuahle to the world because of the uSefulnéss,of its.
results (qmo&nﬂon ﬂIMI[B]) He lndlcated eloht "obvious .

forms of usefulness" in the study of mathematlcs, often

quoted in wrltlngs on mathematlcs educatlon. ,




"(l) In producing the higherx emotlons and g1v1ng mental
- . pleasure. [...}
(2) (a) In brain development. (b) In producing logical
. ways of thinking. [...1~
(3) In the aid given by mathematical weapons in the stu-
dy of physical science. [...] -
(4) In passing examinations.[...]
(5) In giving men mental tools as easy to use as their

legs and arms; enabling them to;go on with their

education (development of their souls and brains)

throughout their lives, utilizing for this purpose

all their experience. This is exactly analogous with

the power to educate one's self through the fond-

. ness of reading.

(6) Perhaps included in (5): In teaching a man the import-

- ance of thinking things out for himself and so de-
livering him from the present dreadful yoke of
authority, and convincing him, that, whether he obeys
or commends order:s, he is one of the highest beings.
This is usually left to other than mathematical studies.

(7) In making men in any profession of applied science feel
that they know the principles on -which it is founded
and according to which it is being developed.

(8) In giving to acute philosophical minds a logical
counsel of perfection altogether charming and
satisfying, and so preventing their attempting to develop
any philosophical subject from the. purely abstract
peint of view, because the absurdity of such an attempt
has become obvious."

These statements have often been interpreted as being in

keeping with the general stream of social-utilitarianism

of that period. However, this interpretation becomes doubtful

at a closer analysis (cfr. [4]). Moét of these "forms of use-
fulness" refer directly or indirectly to the needs and interests

of the individual (type II-purposes), with the possible

exception of (2) and (7) which might be considered as
referring also to some form of social utility (type I-purposes).
As to (3) we are not able to tell -whether it refers to type I-

or to type II-purposes.

Even if Perry's statements do not include specific

indications of objectives, we venture the conjecture that
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‘the pursuit of the»purposes.underiying.these statementsa{’

should take'place'by3chiefly'formative objectives. -

r.Altnongh we thus‘are essentiaily not, in‘the‘oasefoftPerry'S?‘

snggéstions, dealing with purposes of type'I, 1t might well

be Justified to con51der these suggestlons, when comparing

A with the- background ‘on whlch they were put forward, as

'acontrlbutlng to: the wave requirlng utility of mathematics'

'education. Already the requlrement of external Justlflcation E

_of mathematics educatlon would work in that dlrectlon.. 4

. The promotion_of.type Iépurposes oontinned, ih.ﬁﬁgréhd,‘in,
'the'COurse.of tne first,deoades ofdthe oentury.wfn'1519?a~ﬁ
'report ([51) made under the ausplCles of the Mathematlcal

' Assoc1ation stated the followxng..

"l. That a boys educational course at school should fit -
him for citizenship in the broadest sense of that
word: that, to this end, the moral, literary, sc1entré
fic (including mathematlcal), physical and aesthetic
" " sides of his nature must be developed. That in so far
.as Mathematics is concerned, his educatjion should
enable him not only to apply his mathematics to’ ‘ ,
" practical affairs, but also to have some appreciation.
" of those greater problems of the world, the: solutlon.' R
o of which depends on Mathematlcs and 8c1ence. ) L .J~j*l .

2;'That the utllltarlan aspect and appllcatlon of mathema—.”
tics should receive a due share of attention in the:-
mathematical course. [...]" Co -

Thus, purposes of type I galned momentum but type II—'

purposes were Stlll important._

.




We assume that the majority of boys will not make any
extensive or profound use of Mathematics in after-
life, that they will not even be able to follow in
detail the mathematical methods of engineering and
Applied Science. But they can be so taught that a
vista is opened up to them through which they may see =
the tremendous potentialities of the study whose
elements they are mastering. [...] A public must be
created able to realise what Science and Mathematics
are doing for the world, and to form some general
conception of the means imployed. The average man
will not:-be more than a.spectator of the world's R
material progress; we have suggested that he should"
be an intelligent spectator. But the world needs an
increasing number of workers trained in mathematics;
there must be-specialists. [...] B

We do not hesitate to put the pleasure motive among
the foremost."

*

During the twenties and thirties purposes of type I main-

tained and strengthened their central and somewhere dominant

"position in the industrialized world. Due to the stagnation

" and recession of industrial and general socio-economic

development connected with the world crisis around 1930 there
was, however; no large-scale qualitative technological expan-
sion which required fundamentally new competences of the
labour force. So, there was no external pressure for re-
examiniﬁg the purposes of mathematics education. This ef-
fected somewhat of a fossiiization of arithmetic teaching,
with mechanical routine in computation as a main object of
it. Also post-elementary mathematics kept going on along

the traditional paths, with a tendency to replace the tra-
ditional compartmentalization of the curriculum into indepen-
dent topics with attempts at a unification as the only

innovation. As regards objectives, a trend of switching

weight from formative to substance objectives (without

dispensing with the former) in the pursuit of purposes of




tYpe'I, and type II as well, could be detected in seVéfai

countries.

’

In the .late thirties~certain new signals entered the“scené;

Several observers and commentators, ﬁany,ofAﬁhich'belOnged

to mathematics quarters, found that too.mucn emphasié‘was
»lald on drllllng mechanlcal and somnambulistlc routlne -

in operatlons and in. obtalnlng correct results, and that»:’
too llttle attentlon was pald;to;students understandlng of
mathematlcal backgrounds_(which did not mean that_the*purj:‘n
pose of social utility‘was being seriously queetioned).‘ |
VDe;Vault and‘WeaVer\quote in'fl](page.121):Brueckner'{6]

for having written (in 1941): "Arithmetic should be both
mathematlcally meanlngful and soc1ally srgnlflcant" Inl

"ﬂnEnqland the Spens Report (1938) of the Consultatlve Commlttee'

.on,Secondary Educatlon stated:

" "No school subject, except perhaps Classiics, has suffered
more than Mathematics from the tendency to stress secondary
‘rather than primary aims, and to emphasise extraneous rather
than intrinsic values. As taught in the past, it has been in=
‘formed too: little by general ideas; and 1nstead of givinag

‘broad views has concentrated too much upon "the kind of- methodsz‘

-and problems that have been sometimes stigmatised as "low
‘cunning”. It is sometimes. utilitarian, even crudely so, but
it 1gnores considerable truths in which actual Mathematlcs
subserves important activities and adventures of C1v1112ed
man. It is sometimes logical, but the type and rlgour" of
the . loglc have not beéen properly adjusted to the natural
growth of young minds." (Quoted from [3], page 17) -

'BecauSe of World War II the growing demand,'raised~by circles:“
of mathematicians and mathematlcs educators, of students'

knowing and understandlng the proper mathematlcal background ‘




restauration and economic growth, etc. influenced new

of what they were doing, did not come to an immediate

unfolding. After the War socio-economic and technological

conditions were totally different from those of the pre-

ceding period. All over the world the rearrangement of war B
production to peace production, the needs associated with
requirements and new challenges to the educational sectorf
and hence to mathematics education as well. Technology

was no longer static; it expanded qualitatively as well

as quantitatively, with the USA in the front of the wave.

One result of this expansion was the demand of a well
educated labour force at all levels, capable not only of
performing routine operations remaining the same over a
longer period of time, but also capable of adapting to more
rapid changes in technology and working conditions, and many
of whom were to utilize and understand mathematics at a far
more SOphistiéated level than before. As De Vault and Weaver
put it when commenting in [1l] on the "Sputnik shock": "For
both the average citizen and the worker employed in the
expanding economy mathematics was essential. Increasingly
it wés recognized that the man on the street needed to be
knowledgeable in mathematics if he was to understand the

world in which he lived"” (page 135).

The situation described gave rise to an alliance between
mathematicians, mathematics educators and educationalists,
conducted by university mathematicians, on the one hand,

and society, represented by government institutions and




internatidnal'organisations,don the other hand. Society

demanded a systemgof'mathematics'education which could serve

first of all type,I(a)-purposes,-secondarily type‘iprurposes,.

with particular regard to flexible technical cOmpetences,"

of rather highvcomplexity. The communities of mathematiciansr

and mathematics educators offered to serve these purposes 3

'by means. of a thorough modernization and scientification

'.of mathematlcs currlcula at all levels, chlefly w1th sub-'

stance objectlves fOCUSSlng on general mathematlcal structures

as vehlcles. It may be conjectured that the post-war economlc

expan51on was in itself less essentlal to many of these

,7quarters that the opportunlty it prov1ded for 1nnovat1ng

mathematlcs educatlon and ralslng the amount and quallty of

recrults to un1verszty studles 1n mathematlcs and natural

sc:.ences .

This development constituted the .socalled "first wave".cf
the "new math"ereform. It was carrled flnally through in

most countrles at the. beglnnlng of the seventles. Since -

this development is well 1llum1nated by several observers
and commentators, we shall not go intd further detalls.

Instead, we shall comment upon certain recent trends.

|
*

Durlng the perlod of consolldatlon succeeding the culmlna--
N

‘tion of the "first wave", various new tralts have emerged

They orlglnated from the observatlons that
(l) a Strlklngly large proportlon of - students of all grades SR

had serlous dlfflcultles in grasping the rather abstract

i



and structure-oriented set;up which had become common as

a result of the "First wave;;

(2) the new curricula did not come up to the eXpéCtations
ahd-promises that these curricula could enable students to
utilize mathematics in non-mathematical surroundings with
ihteliigence and flexibility towards varied sifuations.
Institutions and emplOyeféx§eceiving students after school
'beéan complaining on this; |

(3) students, in particular at the expanding secondary level,
were increasingly critical against being forced to learn
complicated subject matter the relevance of whiéh was ob-
scure.to them and being questioned from outside mathematics

education quarters.

In reaction to these symptoms of a crisis-1like situation
mathematics educators and educationalists started to re-

consider the goals and curricula of mathematics education.

Bent Christiansen identifies in [7] (1975) the following

directions of change in goals:

"2.6.1 An increased emphasis on affective goals.

2.6.2 An increased acceptance of responsibility for the
majority of students, not only for an elite.

2.6.3 An increased emphasis on usefulness (in an ordinary
daily life sense) and on applicability of the out-
comes of mathematics teaching.

2.6.4 An increased concern for the individual learner;
for learning more than for teaching; for the
learner's experiences, needs and interests, more
than for the requests of mathematics as a science.

2.6.5 An increased acceptance of the role of the mathemati-
cal activities (involved in processes such as
dencription, systematization, problem-golving, proving;



- - not only knowledge of the results of mathematical
act1v1t1es, but also experiénces from a famlllarlty
with the processes that lead to the results are seen
as main objectlves " (page lo) :

Z.P. Dienes suggests (1978) in [8] (page.82f) "that the
main aim of mathematics education, instead of being the

knowledge of mathematics, should be the development of some

patterns of thinking;»certain types of strategies, that

people might develop in ‘face of new situations Which.they

have never encountered before." He!finds.that;mathematics
education may provide students with four competences: o

to abstract ("The purpose of getting rid of irrelevancies.

~and cutting through‘nOLse (in information theory terms);

and getting down to the real message is certainly a partij o

. cular competence which would be a great asset to people

in the modern world "), to generallze ("Thls klnd of en—‘

qulry obv1ously has a great interest in . a very fast ex-
pandlng and modern world" and ".. what would happen 1f..'

?f, supp051ng that...'a.This klnd of enquiry 1s very im-

portant in any kind of modern development let it be govern— .
ment, 1ndustry or scxentlflc research. The,modern man should . ..~

-always consider the possibility of change. In fact he has no

choice. He lives in.a world of change and he has to adapt to

it."), to decode and encode messages ("So; learning to cope

with precise messages or learning to formulate precise’

messages would:be an important side.effect‘of having'learned'
to cope with mathematlcal messages 1n general. ). in his

COHClUSlon (page 94) Dienes says:



"To sum up, the suggestion is being put forward thét the
" learning of mathematics could and should have other pay-offs
besides the knowledge of mathematics. [...] Last, but certain-
ly not least, is the social pay-off. Children learn to work '
together in collaboration instead of in competition with one
another while discussing problems such as have been described. T
They learn to respect the opinions and values of others and
thus develop their own opinions and values within a practical
and realistic social context." o o

fﬁétting these few references indicate the latest trends in
goals of mathematics education (several other references could be
“given), how can these trends be interpreted within our frame-

work analysis? .

"As to purposes, the direction encountered after the first
wave is towards attributing increasing importance to needs
of individuals, as students and later adults, i.e. type II-
pufposes. Pérticular attention is being paid to such needs
associated with 1iving in,understanding and participating in
a society of a rapidly growing complexity, characterized
by alienation and narrow ranges of possibilities of action,
originating from, among other things, optimization and

control of the exploitation and allocation of scarce re-

courses. Perhaps one could say that the incréasing stressing

of type II-purposes attempts at providing individuals with
tools for protecting themselves against consequences of

certain lines of development in society.

Needs of society as a totality, i.e. type I-purposes, still

have a central position in mathematics education. Up to

the seventies society demanded manpower which could participate in the

technological and economic expansion which took place by

extension of the production apparatus and the public sector
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and by subnitting ever:new areas of activity to technological
vtreatnent or innovation. This extensive expansion_also effectédA
a Qeneral increase'in the demand of labour. In.the seventies,
and concurrently vvith the 'etnergence of the econamic world recession,: :
the.economy switched from extensive to intensive exPioitatiOn.
.of capacity, with automatization,‘optimization and rationalisa-hh°h4
tion as important ingredients._Thisgdevelopment_inVolved a'. )

' decreasing demand of labour.

One result of the development described, the consequences

of which for the indiViduals was touched" upon above, is
increaSing requirements to the labour force of adaptation ;
Ato changing - conditions, of general rather than speCifin
:competences, also in mathematics, of capability of utiliZing"'A

‘ generalfmathematical_tools under various circumstances, etc.

Therefore, in terms of Objectives, there has been a change

in stress after the"first wave"of reform from substance

objectives to formative objectives, but with "formative"

meaning something .else than: classical mental diSCipline,

now focus is on capaCities such as: abstraction, generalization,
creatiVity, general problem-solVing behaviour; cooperative
'behaViour, participation in collective tasks, decoding and
encoding of nessages, transfer and the like. Also.the‘character.ih
of substance objectives has changed.,While~in the beginning ofl
the reform period‘substance objectives conSidered chiefly.
inteérnal mathematical concepts, they now consider.mathematics

in relation to its surroundings, in particular model-building

and .problem solving.
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The objectives used to pursue purposes of type~II are

partly-the same formative and substance ones as were men-

tioned for type I-purposes. Some'additibnal formative objectiveé,;
frequéntiy Suggested, seem, however, to refer particularly, ”
even if not'solely,'to tjpé II—purpoées: the fostering of

“" curiousity, attitudés of research, critical attitudes, capacity =

* to argue, emotional and aesthetical joys and the like.

The trend of emphasizing the needs of individuals is supported
by a parallel trend,in these years, of growing concern about:
respect of the integrity of children, discovery, intuition,

~play,'experiment (attributed to the human-iaeological factor).

We conclude this section by schematizing (being fully aware

of the short cuts implied) the major trends of change in the

goals of mathematics education during the periods treated:

- 1900

type I & II-
purposes

formative
objectives
(mental di-
scipline)

1945 - 1970

type I-pur-
poses

substance
objectives
(understand~-
ing concepts
and structu-
res)

1900 - 1920

type I-pur-
poses

formative
objectives
(mental 4di-
scipline)

1970 -

1920 - 1940

type I-pur-
poses

substance
objectives
(skills)

type I&II-
purposes

formative

and substan-
ce objectives
(both general)




Even if this'historical»sketch‘identifies Only»nain trehds :
and does this by referrlng to s1ngular cases, we thlnk it
justified to clalm that soc1ety has always had the serv1ng
.of needs of society as a totallty, in particular type Ia-

| purposes, as malnjpurposes of mathematlos edddation. | A
.Varying'with fluctuations in economic( political-and ideo-
logical condltlons, the influence of humanistic ideas’eto;;_
type II—purposes have occupled positlons of varying strength

;' - But it seems that soc1ety has always cons1dered these pur—'"

poses as 1n‘pr1nc;ple subordinate to purposes.of type_Iy’
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HISTORISK OVERBLIK

Gymnasiet har altid forstdet sig selv som bade almendannen-~
de og studieforberedende/pr: ofe551onsforberedende.- '

Gymna31et er "en fortsat almendannende undervisning, som
tillige giver ‘det ngdvendige grundlag for videregdende stu- |

dier...
loven).

(enslydende'fprmuleringer i 1903-loven og i 1958~ .

Selv om dette dobbeltkrav sattes for gymna51et som helhed og

- ikke n¢dvend1gv1s for det enkelte fag, er der mange vidnes-
byrd om at ogsd matematik tankes at forf¢lge begge hensigter, -
i hvert fald for visse elevgrupper For jeg gar videre med. at.

klarlaqge dette, vil jeg forspge at f& hold p& hvad "almendan=
narmere skal betyde og har betydet til: forskelllge ti- .

nende"

der; begrebet har Jjo ikke pa forhand nogen klar méning. .Det

et f.eks. uklart, om "almendannende" er disjunkt fra "stud;eég;""""
eller om det méske endda stdr i modsatning her-.

forberedende"

"til, eller om det tvartimod  er en delmzngde heraf. Jeg vil

‘diskutere afgransningsspgrgsmélet ved hjalp af en simpel. ma*r; B _
. trix([1]), hvis. rubrikker er udfyldt med " eksemgler tll 1llu‘}a‘ o

stratlon af, hvad der tankes pa.

Forberedelse til

qellg)

brug til sam-

fundsmaessige be-~ -

slutninger‘

oVerordnet-A ‘Forberédelééftilﬁ
R livet som - e )
HENSIGT PRIVATPERSON OG UDDANNELSE/ N
’ SAMFUNDSMEDLEM ‘PROFESSION;I“.~f~*
FORMAL e S Co T
vedrgrende:
FAGSPECIFIKT Eks.. Eks.
(matematik uomgan— Mat. modeller i Infinitesimal-

regning (som for-"

‘beredelse til in- -

genigrstudiet)

"Matematlk som et. (i
pr1nc1ppet tllfal—
dlgt)

MIDDEL TIL PERSONLIG-

HEDSDANNELSE

Eks.

Opgvelse af kri-
tisk sans

Eks.-

Opgvelse af evne

til stringent -
tenkning og prag- .

‘nant udtryksform -




‘Lad os se p& hvordan formilsangivelserne for matematik-
undervisningen til forskellige tider har lagt vagt pa
de forskellige aspekter af denne opdeling. ‘

Fgerst de sproglige. Pa den sproglige llnje har der altid

siden dens oprettelse veret undervist i matematik, med

undtagelse af arene 1953-63. I enhedsgymnasiets dage,
~dvs., indtil 1871, havde alle en betragtelig mangde mate-=

matik. Med 1ndf¢relsen af det ny gymnasium efter 1998 lo—
':ven qen1ndf¢rtes matematlk for sprogllge elever.

“I perloden frem til de seneste artier kan denne matematik- - -
undervisning ikke have tjent noget fagspecifikt studiefor-

" beredende form&l, fordi de aftagende studier og professio-
ner ikke havde noget matematikindhold af betydning. Det er
fprst igennem 6o'erne og 7o0'erne at matematiske og stati-
stiske betragtninger har vundet bredt indpas i discipliner,

-der rekrutterer sproglige studenter (gkonomi, lingvistik,
psykologi, sociologi m.m.). Medicinstudiet har i et vist
omfang indeholdt s8danne ingredienser i en langere periode.
F.eks. forudsattes sproglige studenter i den matematiklgse
periode at gennemfgre et suppleringskursus i matematik,
hvis de ¢nskede at studere medicin, og det var i ¢vrigt ner-
mest af hensyn til dette studium, at matematik blev genind-
fort for sproglige fra 1963.

1906-bekendtgprelsen (sproglige):

"Formaalet med Undervisningen p& de to sproglige Linier skal
ikke saa meget vare at bibringe Eleverne omfattende Kundska-
ber i Matematik,...,som at skole Elevernes Tankeevne ved at
indgve den gennem Matematikkens stringente Betragtningsméa-
der. Ved undervisningen bgr man derfor sarlig lzgge Vagt pé
en udtgmmende og omhyggellg teoretisk Behandling af de op-
tagne Afsnit.”

Denne formdlsangivelse kan symbolsk repra@senteres saledes i
forhold til den ovenstdende matrix: '

|
I 1903
l
i

1935-anordningen (sproglige):

"Formaalet for Undervisningen er at give Eleverne Kendskab
til visse vigtige Anvendelser af Matematikken, Af de teore-
tiske Afsnit medtages saa meget, at dette Formaal kan opfyl-
des."

Symbolsk:

B 1935




1953. Med ordnlnqen af dette &r bortfaldt sprogllges matematlk

.1961-bekendtgprelsen (sproglige):

"Formdlet med undervisningen er dels at give ~eleverne et
indtryk af matematisk tankegang og metode, dels at give dem
nogle matematiske hjzlpemidler i hande, som: kan vere dem
til nytte inden for andre fag i skolen og under deres sene—
re virke." :

Symbolsk:
B 1961, .

Til yderligere belysning af vagtfordellhgen mellem de for-

. skellige: aspekter kan f¢lgende citater fra betanknlngen "Det .
ny Gymnasium” fra 1960 (pa hV1lket grundlag bekendtg¢relsen .

blev udformet) tjene-

"Den almendannende underv1sn1ng...hv1ler frem for alt pa 4
store fagomrader...Det tredje er de matematiske og naturvi-

denskabelige fag. Kundskaber p& disse omrdder er i vore dagezafys KRS

af afg¢rende betydning for forstaelsen af den verden, hvorl
v1 lever." ; -

Og et‘andet stéd i samme betanknihg:

"I vor tid kan humanismen 1kke n¢3es ‘med \at. bygge pa Vldnes-.

-byrdene fra tldllgere tlders kultar og de egentlige humanlstl—g?ﬁal,;
ske fag, men m& ogsd tillige tage hensyn til. naturv1denska- e

bens betydnlng for: menneskets situation."

1971- bekendtg¢relsen (sprogllge) .
~"Undervisningen har til formdl at’ opgve eleverne i anvendel—.-

sen af matematisk tankegang, meétode og viden til formulerlng, Eh.’

analyse og l¢sn1nq af problemer pa forskelllge omrader.

“Underv1sn1ngen skal endvidere give eleverhe en elementar for-

~ stdelse af og evne til kritisk at'analysere den made, hvorpa _
: matematlkken anvendes 1nden for forskelllge fagomrader. -

ijmbolsk.

1971

Denne formulering afspejler den begyndende studie-/profes-.
sionsforberedende hensyntagen, der blev aktuel med det vok-
sende islet af matematik i en mangfoldlghed af videregdende -
‘uddannelser, der tldllgere var uden kontakt med matematiske
betragtnlnqsmader. ‘ : .

Hvad angdr matematikerne ser forlgbet séledee ud:



’; gende form:

1906-bekendtggrelsen (matematikere)
. Denne bekendtg¢relse anfgrer intet formal for underv1sn1ngen
i matematik pd den matematiske linje. Et indtryk af formalet
kan man imidlertid fa indirekte ved at iagttage, hvad under-
visningsinspektgr Tuxen skrev i sin indberetning af 1914:
"den matematiske (Retning), hvis Hovedformaal som saadan er
at forberede til Polyteknisk Lareanstalt." I alt forekommer
det berettiget at reprasentere situationen symbolsk i fgl-

1906

|
|

1935-anordningen (matermatikere):

"Formaalet for Undervisningen er at bibringe Eleverne Kend-
skab til de reelle Tal og disses Anvendelse til Beskrivelse
af Funktioner, samt Kendskab til simple Figurer saavel i Pla-
nen som i Rummet. Eleverne skal lare at arbejde med det mate-
matiske Formelapparat og opnaa Sikkerhed og Ferdighed i nume-
riske Beregninger."

Symbolsk:

1953-anordningen (matematikere):
"Formalet for undervisningen er at bibringe eleverne kendskab
til et fundamentalt omrade af matematikken,

(symbolsk) : [

og gennem arbejdet hermed at udvikle og skole deres evne til
stringent tenkning og pragnant udtryksform." :

(symbolsk) :

Til yderligere stgtte for at den ¢gverste venstre rubrik er
tillagt vegt kan fra bekendtggrelsen af samme ar citeres:

Det vil for forstdelsen af kultursammenhangen vare af betyd-
ning, om der af matematikkens historie medtages tr&k, der har
almenmenneskelig interesse."

I alt

1953




1961~ békendtg¢relsen'(métematlkere):

"Formalet med undervisningen er

‘at give eleverne kendskab til en rakke fundamentale mate- tA'z’

‘ matlske begreber og tankegange,_

. samt ‘ ‘ ' e
at ge¢re dem fortrollge med anvendelser af matematlkken in-ju

1

cd
It

at sgge deres fantasi'og.6pfindsdmhed,udviklet,

at gve dem i behandllngen af konkrete problemer,_herunder f,:’

udf¢relse af numerlske regnlnger,

—den for andre. fagomrader.‘

'uJ_ S

alt

11961

1971 bekend_g¢relsen (matematlkere)

-"Underv1sn1ngen har til. formal

at g1ve eleverne kendskab tll en rakke fundamentale begre-_:_,"
_ber, tankegange og metoder,

-at opgve eleverne i anVendelée'af matematlskeAbegfeber;.

tankegange og metoder til formulering, analyse og l¢sn1ng
af problemer inden for forskelllge fagomrader, :

at op¢ve klarhed og loglsk sammenhang i bev1sf¢relse og :

"_udtryksform,

BSOS
L

at udvikle fantasi og opfindsomhed,

at give en - forstéelse af og ‘evne til kritisk at analysere

den made, hvorpa matematlkken anvendes 1nden for forskel-
llge fagomrader. : :




Udviklingsgangen kan $ammenstilles sdledes:
w— sproglige | ~..matematikere e

1006 [

3

L

i
i i

1935 3 g
. 1953 ?7”Zq | o {
) » : . , ;
L I
S

1971 ] ?

For sEroglige var undervisningen i 1906 udelukkende orien-
teret mod personlighedsdannende (formaldannende) formal
(nederste razkke i matricen). Det er ikke uden videre muligt
at afgpre, om dette skulle tjene individcentrerede eller
studie-/professionsforberederide hensigter. Antagelig begge
dele, som det ogsd er skematiseret ovenfor. I 1935 skifte-
de perspektivet brat til forfplgelsen af fagspecifikke for-
mal med hovedsagelig individcentrerede hensigter (aftager-
studierne indeholdt efter alt at dgmme praktisk talt ikke ma-
tematisk stof). Den samme orientering blev fastholdt i 1961,
mens studie-/professionsforberedende hensigter fik fodfaste
i 1971. For matematikere var undervisningen indtil 1953 ude-
lukkende rettet mod fagspecifik studieforberedelse. I 1953
udvidedes perspektivet ved at formaldannende formdl blev
anfort (og erforblevet der siden) og ved at undervismingen nu
ogsd skulle rette sig mod individernes private og samfunds-
nmessige liv.

For at komplettere billedet:ser vi til sidst pd HF.

HF (1967-kendtggrelsen):

Fellesfag:

"Formalet med undervisningen er at give eleverne et indtryk
af matematisk tankegang og metode samt nogle matematiske
kundskaber, som kan vare dem til nytte inden for andre fag



og under deres gvrige Viiké;"

Symbolsk:

1967

................... e
Tilval ’
"Formalet med underv1sn1ngen er at give’ ¢leverne kendskab
til en rakke fundamentale matematiske begreber og Lanke-'
gange og at .ggre dem fortrolige med anvendelsen af mate-
- matikken inden for andre fagomrdder, sdledes at de far det -
‘fagllge grundlag for at gennemf¢re'uddannelser, der for-:»u
udsatter matematlske kundskaber. :

Symelsk:

poaiegg
A

| ST

HF (1974 bekendtq¢relsen)

1Fallesfag .
. "Formdlet med undervisningen er, at de studerende opnar .
- nogle matematiske kundskaber, som kan vere dem til nytte

i andre fallesfag og i deres. ¢vr1ge dagllqdag, samt at deil'

far et 1ndtryk af matematlsk metode— og. tankegang;

Symbolsk.
. 1974
. . “‘Tllvalgsfqg
.o L "Formé&let med undervisningen er, at de studerende opnar

‘en sddan indsigt i matematik og et séadant kendskab til"
fundamentale matematiske begreber, metoder og tankegange,
at de far det faglige grundlag for v1deregaende uddannel-
ser, der anvender matematik." :

| Symbolsk: .
I 1974

Det. fremgar heraf, at der p& intet tidspunkt i matematik-
"undervisningen pd HF er fastlagt formaldannende formal.
Der har fra starten varet en arbejdsdeling mellem felles-
faget og tllvalgsfaget, sdledes at fallesfaget er orien-
teret mod at tllgodese 1nd1v1dcentrerede hen51gter, mens




. tilvalgsfaget er ekspllc1t orienteret mod at forfe¢lge stu-
dieforberedende henslqter. Denne arbejdsdeling var svagt
slgret i 1967, helt klar i 1974. -

~ DEN AKTUELLE SITUATION

_Den aktuelle situation er praget af forskellige former for
-opbrud, dels inden for matematikundervisningen i s@rdeles-
--hed, dels pd de-16-19-&riges uddannelsesomrade som- helhed.

.-Jeg vil ikke ved denne lejlighed ga i detaljer med en klar-

o laggelse af disse opbrudstendenser. Blot et par trak skal

fremhaves. Inden for matematikundervisningen, som den for
tiden er placeret i de gymnasiale uddannelser, har der igen-
nem de seneste &r varet lagt ¢gget vagt pa anvendelser, gget
vegt pd heuristisk-induktive argumentationsformer forbundet .
-med reducerede krav til stringens og deduktion, ¢gget vagt

p& samarbejde med andre fag, eksperimenteren med arbejdsfor-
mer forskellige fra den traditionelle klasseundervisning.
Der kan desuden spores en tendens til at forlade formaldan-
. nende formdlsangivelser og begrundelser for faget. I for-
bindelse med det mere omfattende opbrud, der finder sted
inden for de 16-19-8riges uddannelser i disse &r, f¢rst og
fremmest fordrsaget af massetilgangen til de gymnasiale ud-
dannelser, og med de strukturovervejelser og -eksperimenter,
der er sat i vark forskellige steder, har der ogséa rejst sig
spgrgsmdl om matematikkens placering i det fremtidige mgn-
ster. Dels hvad angdr tilstedevarelsen og placeringen af
faqet (og begrundelserne herfor) i dette mgnster, dels hvad
angdr balancen mellem almendannende hensiqgter og studiefor-
beredende hensigter og de respektive midler dertil.

Der er p& denne baggrund at behovet for at gennemfgre nye
grundl®ggende overvejelser over matematikundervisningens rol-
le og indretning for de 16-19-&rige har meldt sig, i ¢vrigt
med tiltagende styrke. Det fglgende skal vere konturerne af
mit bidrag til sadanne overvejelser.

FREMTIDEN

Vi m& se i ¢jnene at fastlaggelsen af matematikundervisningens
hensigter og rammer fundamentalt er af politisk art, dvs. be-

. ror pd en analyse af og stillingtagen til samfundsudviklingen.
Matematikundervisningen er altsd ikke politisk neutral; hvoraf
ikke fg¢lger, at man fra modsatte politiske standpuhk-
ter aldrig kan na til falles konklusioner . Gymnasielarerne

i de eksakte naturvidenskabelige faa har ingen traditioner for
at anlzgge samfundsmessige endsige politiske betragtninger pa
fagene. Men det bliver ngdvendigt at begynde p& noget sddant
nu. Med de omvaltninger, eller i det mindste @ndringer, i de
16-19-&riges uddannelser, vi kan vente os i de kommende artier,
er det ngdvendigt at vaere rustet til et offensivt bidrag til
debatten og arbejdet med forandringerne. Afvargende forsvars-
foranstaltninger for traditionen rakker ikke. En oprustning
omfatter to dele:

(a) at komme til klarhed over en egen stillingtagen til hvil-




ke overordnede hensigter (i et samfundsmassigt ly&j ma-
' tematikundervisningen skal tjene, og hvilke konsekven-
ser der skal drages af-det.

(b) komme til klarhed over matemat1kunderv1sn1ngens rand-
.betingelser, dvs. samfundets objektive interesser i ma-'
tematikundervisningen.og de mekanismer, der er virksom= L
me i fastlaggelsen af rammerne for den. .

Jeq skal nu glve et kort rlds -af mlt bud pd en sadan oprust-
“ning. Trzk af dette bud har varet antydet i en krohik M"For .
-.matematik og fy31k i fremtidens gymnasium" i dagbladet "In- -
‘<formatlon i foraret (med Jens H¢jgaard Jensen)

Udgangspunktet for betragtnlngerne er, at samfundsudv1k11ngen
i disse ar er preget af .

styring og kontrol (med stadlg mere brutale mldler) af.}ﬂf"'
. fordelingen og udnyttelsen ‘af knappe ressourcer. Det sker pé
»en made, der - . ,

= gger ullgheden mellem forskelllge befolknlngsgrupper':<;f;?gﬁ‘"’

- skaber pOlltlSk dlsc;pllnerlnq og apati

- fremmedggrelse under et polltlserende ekspertvalde.'

N

. Jo. stgrre styringskravene er, jo mere teknokratiseret bll-

‘ver styringen, og jo mere uigennemsigtig bliver den. Som et
" samlet resultat af dette udviskes. granserne ‘mellem teknlk
»¢konom1 og politik. .

I. dette felt spiller matematik en vigtig, men kompllceret‘
..0og uigennemskuelig rolle. Fordi rollen udsplller sig 1 'sam= . -
fundets understrgm og kun sjzldent ses pa dets overflade, har
mange svart ved overhovedet at erkende den. Det er f.eks.~ .
af grundene til at s& mange gymnasiereformatorer uden baggrund
i matematik eller fysik er tilbgjelige til at undervurdere
disse fags rolle i udvlkllngen og dermed underbetone deres op-
‘gaver i ungdomsuddannelserne til fordel for samfundsfag.

'Mange elever kommer til at marke mqtematikkens rolle'i de om- -
talte processer pad deres krop .som fremtidige gkonomer, tekni-
-kere, planlaggere, videnskabsmand og undervisere. Alle kommer

“til som individer i samfundet at marke efffekten af denne rol—'f'

,le som en del af rammen for deres liv.

: Pa denne baggrund er matemat1kunderv1sn1nqens v;gtlgste opga-

ve i mine gjne at forsyne alle med forudsatninger for at op=

- dage, forstd, tage stilling til, og handle over for denne ma-
tematikkens rolle i samfundet. Co ' '

Denne rpolle omfatter ikke blot misbrug af matematik, selv om
det ogsd indgar. Var der kun tale om misbrug, var parolen jo
simpel: "Ned med matematikken i samfundet". Men matematikkens
rolle er bestemt af, at matematikken i mangfoldige forbindel-'
ser kan noget. Den kan under visse omstandigheder bruges til .
at reprasentere,ifo:klare eller behandle anllggenderluden_fqr
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matematikken selv. Jeg vil ikke ved denne lejlighed ga i
detaljer med omtalen af de midler, der skal til for at -

" opfylde den beskrevne hensigt. Lad mig ngjes med at navne,
at aktiv modelbygning, arbejde med eksisterende modeller,
arbejde med matematikken som fag i interne, historiske og-
samfundsmassigg belvsninger er ngdvendige elementer bag den
. forstaelse, jeg efterlyser her. For at behandle disse ele-
menter rimeligt er der mindst brug for den tid, der i ¢je-
blikket er sat af til matematik; for visse elevgrupper er
. der brug for mere end nu. Nar jeqg ved forskellige lejllghe—

"7 der har givet udtryk for skepsis over for mat-fys-grenens

“‘matematikundervishing i denne forbindelse, er det altsd ik-

“"ke fordi der p& denne gren er for megen matematik. Min kri-

tik retter sig mod det forhold, at faget her har en tendens R
til at blive klaustrofobisk indadvendt. Der er alt for lidt
ydre perspektiv p& faget, nemlig praktisk talt intet. Den

" afsatte tid benyttes forst og fremmest til intern faglig
fordybelse, en fordybelse der for mange elever bringer ma-
tematikken til at fremstd som et kompliceret frit svaven-
de spil, hvor bevaggrundene for at spille det star hen i
det uvisse, og hvor alt forekommer lige vlgtlgt fordi det
er del af det samme spil. Man kan nasten sige, at eleverne
stdr i fare for at blive sneblinde, eller, anderledes sagt,
for at f& en umoden matematikopfattelse, der ikke udggr en
tilstrakkelig vaccination mod teknokratiske tilbgjeligheder.
Sddanne tilstande er ikke efterstrzbelsesvardige, hverken
for de mat-fys-elever, der siden skal videre til naturvi-
denskabelige eller tekniske studier, eller for dem der skal
videre til andre uddannelser.

*

Den matematikundervisning jeg advokerer for, skal altsa
“l®gge hovedvagten pd at vare almendannende, i betydningen
at vere orienteret mod at satte eleverne i stand til at
hdndtere deres private og samfundsmassige liv (f@grste s¢@ij-
le i den tidligere omtalte matrix:

hf
¥

Genstandene for en sadan undervisning skal efter min op-
fattelse ikke fastl®gges i pénsumkategorier, men i de ka-
tegorier (modelbygning m.v.), som er antydet ovenfor. Ma-
tematikundervisningen m& vare eksemplarisk, dvs. de ner-
mere objekter, der indgdr i den m& vare udvalgt efter deres
evne til tilsammen at sige noget dakkende, .og hver for sig
noget karakteristisk (generaliserbart til et eller andet
onmridde) om matematikkens karakter og samspil med omverde-
nen. Hvilke matematiske emner, der ngjere kommer til at ind-
gd i en sddan undervisning kommer i anden razkke. Det vigti-
ge er, at de er af et passende omfang og niveau, og at det
der faktisk indgdr behandles ordentligt, ogsa matematisk
set. Det indebarer f.eks. at emnernes resultater iKke kun
nds med plausibilitetsargumenter (men selvfglgelig ogsa

med sadanne).

Nu kunne man selvfglgeliqg sppgrge,om det ikke trods alt er
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muligt og ¢nskellgt pa forhand at udpege v1sse basale em- _

ner, som under alle. omstandlgheder med stor: sandsynllghed

- vil komme til, eller bgr, indgd i en matematikundervisning,
der skal satte eleverne i stand til at forstd trak ved mate-

‘matikkens involvering i samfundet og de egenskaber ved ma-
tematikken, der llqger bag denne involvering. Hvis det er.
rigtigt at man m& forstd hvad matematik egentlig er som

fag. betragtet (og det er efter min menlng rigtigt) . for at
kunne forstd denne involvering, md& man s8 ikke -have ‘indsigt
i visse emner, som .. derfor lige sa godt kunne ‘va&re ud-

peget pd forhd&nd? I et vist omfang er det faktisk muligt at

angive emner, det er svart at komme uden om i en undervis- -
ning af den art, jeg pladerer for her. F.eks. er uligheder, :. .
linearitet, eksponentlel vakst, granseprocesser, statistik . -
og sandSynnghedsregnlng sikkert af denne art. Til én lang-
rekke formdl tillige infinitesimalregning og differential=. -
ligninger, til andre formé&l linesr optimeringsteori, graf-
teori og llgnende Men selv om det i et eller andet omfang
forholder sig p& denne mide, tror jeg at det er vigtigt at =
forsgge at undgd at beskrive undervisningen i s&danne ter-
mer. De har nemlig en ulyksalig tendens til at blive selv—'
-standlqgjort som emner for deres egen skyld, ikke mindst i-
hznderne pd matematiklarere. Emnerne bliver let de- faste__,”
holdepunkter i en kompleks undervisning med hgjtliggende -
-mal; man kan da i hvert fald fsle sig garderet som larer, -
hvis man har gennemf¢rt en forsvarlig,undervishing'i»defudf'
pegede emner. De gvrige ingredienser er jo alligevel .sa dif-
fuse og luftige. Men hvis underv1sn1ngen h&nges op pé et sa-
‘dant skelt af emner, skal der ‘meget til for at forhindre-at
undervisningen i faget bliver 1lig med underv1sn1ngen i .emner- -

ne. Det er klart at skadens omfahg er.en funktion. af. emner-3r'>"

nes ma&ngde. Men ‘den skal lkke vare stor, f¢r det der er sket
~er en simpel pensumomlaqnlng :

iHvad matematikkens karakter angdr, er den jo selvf¢lgellg et
mangehovedet uhyre, som ikke lader sig bringe p& en simpel
form. Men jeg tror, at denne karakter har mindre at ggre- med
stofvalget end med behandllngen af det. Hvis mah anlagger et
historisk syn, ser man ogsd at der har varet meget relativt -
hvad der har veret anset for uomgangellgt i matemat1kunder—7
visningen.. Det er ikke mange ar siden sfarisk geometrl var

" noget man da mitte kende, eller hvad med aksiomatisk eukli-
disk rumgeometri, komplekse .tal osv? Selv om meget stofvalg:

har mere at gere med faglig konvention end med uomgangelige =

fundamentalier, ville det selvfglgelig vaere nonsens at hevde, -
"at matematikken er det rene modellérvoks, der kan formes ef-
ter forgodtbefindende. I en given ramme er visse ting selv-
felgelig fundamentale og visse tlng mere fundamentale end .
andre. Men hvorfor bekymre sig sd& meget om at - angive dem,
hvis de v1rkellq er fundamentale? Hvorfor ikke -have tillid .

til at fundamentaliteten giver sig til kende, hvis der: i ¢v- JKN,Q 

‘rigt. arbeﬂdes serigst med 'stoffet (hvilket selvfglgelig md
forudsattes), f.eks. under perspektiver af den art, der her
er diskuteret? :

Jeg kender selvfglgelig godt svaret: niveaukontrol og stof-
. sammenlignelighed af hensyn til aftagerne. Men disse hensyn
er 1 princippet fremmede hensyn i en almendannende underv1s-'
‘nlng. For en almendannende underv1sn1nq er det narllggende '
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~at lade qenstandsvalget ske ved anvendelsen af det eksem-
plariske princip. Det bringer os over i det naste punkt
til overvejelse

*

_Det er selvf¢lge11g naivt at tro, at man kan f& lov til
at undervise alle 16-19-3rige i matematik i betydeligt
omfang alene .med den hensigt at udstyre dem med midler til.
at deltage @ndrende i samfundets udvikling og at v&rge sig
"mod trak i den. Det er nappe forst og fremmest i:'sddanne hen- -
sigter, at samfundets interesse i en matematikundervisning . =
for de 16-19-&rige er at finde. Samfundets interesse i en -
sterk matematikundervisning er fgrst og fremmest knyttet
til dens professionsforberedende bidrag. Det er selviglge-
lig ngdvendigt at se dette i ¢jnene og at tage hgjde for
det. Vi er f.eks ngdt til at undgd at et snavert studie- -
forberedende elitegymnasium fraspaltes det samlede gymnasia-
le uddannelsessystem; det ville vare en uddannelsespolitisk
katastrofe. Dels fordi et siddant gymnasium vil fremme ud-
dannelsen af horisontforsnavrede teknikere og teknokrater,
dels fordi det tilbageblevne standardgymnasium vil vare sar-
bart over for krav om reduktion af indholdet af de "hdrde"
naturvidenskaber.

per er derfor brug for at undersgge, om der faktisk er mod-
s@tninger mellem at forfglge de béeskrevne almendannende hen-
sigter og studie-/professionsforberedende hensigter. Afge-
rende for tilstedevarelsen af sadanne modsatninger er, om
de midler der tages i brug for at leve op til hensigterne
er uforeneliqge, af principielle eller praktiske grunde.

P& forhand og pr. tradition kunne man forvente eksistensen
af sd8danne modsatninger, fordi tilgodeseelsen af studiefor-
beredende hensigter i matematikundervisning sadvanligvis har
varet knyttet sammen med udpegelsen af et bestemt fagligt
stof, som aftagerne s& har kunnet regne med som tilegnet af
produktet. Hvor det for forfplgelsen af almendannende
hensigter er narliggende at benytte eksemplariske midler,
har det for forfplgelsen af studieforberedende hensigter ve-
ret sadvane at fastla®gge undervisningen ved at udpege et vel-
afgranset kernestof:

almendannende ~ eksemplariske genstande

studieforbe- ~ velafgraznset kernestof
redende

Imidlertid forekommer det mig for en n&rmere betragtning,

at der ikke er de store problemer i at forfglge studiefor-
beredende hensigter med "eksemplariske midler". En f¢rste,
og overordnet,grund hertil er, at der er et vist sammenfald
mellem det der skal til for at forstd matematikkens rolle i
samfundet p& baggrund af 'inside insight' i matematikkens
karakter, og det der skal til for at forberede sig pa at
deltage i udpvelsen af denne rolle. Men hermed er problemet
selviplgelig ikke lgst.




Ser man ngjere pa det velafgransede kernestof som aftager-'
ne kan forvente indle@rt hos studenterne, 1ndg1k dette ker--
nestof tidligere i en arbejdsdeling mellem pd den ene side
det matematisk-naturvidenskabelige gymnasium og pa den an-
den side de naturvidenskabelige studier ved universiteter-
ne og de teknisk-naturvidenskabelige ved Polyteknisk Lare-
anstalt. I princippet kuhne arbejdsdelingen sagtens have
fert til et andet stdofvalg, men nu var det tilfaldigvis
funktionsteori, trigonometri. og 1nf1n1te51malregn1ng der
‘udgjorde kernestoffet. Dette stof er s& blevet stidende som
‘centralt i en periode, hvor aftagerne har mere dlfferentle-
rede behov end for, alene fordi der nu er sa mange forskel~-
lige af dem. Selvfglgelig er det bekvemt for enhver aftager
. at vide ngjagtigt hvad der kan bygges pa. Men hvad betyder.
~det nermere under nutldens forhold? Skal det. velafgransede
kernestof vare : ~

'PE det for uddannelse P ¢nskellge stof,
der vel narmest er tom’ Eller skal det’ vere‘
pg det for uddannelse P ¢nske11g stof, . .
‘der vel har det - reallstlske som en agte delmangde° o

.. Ingen af dlsse forstllllnger kan danne ba51s for en strate-_:-
. gi i dag. I alle de- "wddannelser, hvor matematik bruges (og
ikke bare forudsettes), bruges der mere end man larer i gqym=
_nasiet. Jeg tror at forestillingen om et studleforberedende
kernestof har mere at g@¢rée med aftagernes bekvemmellghed
med ¢nsket .om .at kunne starte et bestemt sted hvert &r, end
med noget fagligt dybtliggende. Langt vigtigere end et be-
stemt pensum er det at studenterne mgder med nogle regrasen-
~ tative erfaringer med forskellige former for matematik og
med matematik i forskelllqe forbindelser, at disse erfarin-
ger er solide oq serigse og indvundet ved selvstandlgt ar-
~bejde. Evnen til at arbejde med matematik med gédpédmod, over-
‘blik og gennemslaqskraft evnentil at skille vasentligt fra
uvasentligt i faglige sammenha&nge, er vigtigere end nok sa'
grundige rutlneerfarlnger med et bestemt bekvemt pensum.
Dertil kommer, at jo mere en videregdende uddannelse 1ndehol-
der af matenatik, jo mindre: afg¢rende er det, hv1lke emner
studenterne har varet 1gennem i gymnasiet.

"Alt i alt forekommer det mig, at videregdende uddannelser i -
matematik og naturvidenskab ikke Har noget vasentlig at fryg—
te af, at studenterné ikke m¢der med et velafgranset kerne-
stof i baggagen. Men ogsid p& dette punkt forholder det sig.

- som ovenfor sagt: Det forhold at man ikke udnavher et be- -
_stemt kernestof som kanonisk og obligatorisk betyder ikke, at
der ikke i praksis vil opst& konturerne og elementerne af et .
séddant stof, derved at visse emner byder sig naturligt til
i forblndelse med undervisningens overordnede. genstande. Men
farerne ved at fixere sadanne emner er de ovenfor: beskrevne.

SLUTNING

Jegevil slutte. med nogle peesihistiske betraétﬁiﬁgeg;f
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Med den mélbevidsthed, hvormed Danmark i disse ar sgger at
bringe sig i spidsen for gruppen af afviklingslande, og med
den negligering af uddannelsernes betydning i samfundet der
florerer i mange kredse, kan man frygte, at der opstar en
uhellig alliance mellem p& den ene side underholdningspada-
gogikkens dominerende fokusering pa elevernes umiddelbare
lystfplelse og pd den anden side det politiske system om en
nedskaring af "de hdrde fags" omfang for majoriteten af ele-
verne i de gymnasiale uddannelser. Ganske vist spiller disse -
fag en rolle i samfundet, der er tiltagende i betydning, men
med de centraliseringstendenser der findes, vil rollen bli-
ve varetaget af et snevert lag af stadig mere hgjtuddannet - -
ekspertise. Hvorfor ikke ngjes med i gymnasiet at udsatte
den elite, der siden skal varetage disse funktioner,for de
harde fag, men s8 til gengeld ggre det virkelig intensivt,
og fritage majoriteten for pinslerne, som i @gvrigt er val-
digt kostbare at holde gdende? Sidanne rasonnementer er nap-
pe helt wutankelige i det politiske system. Nogle kredse
har altid ment noget i den retning, andre kan blive fristet
til det i nedskaringspanik over den gkonomiske krise. Lagger
vi hertil, at folkeskolens regne- og matematikundervisning,
som tidligere skulle forberede eleverne til med sgvnganger--
agtig sikkerhed at regne hurtigt og rigtigt i handels- og
kontorfag, nu med computer- og lommeregner-revolutionerne

har mistet denne objektive funktion, kan man frygte at er-
hvervslivet og det politiske system som helhed vil nd til det
standpunkt, at der vist ikke er brug for en hel befolkning der
kan regne mere end det ngdtgrftiagste; det bliver den jo bare
utilfreds og kritisk af. Det er min skrakvision, at sadanne
for den demokratiske kontrol af samfundet dystre udsigter ik~
ke er s3 utaznkelige, som de trods alt i gjeblikket forekommer
at vaere. Men hvis og ndr sddanne tilstande indtrader, er det
for sent at anskue matematikundervisningen politisk. Det er
ngdvendigt at begynde nu.

Mogens Niss
oktober 1980

[1] Mogens Niss: "Goals as a reflection of the needs of

society" (artikel nr. 1)



Denne artikel er manuskriptet til et foredrag. holdt’
péd to efteruddannelseskurser for matematiklarere
pd Magleds of Ry Kursuscenter i marts 1979. I den
foreliggende form har ‘artiklen vearet- dlstrlbueret
il matemat1klererforen1ngens medlemmer i rapporé
ten fra de pégaldende kurser “Rapport fra.de fag-

didaktiske kurser om v1dereudv1k11nq af matematlkunder-:
visningen i lyset af U%". I en let forkortet udgave :
har artiklen veret publlceret under samme tltel 1‘.,“'
Normat,- 1980 hefte 2. :




. MOGENS NISS (Roskilde Universitetscenter, IMFUFA):

NOGLE PERSPEKTIVER FOR MATEMATIKUNDERVISNINGEN I DE GYMNA-
SIALE UDDANNELSER i 199%9o.

Nu og da rejses der tvivl om berettigelsen af at folk uden
egen forankring i gymnasieskolen g¢r sig kloge p& dens prob-
lemer og forhold, hvad enten det sker generelt eller i for-
hold til enkeltfag. En sd&dan tvivl er ikke ny. I hele sid-
ste arhundrede var den l@arde skole underlagt universitetets
kontrol (undervisningsinspektionen udgjordes af universitets-

professorer), hvilket af mange af datidens skolefolk med god
- ret blev opfattet som et tungt 8g, et &g som fgrst blev fjer-
net med gennemfgrelsen af almenskoleloven af 1903.

Der kan efter min mening va&re megen rimelighed, ogsa i dag,
i en sd&dan tvivl om udenforstdendes muligheder for at sige
noget brugbart om i dette tilfazlde matematikundervisningens
placering og indretning. Nar jeg desuagtet vover at forsgge
mig i genren, er det af to sammenknyttede grunde.

Matematiklererne i gymnasiet er, nar de tager deres profes-
sion alvorligt, sddan belagt med arbejde med at fa& undervis-
ningen til at fungere badde efter forskrifterne og efter mere
ideale fordringer, at de ikke har s& megen tid som de gerne
ville have, til sammenh&ngende at overveje og tage stilling
til deres fags karakter, rolle og indretning i skolen. Ud-
arbejdelsen af alternative materialer, gennemfgrelsen af for-
spgsforlgb og fagsamarbejde er i de senere ar svulmet starkt
op. Dertil kommer, at @ndringerne i gymnasiets samfundsmassi-
ge opgaver og situation i disse ar foregar med en sadan hast,
at de overvejelser man kan na at ggre sig ind imellem det
daglige arbejde, hurtigt forazldes. I dette perspektiv er der
et arbejde at ggre for folk, typisk interesserede universi-
tetslerere , der opfatter det som en naturlig del af deres
arbejde at gennemfgre og publicere forsggsvise overvejelser
pa mere overordnede planer end det daglige arbejde i skolen
giver lazrerne rum for.

Imidlertid ville der ogsd vare behov for sddanne overvejelser
fra udenforstdaende, selv om larernes forpligtelser i hgjere
grad end tilfaldet er efterlod dem tid til at gg¢re dem. Jeg
tror nemlig ikke, at man skal underkende verdien af udenfor-
stdendes mere distancerede iagttagelser, bedgmmelser og fore-
stillinger, ikke mindst i en tid der i sa h¢j grad er praget
af opbrud. Jeg taler ikke om objektivitet i disse iagttagel-
ser, bedgmmelser og forestillinger, men om de anderledes pro-
portioner tingene far pa lidt afstand, end de har n&r man stér
midt i dem.

Hertil skal la&gges et mere tilfeldigt,men ikke dermed uvigtigt,
forhold ved larernes mulighed for at give sig ind pa overve-
jelser om skolens struktur. Sal@nge en gymnasielarers eksi-
stens som fuldtidsansat er endegyldigt afh®ngig af, om der kan
skrabes et ugeskema pad 22 timer sammen, er lysten til at rea-
litetsoverveje strukturendringer, der kan f& mere gennemgri-
bende timetalskonsekvenser, og dermed mé&ske konsekvenser i
form af afskedigelser, for én selv cller kolleger, sikkert af




begranset omfang.

. Med et positivtsvar pa sp¢rgsmalet om berettigelsen.i at u-

denforstdende g¢r sig kloge pa matematikundervisningens prob-
lemer, er selvfglgeliqg ikke sagt, at disse udenforstdende :
er velegnede til at give konkrete anvisninder. Det de kan bi-
drage med,er perspektiver og méske konkrete forslag p& enkelte

" punkter, men den egentlige planlagning, stillingtagen til og

gennemfgrelse af undervisningen kan kun foretages af den en- ~
kelte larer over for den enkelte gruppe af elever.

. Skulle jeg sammenfatte det sagte i et slagord kunne det ta—‘v
‘ge formen: ingén praksis uden . fllosoferen, 1ngen fllosoferen )
- uden” korrektlver fra prak51s._ o :

Rammerne for hvad der bliver sagt i det fglgende,er en anta- . =
gelse om, at i de kommende &r Vil 40-60%, maske flere, af en
- ungdomsdrgang gennemga gymna51ale uddannélser i 16-19 ars. al--

'deren Med gymnasiale uddannelser forstés her samtlige alme—
ne, ikke-erhvervsrettede uddannelser for det pagaeldende al- .
derstrin, altsa bade gymnasium og HF og andre parallelle for- . .
- mér som matte opstd, selvstandigt eller integreret med de eksi-.-
sterende, og der er ikke forudsat noget om grendeling eller nl—‘
- veaudeling af betydnlng for matemat1kunderv1sn1ngen.‘

: -Overvejelserne vil veare organiseret omkrlng besvarelsen af en- o
- rakke spgrgsmal, der er afggrende for matemat1kunderv1snlngens;u
ﬂ'placerlng og udseende i de- betragtede uddannelser.' : :

%

Skal der for alle elever pa det gymna51ale nlveau underv1—
ses 1 matematik i 19909 .

.Ja. Som det efterhidnden er blevet fremhavet til kedsommelighed -
(bl.a. af mig), anvendes matematik til flere og flere formdl, -
i flere og flere forbindelser og i flere og flere professio-
ner, hvor der ikke tidligere benyttedes matematik. Der er dels
tale om, at matematikken. inden for en rakke fag 1nddrages som
- et hovedmiddel til at pracisere begreber, der er vigtige i-
faget, .dels om at matematikken bidrager til at producere eller
understgtte udsagn, resultater, i faget. Desuden er det tale
om at matematikken benyttes til at skaffe baggrund for prog-
noser, planlagnlng, beslutningstagning og styring i offentli- |
. ge og private sektorer,‘og‘endelig selvfplgelig om at den som
altid benyttes i store dele af teknik og produktion, men med
en stgrre aktionsradius end fg¢r. Denne voksende 1nvolver1ng af
matematikken far bl.a. til konsekvens, at langt flere perso— -
-ner end f¢r i tiden kommer. tll at omqas matematik under for--
skellige former. : : .

Denne stigende 1nddragelse af matematik i 1kke—matematlske om--
rader, skyldes ikke bare-en.aktuel modestrgmning - selv om.dét- o
- te. element ogsa 1ndgar her °g der - men har sin. ba51s 1, at ma-‘ff



temagikken faktisk har noget at tilbyde af relevans for den -
ikke-matematiske omverden. Til gengald har dette tilbud og-
s& sine grenser, men hvor de gé&r kan ikke afggres generelt. -

Disse forhold begrunder i sig selv, at alle pa det gymnasia-
le niveau skal undervises 1 matematik, men siger ikke s3 me- -
get om de synsvinkler, hvorunder det skal ske. For at fast-
lagge dem betragtes tre farer, der spiller en rolle i for=
bindelse med den vidtstrakte anvendelse af matematik. Den
forste er faren for ekspertificering af matematikanvendelsen.
Den-opstdr, hvis anvendelsen af matematik inden for de for-=
skellige sagsomrader ikke i hovedsagen varetages af sagsom-
raddets egne folk, i stedet for at vaere overladt til eksper-
ter i matematikanvendelse. I det omfang dette sidste sker,
bliver matematikkens anvendelse mystificeret og uigennemskue-
lig for alle andre end end snaver kreds. Den anden fare er,
at de ikke-matematikere der faktisk selv anvender matematik,
kommer til at anvende matematikken receptagtigt og dermed u-
kritisk og uden blik for mulighederne og begransningerne i
matematikanvendelsen, pd8 grund af en for sn®ver og pigtrads-
agtig indsigt. Den tredje fare er af en anden art, idet den
ikke vedrgrer folk, der selv kommer til at anvende matematik,
men almindelige mennesker, der pad forskellige mader bliver
"ofre" for matematikanvendelsen, enten som samfundsborgere
bergrt af almene politiske eller administrative tiltag eller
argumenter i den offentlige debat, eller som bergrt af for-
anstaltninger der har betydning for dem som privatpersoner.

Det er vigtigt at alle mennesker gennem deres skoleuddannel-
se sattes s& meget ind i matematikkens indhold, anvendelse

og funktion, at disse farer kan modvirkes effektivt, og som
antydet er alle bergrt af en eller flere af dem. En matematik-
undervisning, der pd den ene side satter folk i stand til pa
rimelig mdde at udnytte matematiske betragtningsmdder, nar

- situationen er til det, og som pa den anden side satter dem

1 stand til at tage kritisk stilling til andres anvendelse af
dem, md till®gges stor alment demokratisk betydning, hvis man
legger vegt pa borgernes selvstendige stillingtagen til dag-
liglivets og samfundslivets anliggender.

Ud over det anfgrte er der andre grunde til at undervise alle
pd det gymnasiale niveau i matematik, grunde der har at ggre
med matematikken som orienteringsmiddel, f.eks. over for ver-
densbilledet (det fysiske rums egenskaber, bl.a.), og ideolo-
gi {det friggrende i at "se selv"). Disse grunde vil jeg
her lade ligge, fordi de narmest har karakter af sidegrunde
til de f¢rst omtalte.

*

Det problem der rejser sig med et bekra@ftende svar pd det ind-
ledende spgrgsmal, bliver sd: under hvilke rammer og pd hvil-
ken madde kan der tilrettelagges en matematikundervisning, der
tilgodeser det beskrevne hensyn? Dette spgrgsmdl bestdr jo i
virkeligheden af en rakke spgrgsmal, hvor jeg fgrst vil be-
handle formdlet med undervisningen.




* ) .

Hvad skal vere formélet for matematikundervisningen?

I lyset af de ovenfor refererede overvejelser vil- jeg fore=
sl8 formdlet med matemat1kunderv1sn1ngen fastlagt saledes

Formdlet med matemat1kunderv1sn1ngen i de gymna51ale uddan-””“'
nelser 'er

- at eleverne skal erhverve kend skabtil og- forstielse af ma-
tematikkens anvendelse; og baggrunden for den, i ikke-ma-=
tematiske forbindelser. :

De skal herunder opné& forstaelse af hvilke faktorer, sdvel :

ved matematikkens tankegange, begreber og opbygning, som u-"
den for matematikken selv, der spiller .en rolle for denne o
. anvendelse, deris muligheder og begransnlnger.

 — at eleverne skal kunne foretage kritiske. analyser oq bed¢m-
melser af gjorte anvendelser af matematlk i 1kke-matemat1— '
ske forblndelser. : : : B

. -~ at eleverne skal opnd erfaring med selveténdlgt ‘o9 pa ikke=. .-
receptagtig made at anvende matematik som middel. ved’ behand-'
» llngen af 1kke-matematlske problemstllllnger ‘ .

Ser man pa de formal der gennemtiderne har veret sat for mate- ,
matikundervisningen i gymnasiet, viser det sig, at matematikun- ;}
dervisningen meget ofte bl.a. har skullet tjene til- at_opfylde )
sdkaldt formaldannende formd&l:. Med formaldannende form&l vil .
jeg her forstd s&danne formdl, som sigter mod at udvikle gere-.
relle intellektuelle eller karaktermassige evner hos personlig-
"heden,; der ndr de fgrst er udviklet kan bringes til udfoldelse .
i alleh&nde typer af situationer, uanset deres sagsindhold.
Blandt de formale evner,det i tidens lgb har varet sat som ma-
Aﬁtematlkunderv1sn1ngens opgave at opbygge,er fgrst og fremmest . ,
evmaltll at tenke logisk og stringent”, "fantasi og opfindsom- .
hed" og "en klar og pragnant udtryksform . Jeg vil her begrunde_,
hvorfor dlsse ingredienser ikke indgdr i det tredelte ‘formdl,
Jjeg her har sat op for matemat1kunderv1sn1ngen pa det gymna51ale
niveau. o

A . Nu er det vel temmellg uklart hvad man skal mene med evnen tll

M - at tenke logisk og stringent. Der kan vare tale om et spektrum -

‘ af betydninger, fra evnen til at undgd& formallogiske fejl sasom
“omvending af implikation, ombytning af kvantorer osv., til ev-
nen til at tanke systematisk, struktureret og mdlrettet, med blik -
for vasentligt og uvaesentligt, materielle og formale aspekter,
hovedsp¢rgsmal 0og bispgrgsmal m.m. I .dagligdags. sprogbrug er det
vel nok is@r den sidste betydning, der tankes pd. Efter min op-
fattelse er der ikke belag.for at tro, at selv en succesfuld ma-
tematikundervisning udstyrer -folk med denne evne; dertil kender -
jeg for- mange modeksempler. At matematisk trening kan vere en |
stgtte, pd llnje med andre erfaringer,er nok tankeligt, men denne

faktor er i sd8 fald nzppe den dominerende. Derimod er. der for. mig .

ikke tvivl om, at en matematikundervisning, der er.bare_delvis.f'
lykkedes, glver folk opmarksomhed over for formallogiske‘brist
- 1-dagligdags argumentatlon, Til gepgeld.har netopfdisse=3ider
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af dagligdags rasonneren eller rasonneren inden for andre

~omrader kun marginal betydning for problemstillingen i- langt
"de fleste tilfalde. I de fleste argumentationsforlgb er de

materielle aspekter dominerende.

- Om matematikkens muligheder for at udvikle fantasi og opfind-

somhed, er der vel is@r at sige, at en sddan opfattelse be- -
ror pd en antagelse om, at der findes generelle kontekst-
ubundne evner; der kan kaldes henholdsv1s fantasi og opfind-

"somhed, og det tror jeg man bgr tvivle pd. En udviklet fan-
“tasi og opfindsomhed i forbindelse- ‘med matematisk virksomhed:
"har ikke ngdvendigvis noget at ggre med fantasi og opfind-:

somged i forbindelse med f.eks. politiske, kunstneriske, mu- -
sikalske eller dagligdags anliggender. Det faktum, at mange,
der haft succes med beskaftigelsen med matematik, ogsa er le-

‘vende og opfindsomme mennesker pé& andre omrdder, ganske som

alle andre mennesker kan vare det, kan ikke bruges til at
slutte, at det er matematikbeskaftigelsen, der er arsagen.
Mindst lige sé& rlmellgt ville det vere at antage, at der fin-
des en rakke falles arsager i tilknytning til almindelig in-
tellektuel udvikling, interesse, abenhed og gdpdmod, frembragt
ved stgrre komplekser af erfaringer.

Hvis man skal pege pd en formaldannende effekt af matematik-
undervisningen, ville jeg vere mere tilbgjelig til at hafte
mig ved, at matematikundervisningen, nar den lykkes, kan bi-

drage til at producere en antiautoriter holdning af en bestemt

art. Den der har lart at arbejde med matematik,har nogle fgr-
stehdndserfaringer om, at f.eks. larerens p&stand om hvad der
gelder,kan kontrolleres, hans autoritet er forbundet med hans
evne til at bevise det han siger. Matematikundervisningen kan
(om den ggr det er et andet spgrgsmil) pd denne made produce-

re tro pa "egne gjne" og selvsikkerhed i god betydning. Men det-
te kan hgjst vaere en tendens, for ogsa her galder det, at sags-
forhold som er forskellige fra dem, hvor traningen er udviklet,
rummer masser af aspekter, hvor matematiske t®nkeformer ikke

- kan ggres geldende.

Maske kan der ogsa vere tale om, at en vellykket matematikun-
dervisning forsyner én med sd meget uimponerethed og selvtillid,
at man tgr kaste sig ud i andre omrader, efter devisen "det kan
da ikke vare sa svart, i hvert fald ikke vaerre end matematik".

Under alle omstzndigheder forudsatter sddanne formaldannende
effekter, at matematikundervisningen er lykkedes til bunds.

Og det ggr den jo som bekendt kun for de meget fa. For dem der
ikke er pd toppen, konverteres de omtalte effekter til de mod-
satte, ikke mindst hvis der blandt kammeraterne er en eller
flere som behersker faget. For disse almindelige elever findes
der nappe noget mere autoritert fag end matematik, og selvtil-
1id ma hentes et andet sted fra.

P& baggrund af disse overvejelser, som i fglge sagens natur ma

vere temmelig spekulative, slutter jeg at matematikundervisnin-
gens muligheder for at realisere de traditionelle formaldannen-
de formal er nok sd usikre. Derfor finder jeg ikke, at der bgr

s@ttes sadanne formal for matematikundervisningen. Om man do



facto kan vare heldlg at tllgodese et eller flere af dem ved
den konkrete undervisning ville jo vere gllmrende, nen det ma
st& hen. . o

Efter min opfattelse m& det ovenfor foresldede tredelte formal
vare det centrale og eneste forngdne for en matematikundervis-
visning, der rette sig.mod alle elever pa det ‘gymnasiale niveau, |
hvad enten man forestlller 51g dem niveau- eller grendelt eller

ej.

*

'Hvad skal matematikundervisningens genstande vare? -

“Det er vistvtemmeiig uSadvanligt'at selve et fags tilstedeva-

relse og indretning systematisk ggres til objekt for undervis-
ningen. Dette er efter min mening beklageligt. For det f¢rste

"bgr det vel vare et selvf¢lge11gt krav nu om dage, at man, nér;?

man underkaster mennesker en sd stark pdvirkning som under-’
visning er, drgfter og argumenterer omkring dette forhold med

.-dem. Jeg er ikke i tvivl om, at noget sadant allerede’ foregar_

i en vis udstrakning mange steder, men i lyset af det i ¢vrlgt

pressede program kommer det nck mest til udfoldelse i mere af— e‘j*"'*

slappede stunder og  ikke pa en systematlsk made.

Jeg forestlller mig ikke, at eleverne mgder op med eller har

chance for at f& udviklet en fuldt. nmoden opfattelse af indret-.

ningen af matemat1kunderv1sn1ngen og baggrunden.for ‘dens eksi=.
stens. Men jeg mener, at det at bringe dette anliggende- frem

i dagens lys til artikuleret behandling,er et sa@rdeles brugbart
middel til efterfglgelse af det opstillede formdl. Jo flere lag -
og nuancer der indgdr i elevernes’ matematlkOpLattelse, jo meré -
reflekteret, 51dev1ndsstab11 og brugbar for dem selv bllver den{:M

Af disSe grunde, og for ; ¢vr1gt' at vanne,larerne tlljat argu-n
mentere med kortene pa bordet og offensivt.frem for defensivt

om deres fag,mener jeg, at matematikundervisningens tilstedeve-
relse i skolen, dens indretning, rammer og baggrund ‘ber. gpres
til eksplicit genstand for behandling, og. det p& forskellige
trin, efterhdnden som elevernes almlndellge og fagllge udV1kllng=

'Ulagger op til det.

Altsa:

Genstand nr.l. Matematikundervisningens tllstedev&relse i skolen,
.deas 1ndrefn1ng, rammer og baggrund. -

‘Genstand nr. 2 Matematlske modeller og modelbygnlng for konkrete'j

Ud fra det tredelte formal for matematikundervishingen; jegghar-
foreslédet ovenfor, giver det sig selv, at .en central undervis- .
ningsgenstand m& vare matematikkens muligheder,og begransninger-

.ne i disse, for at bidrage til at formulere, beskrive, forklare

eller lgse problemstillinger uden for matematikken selv: Efter-.
som kontakten mellem matematik og "virkelighed", hvorved. Jeg

her forstdr alt hvad der ligger uden for matematikken selv, kom- .
mer i stand via matematiske modeller, v1l jeg som den naste un- - s

:,derv1sn1ngsgenstand anf¢re.




ikke-matematiske problemstillinger, herunder samspillet mel- . ,
lem disses egenskaber og modellens egenskaber og muligheder-- - - —
ne, og begransningerne i disse, for ud fra modellen at udsige '
noget om virkeligheden. ’

Jeg har i anden sammenh&ng udpeget nogle for mig :at se fun-
-damentale faktorer bag matematikkens gennemslagskraft over
. for behandlingen af ikke-matematiske problemstillinger. Jeg <

‘~har i den forbindelse fundet, at ‘matematikkens deduktive op- T

- -bygning indgdr som et afggrende moment i denne gennemslags-

 rkraft. Dette moment m& derfor tages i betragtning af en mate-
matikundervisning, der skal tilgodese de ovenfor opstillede

"~ form3l. Og dette kan ikke ske pa rimelig made, hvis de matema-

tiske begreber og resultater fremstar og formidles som isole-

" rede enkeltbrokker uden et vist minimum af teoretisk sammen-

"h®&ng. Denne sammenh@&ng ma derfor, selv om den ikke -behgver at
veare "global" men kan ngjes med at vare "regional", ggres til
en af matematikundervisningens genstande. At ggre matematikkens
sammenha&ng, dens arkitektur, til undervisningsgenstand er ik-
ke det samme som at ggre den til genstand for indlaringsekser-
cits; hvor og i hvilken udstrakning dette sidste skal vare til-
feldet, m& bero pd konkrete undervisningsbeslutninger, truffet
bl.a. ud fra en bedgmmelse af de konkret foreliggende randbe-
tingelser vedrgrende elevgruppen og dens erfaringer fra andre
sammenhange. Under alle omstendigheder er det i praksis ikke
muligt at studere opbygningen af matematikken som helhed, hvis
formdlet skal tilgodeses i sin bredde, man m& lade sig ngje
med eksemplarisk behandling af enkelte omrader.

Altsa:

‘Genstand nr. 3 Matematikkens begreber, metoder og opbygning
undersggt med henblik pa fagets sammenhang.

I hovedparten af al matematikundervisning formidles matematik-
ken som et udviklingslgst, ferdigt fag, lgsrevet fra tid og
rum og samfund, besti&ende af et sat begreber, resultater og
metoder. Dette bestemmer et matematikbillede uden fylde i form
af bindinger til kulturelle, samfundsm®ssige og historiske om-
givelser, matematikken bliver "flad" og statisk. De fleste

af dem der beskaftiger sig professionelt med matematik ved,

pd& et hgjere eller lavere artikulationsniveau, at et sddant
billede er meget fortegnet. Matematikken har en historie, ik-
ke bare en indre begrebs- og teorihistorie, men ogsa en ydre
historie om dens skiftende institutionelle, gkonomiske, prak-
tiske og sociale forankringer. Eller m.a.o., matematikken har
gennemlgbet og gennemlgber stadig forskellige former for udvik-
ling. Ggres disse udviklinger ikke til genstand for undervis-
ning induceres et forvranget matematikbillede; ikke at jeg
mener, at der eksisterer et fardigt, korrekt matematikbillede
som skal serveres, men en bortskaring af disse aspekter redu-
cerer matematikken til en &n- eller to-dimensional projektion
af den flerdimensionale organisme, den faktisk er.

Ud fra disse betragtninger vil jeg som det sidste undervisnings-
objekt satte: :



»

dighed.

1

Genstand nr. 4 Matematikkens udvikling og samfundsmess1ge

. placerlng anskuet under historiske synsv1nkler.,

Der kan mdske vare behov for at ggre det klart, at den rekke-.

fplge hvori genstandene optrader, ikke skal angive en rakke-

' fplge for undervisningen i.dem. Jeg mener faktisk ikke at

undervisningen skal behandle disse genstande som indbyrdes.
afgrznsede afrundede genstande, betragtet' i en eller anden

"rekkef¢lge. DCer er i stedet tale om genstande, som skal ind-"

g& i de sammenhange der i gvrigt matte blive programsat Hel-
ler ikke en prioritering mellem genstandene ‘er der tale om
med den angivne rakkéfglge, ligesom jeg heller ikke har gjort

mig.forestillinger om det relative omfang af dem. I korthed

er der tale om noget parallelt med, og delvis sammenfaldende

. med, de khudepunkter, som udggr den ene dimension-af matema- ..

tikuddannelsen ved RUC Dette er i ¢vr1gt 1kke ‘nogen tllfal-

*'.

' Bide det formal og de genstande ‘der her er foreslaet, er i

fglge sagens natur uden klare konturer eller granser: taget

.bogstaveligt udtrykker de et ubegranset ambitionsniveau. Me-

ningen er selvfglgelig heller ikke at de skal tages bogstave-q
ligt (men nok alvorligt). De skal snarere opfattes som pejle-
punkter, -der kan give mening og udggre centrum for arbejdet '
pa i pr1nc1ppet ethvert aktivitets- og fordybelsesnlveau.,

Jeqg - tlnder altsd sdvel form&l som genstande brugbare for en-
- hver gymnasial matemat1kunderv1sn1ng, uanset hvilke struktu-
- relle forhold, med eller uden grene osv skolen matte vere
underlagt. '

1

*

I det foregéende har jeg forsggt at undga at udtrykke mig pa
. en md8de, som forudsatter eller tager stilling til om matema-.

tikken skal indgd i den gymnasiale undervisning som et selv-

~stendigt fag, dvs. scm et eller flere velafgrensede tidsrum, .

hvad ehten det er som et antal timer pr. uge eller sammenhan-
gende lzngere perioder, afsat alene til beskaftigelse med ma-
tematik, eller om i stedet matematikken alene skal forefindes

~som bragt i anvendelse ad hoc over for situationer uden' for

matematikkens selv. De konklusioner jeg ovenfor har draget
i forhold til de behandlede spprgsmdl er i princippet ikke
anfagtet af svaret pa dette sp¢rgsmal, hvorlmod det omvendte
er tilfeldet. .

"Skal matematik i fremtiden ek51stere som et selvstandlgt
fag i den gymnasiale skole?’ :

Lad mig straks udlgse spandingen ved at svare ja til dette

spgprgsmadl. Inden jeg begrunder dette svar (det fordrer fak-
tisk en begrundelse, traditionen er ikke svar nok),. v11 jeg
skynde mig at.sl& .fast, at jeg ogs mener, at matematikken

skal brlnges i anvendelse ad hoc i- 1ntegrerede problem51tua-




tioner uden for matematikkens og matematikundervisningens
rammer. Mit svar indeb@rer alene, at der skal eksistere
visse afgrensede tidsrum afsat alene til matematik, ikke at
al matematikundervisning skal foreg&d pa denne made. ‘

Min begrundelse for at der skal undervises i matematik som

et selvstendigt fag, ligger allerede i he¢j grad i de over-
-vejelser, der ovenfor er gjort over de foresldede genstande
for matematikundervisningen. Sdledes kan matematikkens op-
bygning, anskuet globalt eller regionalt, ikke pd@ meningsfuld
made behandles ad hoc i tilknytning til arbejdet med integre-
rede, ikke-matematiske problemstillinger. En fokusering pé

" denne genstand forudsatter, at der reserveres tidsrum hvor

" opbygningen af teorien kan finde sted og studeres, og dermed
stdr vi allerede med et selvstandigt fag. Noget tilsvarende
gaelder i en vis udstrakning for genstand nr. 1 og i hgj grad
for genstand nr. 4. Falles for de tre genstande 1,2 og 4 er
jo, at de vedrgrer forskellige sider af matematikkens som ma-
nifestation, i forskellige af dens relationer til omverdenen.

Jeg mener alstd ikke, at matematikundervisningens formal (som
her foresldet fastlagt) og de derudfra afstukne undervisnings-
genstande,kan tilgodeses, med mindre matematikken eksisterer
som et selvstendigt fag. Hvis ikke tyren tages ved hornene,
vil matematikken, dens virkemidler, funktioner og samfunds-
massige rolle fortabe sig i uklarhed og mystifikationer, med
fortsat usikkerhed, benovelse eller blind skepsis over for
faget hos stgrsteparten af befolkningen til fglge.

Et andet argument er,at hvis matematik kun skal eksistere

som et anvendelsesfag, bragt i spil ad hoc, vil det antagelig
slet ikke komme i spil sarlig . ofte. Fg¢rst og fremmest fordi
eleverne, hvis de ikke har modtaget undervisning i faget,
neppe af egen drift vil overveje, om matematiske betragtnings-
ma&der kunne bidrage til behandlingen af de problemstillinger,
de arbejder med. Dernast fordi erfaringerne viser, at i pro-
jektorganiseret arbejde med komplekse problemstillinger er de
aspekter, hvor en matematisk behandling giver mening, kun sjal-
dent dem der har mest umiddelbar interesse for eleverne, 1i.
hvert fald hvis inddragelsen af matematik ikke af andre grun-
de er forudsat.

*

Andetsteds har jeg behandlet nogle af de midler i form af or-
ganisation, metoder og andet, der kan komme pa tale ved gen-
nemfgrelsen af en matematikundervisning med de her anlagte per-
spektiver. I den forbindelse har jeg advokeret for problemo-
rienteret projektarbejde, i en skala med forskellige grader af
radikalitet, som et velegnet instrument. Jeg skal ikke komme
yderligere ind p& disse anliggender her, men i stedet vende

mig mod matematikundervisnigens aktuelle situation og udvik-
lingstendenser for at behandle spgrgsmilet

Ga8r det i den rigtige retning (defineret som den jeg har
afstukket ovenfor)?
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Den aktuelle situation

Matematikundervisningens aktuelle situation pd det gymnasia-
le niveau er praget af relevahsparadokset Relevansparadok- '
" set opstdr ved modstillingen mellem pd den ene side matema-
tikkens voksende sanfundsmaSSLge betydning og den deraf fgl--
.gende ngdvendighed af at s& mange som muligt far adgang til .
at kikke matematikkeéen. i kortene, hvilket altsi . g@gr en mate—'
matikundervisning Objektht relevant, jvf. ogsd de- foregden-

de udviklinger, og pd den anden side det forhold, at flere ogt‘f

flere elever i de gymnasiale uddannelser er frustrerede over
- en matematlkunderVLSnlng, der forekommer dem irrelevant, uden
forblndelse med. og betydning for den:-verden de fardes i1 og

interesserer sig -for. Arsagerne til disse frustrationer lig--
ger isar i to grupper af forhold. For det f¢rste i gymnasiets
&ndrede karakter. Gymnasiet har andret sig fra at vare et e-

litegymnasium til at vare en masseuddannelsesskole . (incl. HF),

matematikundervisningen gives ikke lengere kun til elever,v.
.for hvem. gymnasiet er en forgdrd til videregdende studier i

' naturvidenskab eller teknik. Hertil skal lagges de almene an-

- tiautoritare str¢mn1nger, elevernes stgrre indflydelse p& un- L

-derv1sn1ngen og aktive 1nvolver1ng i planlagningen, deres krav. L

om relevans af og begrundelse for det de larer osv. Det andet-
forhold er det, at den gynnasiale matemat1kunderv1sn1qg,1 hgj

grad befinder sig i 1ngenmandsland mellem kvalificeret reg-
ning, som i det store hele er overstdet med folkeskolen, .0g
serigse, konsekvensrlge anvendelser, som. stort set ikke kan

o gennemfgres med det stofindhold, der faktisk forefindes i de

gymna51a¢e uddannelsers matematikundervisning. Ser vi f.eks.
péd differéntial- og integralregningen, tjener de fgrst og -
fremmest til at muligggre begrebslig reprasentation og prac1—

sering af faenomener og begreber fra fysikken med tilgransende S

_omréder dvs. til at give s&danne fanomener og begreber klar--
- hed. Derimod kan differential- og integralregningen kun i be-
"greznset omfang bruges til at forklare noget ved, eller til at
-handle ved hjalp af. Kun ved ekstremumsproblemer'og dreal- og
rumfangsbestemmelser, eller hvis granserne overskrides til B
differentialligninger, kan 1nf1n1te31malregn1ngen bldrage tll‘-
forklarlnger eller hundllngsanv1sn1nger :

Laegger vi hertil at matemat1kunderv1sn1ngen setter eleverne

- 1" stand til at lgse simple algebraiske ligninger, til at re-
prasentere forskellige fanomener i et koordlnatsystem og ‘til
at finde sandsynligheder for begivenheder knyttet til trak-
'ning af kugler fra urner eller til kast med terninger, empi-- .
riske middelvardier og.-varianser af. talmaterlaler, er anven- .
delseshorlsonten vist indkredset, - '

Hardt sagt kanh man frygte, at kun de elever .der kan lare pPa
forventet efterbevilget relevans eller som kan fascineres af
de" begrebsllge eller strukturelle dspekter ved faget, far 1 -
reallteten noget ud af underV1sn1ngen :

Den gymna51ale matemat1kunderv1sn1ngs placerlng i de néVntéﬂ 
-1ngenmandsland er ikke af ny dato “Nér-den er blevet et prob-f




lem nu, skyldes det de gymnasiale uddannelsers @ndrede ka-
rakter. . - I

En ikke ringe del af matematiklarerne i de gymnasiale ud-
dannelser synes at va@re enige i, at relevansparadokset fo-
refindes og er et stort problem for matematikundervisningens
dagligdag og perspektiver. I stigende grad er de begyndt at

lade larebogstilegnelse trade i baggrunden til fordel for ar-.
bejde med utraditionelle materialer, indgdelse af fagsamar- - __
bejde eller -integration, gennemfgrelse af projektorganisere- __
de forlgb,. arbejde med konkrete modeller for ikke-matematiske -
fenomener. Forsgpg der i stgrre eller mindre grad overskrider

de generelle rammer, florerer vist som aldrig fg¢r. Der sker
altsa noget, eller sagt pd grundtvigiansk: "der er grgde".
Jeg rgber n&ppe nogen hemmelighed ved at udtrykke min sympa-

ti for og tilslutning til alle disse bestrabelser pa at finde
brugbare svar pad problemerne, og det sidste ord er ikke sagt
endnu. Alligevel kan jeg ikke , selv om jeg er en udenforstéen-
de iaggtager, lade vaere med at nare en vis bekymring for nogle
mulige farer i udviklingen, som jeg pa forskellige steder sy-
nes at kunne spore. Jeg te®nker her pd faren for, at der i de
ngdvendige bestraebelser for at bringe matematikken i kontakt

. e . .Med. omverdenen, sker en negligering af.de trzk .af matematikken,. . .. .. .

dens opbygning (genstand nr. 3), som overhovedet gg¢r en sadan
kontakt meningsfuld og frugtbar. Negligeringen har sine nar-
liggende grunde i de omtalte frustrationer hos eleverne og
deres krav om undervisningens synlige relevans, men den er
ogsa udtryk for en defensiv strategi over for matematikunder-
visningens problemer. Overses matematikkens opbygning og sam-
- ... menh&ng,oq - -forsynes eleverne-kun-med recepter-og-plausibili- - --
tetsargumenter, bliver deres bevabning med indsigt, forstdel-
se og kritisk analysekapacitet kun tilsyneladende. I reali-
teten vil deres udstyr pd mange punkter blot blive et trylle-
kunstnersat, fortrinsvis til egen illusionering. Og det holder
efter min opfattelse ikke i l®ngden. For det fgrste fordi det
ikke ggr det muligt at tilgodese det formdl, jeg her har op-
stillet. For det andet fordi det kan komme til at gd i spand
med nogle ildevarslende videnskabsfjendske og populistiske
strgmninger i tiden, med krav om umiddelbar brugbarhed af det
lerte til erhvervslivets kortsigtede formal. Og dette er stregm-
ninger og krav, som man ikke bare finder i Glistrups og Erhard
Jacopsens partier.,

Endelig er der fare for, at en negligering af matematikkens
opbygningsmassige aspekter vil ggre matematikundervisningen
svag over for et back-lash i konservativ retning, med krav om
tilbagevenden til en ren og streng disciplintilegnelse og far-
dighedsindgvelse hos dem der kan h&nge pd, mens fanden kan ta- '
ge resten.

Lad mi. understrege, at vi efter min mening ikke er kommet
derhen hvor det gar galt, langtfra, men vi kan komme det, hvis
vi betragter tidens glade budskaber, hvor jeg selv er leve-
ringsdygtig i en velassorteret gaveaske, som mirakelkure. Sa-
danne findes ikke p& disse gebeter.

E

Afslutningsvis vil jeg fremhave et par punkter, hvor der ma



ske a@ndringer, hvis de perspektiver for fremtidens‘matemaiikf
-undervisning, som jeg her har skitseret, skal blive til vir- ,
kellghed ' ' .

- Matematlkkens gennemslagskraft over for behandllngen af se—‘
rigse ikke-matematiske problemstillinger mi dokumenteres
for eleverne, ikke bare postuleres. : '

-~ Mangfoldigheden i de fremtidige skabner for eleverne i de
gymnasiale uddannelser satter spgrgsmalstegn ved betime-
lighedén i et for alle falles indhold og et kanonisk pen-
sum. Hvad der der behov for er ikke en vidtdreven grende=
ling af eleverne, heller ikke i matematikundervisningen. .. .
Matematikundervisningen m& vare eksemplarisk, med genstan-
dene som de faste holdepunkter snarereend matematlske om-

" r8der i sadvanlig forstand. Vagten md l&gges pa kvalite-

ten af arbejdet med genstandene, snarere end pa hvor langt

der nds i pensumtermer. Co _ ) . :

k]

En matemat1kunderv1sn1ng, der skal leve op tll centralt fast-_,
satte standarder i form af krav til indhold og eksamensfar-. '
‘digheder kan ikke realisere de na&vnte hensigter. Det fgrst
forngdne er méske derfor at f& disse centralt fastsatte. krav
-beskaret, ikke for at svakke det gmfindtlige "nlveau i mate- .
.matlkunderV1sn1ngen, men tvartimod for at give det den styrkel—'-
se der f¢lger med et bortfald af anden¢den. -

Mogens Niss.
27.3.1979
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The increasing interest within the community of people involv-
ed in mathematics education in proposing andrdiséussing cour-
ses where mathematics is taught integratedly with other sub-
jects, seems to stem primarily from two different types of
concern, which may be phrased as follows:

-—-{(1) Mathematics teaching does-not function -too well as it has
. developed. It is probably necessary to recognize, even if on-

“ly with uneasiness, that an ‘increasing number of students do
not feel sufficiently motivated to work with abstract mathema-
tical topics or constructed, simplified application examples.

Is it possible to restore students' motivation for the study

of mathematics as a subject by demonstrating its role in tackl-

' ing genuine,extra-mathematical problems, for instance by letting
it be taught in integration with one or more other subjects,
probably most adequately science subjects? '

To this concern the idea of integrated courses represents a
(new) strateqgy for pursuing the ultimate end: success for the
teaching of mathematics as a subject in itself.

(2) Mathematics teaching does not function too well as it has
developed. One major reason for this is that it displays ma-
thematics as being a purpose in itself, as a formal game, too
far removed from the rest of the world. We should admit that
the teaching of mathematics cannot serve as its own end. An
important ingredient in the rationale for teaching mathematics
is its role as a powerful tool in tackling problems outside ma-
thematics itself. And this aspect has not gained:2 position
which corresponds to its importance, a point which is also re-
flected in the often reported fact that students have major
difficulties in applying the mathematics they have been taught,
to "real life situations" at and after school. Is it possible
to improve this state of affairs by letting mathematics be taught
in direct contact with subjects for which it is a fundamental
tool?

To this concern the ultimate interest in mathematics teaching

is based on the view that mathematics is valuable in a broader
context than just as a subject. This concern aims at improving
the understanding and utilization of mathematics in extra-mathe-
matical situations. The idea of integrated courses represents

a (new) strategy to this end.

*
How are these concerns present as regards our session? Its title
is "How effective are Integrated Courses in Mathematics and Sci-
ence for the Teaching of Mathematics?" This formulation seems
to presuppose implicitly that the final goal of our endeavours
is succeésfor the teaching of mathematics as a subject in itself.

According to this interpretation this session is devoted, then,




' to discusging to what extent integrated courses provide"a‘usef'
" ful means for pursuing thlS goal how the 1ntegratlon should '
be carried out if the case should arlse, and what problems
are liKely to be encountered in the 1mplementat10n of dt. ThlS

‘sugqests.that we are deallng with the flrst—mentloned concern.j.z

' The subtltle asks the questlon “How. to tackle thevdilemma be¥
- tween the need for preparlng chlldren/students to. deal with -
useful mathematics:in natural srtuatlons, and t“e need,for N
- teaching them mathematics asxasystematic structUreu“,It takesj
' the need of teaching students mathematics as a'systematic sttuc—,"
. ture for granted but introduces an addltlonal need, fw1tn whlch
the flrst might be in potential confllct and with which it hence should.
e be balanced the need of preparing students to use mathematlcal'.'
tools in coping with natural 51tuatlons. ThlS brlngs 1nto the ":
dlscuss1on elements of the seeond—mentloned concern. So, we. are S
supposed not only to treat the theme of our se351on under the
perspectlve of the flrst concern but also’ under the perspectlve
of the second one. o ‘ '
*
In my view we should, however, not contlnue w1thout hav1ng ex—fﬁ
“amlned a little blt the purpose of giving mathematlcs ‘education -
to large groups of children and students, 51noevany,answer top'A
the questions of our session is bound to reflect somehow . a basic
‘conception'of the purpose of mathematiCS'education, If this ”
purpose were taken for granted wihtout further commenthether

‘discussion might end up with talking at cross-purposes.

I agree with those who reject that mathematlcs educatlon should |

" be glven '"for its own sake. (Moreover, I consider it over- optlml-

) stic-to believe societies to accept "its own sake" as‘a: suffl-‘
cient argument for assigning toAmathematiCS'eduCation the domi-
nant,position it actually possesses in almost -any country. (Forl -
further comments onlthis matter,.cfr.[:lj)) The reason for.giv-p,
.1ng mathematics ‘education to a- majorlty of children and students_"

'}at every level must refer to regards out51de mathematlcs 1tself

. AHaVing'notvenough space to go into a detailed analYSis of theSepi




-issues, I shall restrict myself to pointing out what to me

is the main justification for giving extensive mathematics

" education to everybody .

Mathematics plays a central and increasing role in the func-
tion and devebpment of fundamental aspects of our societies.-

It is of democratic importance, to theTindividua1 as.well as.

. to society at large, that—any citizen is provided with instru- -

ments for understanding, judging and uEilizing this role of

mathematics. Anyone not in possession of such instruments be-

. comes a "victim" of societal processes in which mathematics is

a component. So, the purpose of mathematics education should be

‘to enable students to realize, understand, judge, utilize, and

sometimes also perform, the application of mathematics in so-
ciety, in particular to situations which are of significance
to their private, social and professional lives.

Twogoals can be derived from this purpose:

(a) students should acquire understanding of those factors

within mathematics (such as ideas, concepts, edifices of theo-

ry, methods etc.), as well as those outside mathematics, which
are of importance to the applicability. of mathematics, its poten-
tials and limitations;

(b) students should themselves acquire experiences with applying,

independently and in a non-mechanical manner, mathematics in
treating extra-mathematical situations.
*

Let us, on the background -of these premises, rephrase the gque-
stion of our session as follows: Are integrated courses in ma-
thematics and science the right vehicle for the pursuit of the-
se aims?

My answer to this question is "yes" and "no": integrated cour-
Ses are necessary but not sufficient. The arguments for this

answer are partly based on concrete experiences in Denmark with

integrated courses on different levels, partly on theoretical
considerations of a more principal nature.

*

So far, we have not tried to define what to mean by "integrated

courses in mathematics and other subijects”. Ai: this stage a few
J g



comments'on terminology‘mightAbe'adequate;4

By an integrated course in mathematics and other subjeets,-
(one or more) we shall understand an educational course in
which the'non-mathematical'subjectsioccupy'a.salient pdsif

tion and are taken seriously,i.e. are not serving as only an ex-

~cuse for doing mathematics, or as a source of illustratiOns to.

it, but.their integrity_andlparticular'requirementsJafe-respectt.,d

ed.

.Us1ng thlS deflnltlon, we can dlstlngulsh between two prln- L

01pally dlfferent types of 1ntegrated courses-x

(1) integrated courses where the main interests lie with the ..
non-mathematical subjects and where mathematlcs is a service
subject introduced only when and only to the extent that it -
serves these main 1nterests.: ~

v‘.(2) 1ntegrated courses 1ntend1ng to serve also purposes paYlng};‘;aym
. particular regard to aspects of mathematics.

.* . tL . H
At the Natural Sciencé Basic Education Programme at Roskilde -
University Centre‘(my own university) inuDenmark studentsvarefﬁ
engaged .in half of the time in two years with performing

problem—orlented projects on. complex 51tuatlons, whlch are notf

from. the outset defined by subject categorles but in which ma-

thematics and/or different natural sc1ences become lnvolved under
various perspectlves, accordlnq to the 51tuatlon. These”prof

jectsmay be considered as (extreme) instances of integrated’

.. courses. of the flrst klnd

One marked experience which we have gained from these projects, .
is that students do not, in general, feel much inclined to 1ntro-‘.
duce mathematlcal considerations, unléss thlS was expllc1tly ‘

planned from the very beginning. In projects where mathematics -

- or matters closely related to it do not forma.determlned part

of the problem in focus of attentlon, students tend to-.avoid S

mathematlcs, and even if they don't’ the involvement tends to

hbe narrowly dlrected towards exp101t1ng methods or results as

rec1pes without much regard being. paid to their justlflcatlon,jA:

" let alone thelr embeddlng in a systematlc theoretlcal context



If, on the other hand, we are talking about projects, where
the applicational role of mathematics‘is part of the initial
pfoblem, for instance through explicit intentions to con-

| struct or examine a mathematical model, things are markedly
different. Students usually treat the issue of the project,and
the mathematicsto be learnt inconnection with it,with a maturi-
ty, competence and sense of proportions, which are not often
seen with students who learn mathematics andiépplicéfions sé—

pérately.i

Experiences similar to those gained from the Natural Science
Basic Education Programme are reported from various experimen-
tal courses of the same character but of a far smaller scale,

at upper secondary level (16-19 years) in Denmark.

In the programme leading to a final degree in mathematics at
Roskilde University Centre (a programme presupposing and con-
tinuing the basic educational programme mentioned above) all
activitieé have, of course, mathematics as a subject (consider-
ed in a broad context) in focus of attention.Within a complica-
ted organisational framework, which I shall abstain from de-
scribing here (for a reference, cfr. [2] ), courses where ma-
thematics is integrated with other subjects from part of the
programme. Also in this programme we have obtained eﬁcouraging
experiences with projects where mathematical models in biology,
economics and physics are constructed or investigated, encou-
raging also as regards the learning of the associated mathema-
tics, which proceeds faster énd with stronger motivation than
is usually seen with a similar mathematical content. However,
there seems to be a tendency to a weakened long-term fastening
of the mathematics learnt in this way, unless it is supported
by additional"fastening activities", like traditional exercise
sessions.

¥*
The experiences reported show that if mathematics is left alo-
ne to integrated courses of the first kind it tends to reach
an only marginal position, and a position which is insufficient
for a successful pursuit of the purposes for mathematics edu-

cation for which I am advocating. In contradistinction, inte-



grated courses of ‘the second kind seem to be most valuabie

in this respect. Moreover, it is difficult to imagine how
students could acquiredthe sort of understanding and perso-
nal experiences with matnematics in extra-mathematical situa-:
tions, required by the goals stated, if not from integrated
courses (in the sense here defined) formlng part of thelr ma—-
thematical educatlon.v

. This poses a new question: Couldn't we content ourselves with

giving mathematics education alone in the»form of integrated

-

courses (of the second kind)? My reasons for answerlng o"

'to this question are the following:’

»

The capac1ty and power . of mathematlcs in- treatlng problems of
"the real world" is not an illusion. Mathematics indeed offers
remarkably powerful dinstruments for;understandlng and treatlng »
a large Variety of compiex situations outside mathematics itself.
_Any mathematics educatlon ‘pursuing the goals put forward herez
must aim at understandlng the origin and character of this ca-
-pacity. It is probably well justlfled to claim that a.determi-
ning factor in this capaoityane the abstract, deductiveé struc-
tures formlng the edifice of mathematlcs. ‘Therefore thlS edi-

fice as such should be an object of study in mathematlcs teach-

ing. Thls is why the dilemma mentioned in the subtitle of our’

Asession:is a,genuine and not an artificial one. It is necessaryi
. for preparing children/students properly to'deal with useful
"mathematics in natural situations that they obtain'insight in

and knowledge about mathematlcs as a systematlc structure.

Such 1n51ght and knowledge do not automatlcally result from

integrated courses. Actually our experlences suggest that

oy R ‘this is not the case.ABut balanced with courses- on mathematlcs
as a systematic structure they constitute a most valuable, and
in my view even indlspensable, component of any mathematlcs
teaching aiming at giving not only mathematics instruction
but mathematics education. - |

[l] Mogens Niss: Goals as a reflectlon of the “needs of soc1ety
© To appear in "Studies in Mathematics Education II", Unesco

[2] Mogens Niss: The'crisis' in mathematics instruction and a new
' : teacher education at grammar school. level-
Int.J.Math.Educ.Sci.Technol.,; 1977, vol 8, No.3(303-321)
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Peder Voetmann Christiansen.

"bM'PRAKSIS' INDFLYDELSE PA: MATEMATIKKENS UDVIKLING" - !
Motiver £il Kepler's: "Nova Stereometria Dollorum Vinarioum"
Pro;ektrapport af Lasse Rasmussen. ]

Vejleder: Anders Madsen. . - . R
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12/79

13/79

14/79

15/79

- “TERMODYNAMIK I GYMNASIET"

Projektrapport -af Jan Christensen og Jeanne Mortensen
Vejledere: Karin Beyer og Peder Voetmann Chriétiansen.

"STATISTISKE MATERIALER"
red.. Jgrgen Laxsen.

"Lineare differentiall lgninger og d1fferentialligningssystemer
Mogens Brun Heefelt

- "CAVENDISH'S FORS®#G I GYMNASIET". Projektrapport af Gert Kreinge.
‘Vejleder: Albert Chr. Paulsen.

"Books about Mathematies: History, Philosdphy, Education, Modeis, Syséem
Theory, and Works of Reference €tc,t A Bibliography".

_Else Hgyrup.

"STRUKTUREL STABILITET 0G KATASTROFER i systemer i og udenfor

termodynamisk ligevagt“ Specxaleopgave af Leif S. strieglerh
Vegleder Peder Voetmann Christiansen.'
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20/79

21/79
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23/79.
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18/79

"STATISTIK I KREFTFORSKNINGEN". Projektrapport af Michael Olsen og J¢rn Jensen.
Vejleder: Jgrgen Larsen. - - i : o ’ .

"AT SPPRGE OG AT SVARE i fysikundervisningen"
Albert Christian Paulsen.

"MATHEMATICS AND THE REAL WORLD", Proceedings of an International WOrkshop, Roskilde
unlveISLty centre {Dermark) , - 19783 Preprint.
Bernheim Booss & Mogens Niss (eds.).

"GEOMETRI, SKOLE OG VIRKELIGHED".
Projektrapport af Tom J. Andersen, Tommy R. Andersen og Per H.H. Larsen.
Vejleder: Mogens Niss:

"STATISTISKE MODELLER TIL BESTEMMELSE AF SIKRE DOSER FOR CARSINOGENE STOFFER".
Projektrapport af Michael Olsen og J¢rn Jensen.
Vejleder: J¢rgen Larsen.

"KONTROL I GYMNASIET - FORMAL OG KONSEKVENSER". ,
Projektrapport af Crilles Bacher, Per S. Jensen, Preben Jensen og Torben Nysteen.

""SEMIOTIK OG SYSTEMEGENSKABER (1)". l-port lineart response og stgj i fysikken.‘

Peder Voetmann Christiansen.

"ON THE HISTORY OF EARLY WAVE MECHANICS - with special emphasis on the role of
relativity"”.
Helge Kradh.

"MATEMATIKOPFATTELSEK HOS 2.G'ERE" 1. kn analyse.
"MATEMATIKOPFFATTELSE HOS 2.G'ERE" 2. Interviewmateriale.
Projektrapport af Jan Christensen og Knud Lindhardt Rasmussen.
veileder: Mogens Niss.

"EKSAMENSOPGAVER" Dybdemodulet/fysik 1974-79.

. "OM MATEMATISKE MODELLER". En projektrapport og to artikler.

Jens Hgjgaard Jensen m.fj.

"METHODOLOGY AND PHILOSQOPHY OF SCIENCE IN PAUL DIRAC's PHYSICS"
Helge Kragh.

Y"DIELEKTRISK RELAXATION - et forslag til en ny model bygget pa vaskernes visco-

elastiske egenskaber"

Projektrapport, speciale i fysik, af Gert Kreinge. A
Vejleder: Niels Boye Olsen.

"ODIN - undervisningsmateriale til et kursus i differentailligningsmodeller®
Projektrapport af Tommy R. Andersen, Per H.H.Larsen og Peter H. Lassen.
vejleder: Mogens Brun Heefelt.

"FUSIONSENERGIEN - - - ATOMSAMFUNDETS ENDESTATION".
Oluf Danielsen,.

"VIDENSKABSTEORETISKE PROBLEMER VED UNDERVISNINGSSYSTEMER BASERET PA MENGDELERE"
Projektrapport af Troels Lange og Jgrgen Karrebak,
Vejleder: Stig Andur Pedersen.

"POLYMERE STOFFERS VISCOELASTISKE EGENSKABER - BELYST VED HJELP AF MEKANISKE IMPEDANS-
MALINGER 0OC MUSSBAUEREFFEKTMALINGER".

Projoktrapport., gpceciale 1 fyuik, af Crilles Bacher og Preben Joenson.

Vejledere: Nicls Boye Olsen og Peder Voetmann Christiansen.
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33/80
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"KONSTITUERING AF FAG INDEN FOR TEKNISK-NATURVIDENSKABELIGE UDDANNELSER: I-II."

Arne Jakobsen.

"ENVIRONMENTAL IMPACT OF WIND ENERGY UTILIZATION®. ENERGY SERIES NO.l.

Bent S¢rensen.

"HISTORISKE STUbIER I DEN “YEﬁE ATOMFYSIKS.UDVIKLING";
. Helge Kragh. ' '
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