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INTRODUCTION

The years 1925 and 1926 are truly the anndi mirnabili
of guantum physics. In a very short span of time, covering

"V only about ten months, the crisis of the old quantum theory

was resolved and a completelyvnew understanding of micro-
‘pPhysical phenomena had been architectured. The chief ar-
;chitects,were, of course, Heisenberg and Schroédinger, and
the buildings they raised were matrix mechanics and wave
‘mechanics. : ‘ | _ '
o If quantum mechanics represented a thorcugh conceptual
break with classical and semi—Classical ideas, so did the.
theory of relativity, often mentioned together with quantum .o
mechanics as constituting the 'new phyeical world bicture'.'
At thé time'when quantum mechanics develcped('the'theory of
relativity had been an integrated and fclly accepted part:
of physical theory for many years, and had ‘been success—
fully applied, to numerous problems in micro- as well as
macrophysics. . In’ 1925, a physical theory could only be
considered asacompletely satlsﬁactory if it was in accor-
-cance with the principle of relativity. Yet, when matrix
and wave mechanics entered the scene cf science, it was in
strictly non- relat1V1stlc forms. |

In the present work, the role of relat1v1ty in the
creation of tﬁe new mechanlcs,‘partlcularly wave mechanics,
'is subjected to a detailed examination. The general result
is that, contrary to what shourd be expected from the
classical'publications themselmes,'wave'mechanics was
thoroughly mixed up with relat1v1ty Historically, Schro-
dinger's mechanlcs is a relativistic theory. Although it
might have been found without con51der1ng relativity (whch
- is the standard approach taken.ln textbooks) , Schrodlnger,s
route to wave mechanics is hardly imaginable on a non—rela-
tivistic ba51s. Apart from relat1v1ty, the hydrogen spec—
trum may be taken as another crucial element in the creation

of wave mechanlcs, I suggest. In the development of matrix



and wave*mechanicéy*the~twofprimeftesthaSes;were%the _
anharmonic oscillator (for matrix; mechanics)' and the -
hydrogen atom (particularly- for. wave. mechanics) .

For Schrodinger,. the: hydrogen case: was: furthermore tightly
connected with the question: of. relativity. -

Schroddinger' s celebrated: dlscovery of*wave mechanlcs
has been subject to hlstorlcal 1nvest1gat10ns at several
occasions and by several authors,. to be: mentloned below.
There are, however, serious lacunae- in: the historical
writings on the. subject, hitherto; published. Many, of these
lacunae are, I think, due. to. a. lack: off realizing the cru-
cial role of relativity in the creation. of wave mechanics.

Also, what is perhaps fhe most important source mate-
rial as regards the formation of wave:r mechanics, Schro-
dinger's research notebooks, has never been duly incor-
porated in the historical investigations. of' wave. mechanics.
In this work, I try to take: full advantage of’ Schrodinger's
notebooks as well as of other unpublished material.

The aim of the present text is not to give a com-
prehensive or complete- history of. the genesis of wave
mechanics. Important contributions to this end have al-
ready been supplied by historians of science, and there
is no need duplicating their research. Rather, my aim is
to present a cross- -section of the earliest wave mechanics
and its debts to relativity. In this. context, I have paid
particular attention to the work of Oskar Klein, largely
neglected by historians of quantum  physics.

The story of the interplay between gquantum mechanics
and relativity might, of course,. be continued also after
the summer of 1926, which is largely where I stop. In
another paper, focusing on. Dirac's creation of a truly
relativistic wave mechanics in 1928, I have déalt with
elements of the development of relativity quantum mechanics
after 1926. In a sense, this other paper is a continuation
of the story here told.



§ 1. ELECTRONS, QUANTA AND RELATIVITY IN DE BROGLIE'S
THEORY - . . o '

The main sources to Erw1n Schrodlnger s wave mecha-

- nics were the works of Albert Elnsteln and Louis de Brog—

~lle. Indeed, a.short time before Schrodlnger engaged in
the deyelopment oflhis undulatory theory, he had stated
his programme "als ernst machen mit der de Broglie—Einel
steinschen Undulatlonstheorle.Al Einstein' s'contribu-
tions to the emergence of wave mechanics were 1nd1rect,
but profound For one thing, the theory of relat1v1ty '
played a very 1mportant role in de Broglle s as well as
in Schrodrnger s thlnklng ‘about waves and‘partlcles.
" For another thing, Einstein's contributions to quantum
statistical theory ‘were highly influential to Schrodlnger s
route to wave mechanics. And for a third thing, it was
primarily as a result of Elnsteln s endorsement of
de Broglle s. ideas, that they became accepted, and even-
'tually transformed by Schrodlnger. \
The immediate’ predecessor of wave mechanlcs was, how—
ever, not Elnsteln, but de Broglle. For the benef;t of the
further discussion’of Schrodinger's theory; it may there-
_fore be convenlent to recall, the essentlals of de Brog- o
lie's theory Slnce this theory has been treated detalledly
by hlstorlans of sc1ence,2 I shall suffice to present only -
some of de Broglie's main results, of particular relevance
to our subject. Although most of de Broglie's resnlts were
.published already in 1922-1923, in several smaller artic-
les, the by far most complete and mature form of the
. theory appeared in late 1924, 1n de Broglie's doctoral

3 It was also th1s Theée which became of

dissertation.
partlcular importance to wave mechanlcs, such as created
by Schrodlnger. In the follow1ng review, I shall rely
on this work, and partlcularly on its first half the one -

which deals with so-called matter waves.

H

”



~—Winuﬁheﬁverymbeginnihgwof'thispthésiST de Broglie - .

defined his programme to. answer the: question of "quelle
forme nous peuvons faire intervenir les quanta dans la
Dynamique de la Relativité.”4 Howrcouldﬁ de: Broglie asked,
a portion of energy be conceived, if not associated a

certainrggeqﬁehcy? Attempting to bridge quantum theory
and relativity, de Broglie simply!prOposed’to.combine',7
the two Einsteinian 1905 formulae for the energy of pho-

tons and matter, respectively. That is,

hv = m c? , (1.1)
o

This daring and straight~forward combination of quantum
theory and relativity, by de Broglie termed "une grande
loi de la Nature", was made the foundation of de Broglie's
dualistic theory. ‘

If the partiéle of proper mass. m_ moves with velocity

B (= v/c), the natural generalization of (l.1l) is

hy = me? = —2— (1.2)

due to relativistic mass~variability. But this result,

de Broglie emphasized, is contradictory to the one got

from the use of relativistic time-dilation. According to

the Lorentz transformation, the frequency decreases by the
factor V1-g? for a moving particle, so that a fixed observer
should find the frequency

m ¢?

vi = vy 1-g2 = 2 /1-p? (1.3)
h




This disagreement was formally resolved by assigning v o

and v, to two different kinds of hypothetical vibrations.

While v, is the frequency of the‘internal periodic pheno- ‘.
" menon of the‘particle, Vv was assigned to a travellinngaVe;
supposed to acoompany the particle and being'in phase with )
the internal v1bratlon. Thls wave was called a phase wave,

and de Broglle proved that 1ts velOC1ty is glven by
: e . o
- V 8T v _ (l.4)

’Belng larger than ‘the Ve1001ty of llght, V cannot refer
"to a phy51cal transport of energy. The- phy51cal 51gn1f1-
- cant veIOC1ty is the group veloc1ty, U, ‘which in general
relates to v by Lord Raylelgh s formula

(‘—7) (1.5)

Cl=
|
Q:lQJ

" De Broglie easily-proved, by introducihg:(l.Z) into (1.5),
that the group velocity of the‘phase”anerequals the

‘velocity ofothe'moving particle, i.e. that
U=cg=v | (1.6)

In “his further attempts to link together quantum
theory and relat1v1ty, de Broglle ‘made use of an intere-
sting exten31on of the principles of least action, known
from"optics and mechanics. "Guidé par 1'idée d'une identité
profonde du pr1nc1pe de 1la m01ndre action et de celui de
Fermat," de Broglle explalned, "j'ai té& conduit des le
début de mes recherches sur ce sujet a. admett&e'que pour
une valeur donnée de l'énergie totale du mobile et par
suite de’ la frequence de son. onde de phase, les traject01res'
dynamiquement p0551bles de 1'un c01nc1da1ent aves. les rayons

lls

. possibles de 1'autre. For the mechanical motion of a,

'particle, de Broglie departed from Hamilton's principle of

-~




Aihleastwactionfuwhichwhentransiormed;tb;the following,
generalized form : - -~

y - - ]
GJE gax* =o (1.7)

valid for -a rélativiétic pariicle.md§ing in an eleéiromag-f
netic field. In (1.7), Ji are the covarianticomponehts of
a "vecteur d'Univers", which is in fact a generalized

four-momentum:

-3 =P + €R :
‘ (1.8)
_E, e
Jv =2t @

with X and ¢ being the electromagnetic potentials and B
the mechanica} momentum mog(l - 62)-%1 The contravariant
components dx* in (1.7) are equal to (d?,'cdt).

The propagation of waves, on ﬁhe other hand, is de-
termined by Fermat's principle in geometrical optics, and
de Broglie showed that it might be linked to Hamilton's
(or Maupertuis') mechanical variational principle in a
highly suggestive way. For this purpose, de Broglie intro-
duced another four-dimensional world vector, a "vecteur

Onde d'Univers," Oi.,It was defined by
o, = (K, 2 (1.9)

where ¥ is the wave number vector, directed along the rays
and with the wvalue IEI = l/A = “/v. The phase waves were

now shown to be governed by the variational principle

ajf Oidxi = o (1.10)
i=1




The connection between de Broglie's generalized
' variational principles and the classical principles of
Maupertuis and Fermat may be seen as follows: If O is

" inserted in (1.10), the result is

§[R-dT = 5]%'ds'= o
: D, .
which is Férmat's_principlé. Similarly, the first three

‘components of (1.7) yield (excluding electromagnetic terms)

§fP-d¥ = o
which is Maupértuis' principle. By virtue of (1.2) and

(1.4) Fermat's principle may also be written = .

m cf S . ’
6I —2—>ds = §fpds = o

which'is agaiﬁ Maupertuis' principle. 
~The real'progress in de Broglie's use of the varia-

tional principles was his comparison between (1.7) and

( 1.10), the one relating to material aspects, the other
to wave aspects. -In terms of the world‘vecfors, the usual
- quantum’cdﬁdition E=hv may be written as J,=ho,, and

de Broglie suggested that the proportionality also held
 for the othetlthree components, i.e. '

3. =ho, (i=1.2.3.4) (1.11)
In this way Fermat's principle for the phase wave becomes
identical to Maupertuis' principle for the material_par-
ticle. De Broglie's extension of the gquantum law, he admit-
ted, was "un peu hypothétique"”, but he regarded its "accord
profond avec l'esprit de la théorie de la Relativit&" as

a highly qualiinng featu're.6 The novelty in (1.11) is
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i
the relation — - —— s e B o
P = hK L (1.12)
or -
_ h _-hV1-g2
A= B o (1.13)
P moBe .
which is often known as 'de Broglie's formula'. 1In fact,

neither this formula nor the accompanying E=hw were in
themselves de Broglie's discoveries. They had both been
found years ago by Einstein.7 But de Broglie's interpreta-
tion was new and unorthodox: while Einstein's equations
referred to light quanta only, devBroglie claimed their
validity also for material particles, in this way establis-
hing the wanted symmetry between liéht and matter.

It is sometimes stated that de Broglie did only con-
sider free particles and did not apply his ideas to bound
electrons® (and, the point is, he was therefore not led
to a proper wave mechanics of the atom) . This is not.
quite true. In his thesis, de Broglie applied his ideas
of matter waves to the Bohr hydrogen atom, for which he

wrote the frequency of the electron's phase wave as

2 .
hv = S 4+ eo (1.14)

eyl

where ¢ = - % . The phase velocity was found to depend

on the distance from the nucleus in accordance with

However, de Broglie was never led to set up a wave
equation for the wave in question. Indeed, this was the

main difference between de Broglie and Schr'c’;dinger.9
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De Broglie also applied the-new'viewpoint to'pro—
pose a wave ihterpretation of the Sommerfeld4Wilson guan-
tization conditions»for_the stationary states of an atom.
According to these conditions, the stationary states are

determined by

f pdg = nh (n-= 0,1,2,...) ~(1.15)

where the 1ntegratlon is taken over a complete cycle and
where p and q denote palrs of conjugate momenta-coordina-
tes. In de Broglie's picture of the atom, the path of an
‘electron is 1dent1cal to. the ray of its phase wave. For
a stationary state the path must‘then}contaln.a whole num-
ber.of waves, - nk-?.s: or, in the general case -

I,% ds = n L S (1.16)
But according to the previous results (eq.( 1.11)) this
'equals the phase.integral fpdsfdiviéed with h. 'In’thist
way (1.15) is derived as a resonance condition for theu
phaee wave. "Ce beau résultat dont 1la démoﬁstration est ei
‘immédiate‘quand on a admis leSfidées du précédent chapitre
est la meilleure justificationfque nous puissions donner

de notre maniére d'attaquer le:probléme des quanta."lO

As . is abundantly elear from this review of a paft
of de Broglie's theory, it was throughout a nelativistic
theory. In its foundation and in its entire spirit, the
theory was based on relativity in every detail, a'fact
‘repeatedly'streesed by de Brog%ie, then aS'later,ll
‘De Broglie thought in 1924 that he had created a fully
reiativistic éuantum thebry. Indeed, -even if we may extract
the non-relativistic apprdximations of de Broglie‘s theory,

such a thing as a non- relat1V1st1c de Broglie theory cannot
12

be imagined.
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- ~¥he%secepdfhalfmof—the;Th%Ae—dealt—withAiightrquanta —-

and statistical'gaé theory. We shall not be concerned

with this part, even if it was most effective in trans-
ferring de Broglie's ideas to Einstein and to Schrddinger.
Also in de Broglie's quantum statisticsvof gases, relativity
played a profound fple.iMaQy yeafsrlaéer,tderBroglieistqf
téd:i"Sans les idée§ de>la:relatiyitéret,fenVparticuiief,
sans la loi relétiVisté de:composition des vitesses, et lesf
formules de la dynémique correspondante, il serait impossib-

le de comprendre les propriétés de lumigre." 13

In regard of the close congruence between de Broglie's
and Schrodinger's works, one may ask why de Broglie did not
himself develop his theory into a,pfoper wave mechanics,
including a wave equation. From a formal point of view,r
this may seem to have been an obvious possibility since
most of the material of which Schrdédinger formed his wave
mechanics were already contained in de Broglie's theory.
This holds not only for the basic conception of particles'
wave nature, but also for the methods applied by Schrddinger
in his derivation of the wave equation. The role of group
velocity, the use of variational principles and the opti-
cal-mechanical analogy were all highligthed by de Broglie.

Kubli14 has called attention to two kinds of reasons
why de Broglie's theory remained a rather hypothetical ap-
proach and was not, by de Broglie, developed into a pro-
per wave mechanics. For one thing, a number of 'external'’
reasons made de Broglie less suited to follow a route &
la Schrodinger. De Broglie's mathematical and physical
knowledge was, for instance, incomplete on some central
issues, due to a generally low standard of French science
education, especially as regards mathematical analysis.

In 1914, de Broglie was thus not acquainted with the theory
of eigenvalue problems. Also, de Broglie was isolated from
the mainstream of theoretical physics taking place in

particular in Germany. In contrast, Schrodinger's pro-
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" fessional background and mathematical tra1n1ng was flrst
class and partlcularly well SUlted for his comlng work

15
in wave’ mechanlcs.

But even if de Broglie was, by these'and other reasons,
badly equipped to develop his 1deas into a wave mechanics,
they do not explain ‘why he didn't attempt to put up ‘a wave
equatlon such as can very ea51ly.be done from de Broglle s,
formulae (see § 8). For this question we must turn to |
'internalf reasons, i.e. the differences between de Brog-
lie's and Schrodinger's research programmes. It was de Brog;
lie's aim, then as later, to establish a purely dualistic
‘ theory of waves and partlcles. For this purpose he . con-

' structed his phaée waves whlch he 1mag1nes as progressing
waves a55001ated malnly to free partlcles. Schrodlnger s
ambitions, on the contrary, were to substitute waves for

~ material partlcles, ‘which he represented as wave_packets.
Schrodinger's main . concern was, furthermore, with the am; -
plltudes of the waves, not with their phases. His waves

were not progre551ve, but standing waves:. "Der Hauptunter—
schied ist, dass de Broglle an fortschreltende Wellen denkt,
wahrend w1r, wenn wir unseren Formeln die Schw1ngungsvor-
Astellung unterlegen, auf stehenden E1genschw1ngungen gefuhrt
werden." l§ The Schrodinger equatlon is an amplitude equation,
correspondlng to the one governing 'standing waves in a vi-
brating strlng. It is formally, but not conceptually, with-

in the range of de Broglle s framework.

One should realize that there ;g an unbridgeahle gap
between the formal'setting up of equations and -the concep-
tual.creation of a theory which rests on these equations.
Formulae are not theories. Thls rather obvious p01nt may
be relevant to various speculatlons about how wave mecha—
nics could have been created. Friedrich Hund has argued
that de Broglle s ideas of matter waves could, and -
should(?),'have been the natural outcome of Einstein's

theories_from31905 and l917$ ‘JEinstein selbst hatte den



— Dualismus auf die Materie ausdehnen und seine -eigene . .

Beziehung (E,B) ='ﬁ(w,ﬁ) verallgemeinern kdonnen, aus -
EZ/c? - p? = m?c? also w?/c?-k? = 2 fur eine Materie-
welle schliessen konnen. Aber Einstein war mit der ‘

Gravitationstheorie genugend beschéftigt.?l7

This ar-
gumentgtiogris,;howgverh.unh}stogicalianditheqfetically
untenable: even.if:Einstein, or'sgméiody:eisé, haa co;-
structed the formula w?/c? = K2=¢?, this wouldrhavé had
nothing to do, in itself, with matter waves. That Einstein
did not conceive matter waves because he was too bﬁsvaith
gravitation theory is plain nonsense; this preoccupation

didn't prevent him from delving intensively into quantum

. statistics in 1923-25.

Another story, which is subject to the same kind of
objection, is Max Born's claim that he could have had

"the whole wave mechanics from quantum mechanics at once,

nl8

a few months before Schrodinger. At another occasion

Born has told his story as follows:

"Wwe [i.e. Born and Wiener]... published a paper
which in some ways is a precursor of Schrddinger's
operator calculus in quantum mechanics, but we just
missed the most important point in 'a way which makes
me ashamed even to this day. For in our paper we
used the differential operator D = d/dt and identified
it with (27i/h)W, where W denotes the energy, but we
failed to see that in the same way d/dq represents
(27i/h)p, where p is the momentum belonging to the
coordinate g. --- Thus we were guite close to have
wave mechanics but we didn't reach it --- it was

the most outstanding example of my being quite cloig
to an important discovery and letting it slip by.

What Born and Wiener would have obtained, would perhaps

have been an operator formalism equivalent to wave mechanics,

but it would by no means have been a wave mechanics in Sch-

rodinger's sense. 20




'f15-

§ 2, FROM DE BROGLIE TO SCHRODINGER
UNTIL CIRCA NEW-YEAR 1926,

As is well known,»dehBroglie's ideas were not‘
received favourabiy by the physical community at their
emergence in 1923-24. Outside Paris, they were largely
ignored. One of those who fully appreciated de Broglie's’

- theory, was Paul Langev1n who spoke about it with sym-
pathy at the Solvay Congress in 1924. 21 Langevin, “who

was one of the examiners of de Broglie's doctoral the-
sis, was a staunch relat1v1st and was particularly im-
pressed.by the theory's founding on relativistic princip-
les of'inyariance. It was also Langev1n who sent a copy
of de Broglie's thesis to Elnsteln in December 1924.
Elnsteln hesitatingly recognlsed the importance of

de Broglie's work, 22 ana then backed it up with hlS

full authority. In particular Elnsteln referred very
positively to de Broglie' s approach in his important

, work on gas, degeneracy, 1ssued on 9 February_l925 23
It was this paper of Einsteih's, andralso a summary
report_appearihg earlier in Philosophical Magazine,24
which'really made'de”Broglieﬁs'ideas known to people

. outside Paris. And it was also Einstein's gas theory
paper which induced'Schrodinéer, at that time a pro-
fessor at the Unlver51ty of Zurlch, to study de Broglie's
theory.?> ' ' ) o

Accordlng to the memory’of Edmond Bauer,26 Schro-.
dinger recelved at about the same time as Elnsteln,

a copy of de Broglie's the51s whlch he did not, how-
ever, find reasonable ("that s rubblsh'" Schrodlnger

is to have said) . Only after ,Langevin ‘had again advo-
cated de Broglle s theory, Schrodlnger took. 1t up and
realized 1ts value to atomic. theory However, this story
is not rellable since there is documented ev1dence that
Schrodlnger did not occupy hlmself Wlth an exten51ve

f study of de Broglie's theory until November 1925

(see below) . Anyhow, it was about February 1925 that
/



—- —Schrodingery inépiréd“by EinsteinTMbecaméfacquainted“‘ -
: with de Broglie's thinking,'althdugh at that time not .
with his major work, the thesis. Schrodinger's primary
concern during 1925 was not in atomic theory but in the
field of gas statistics, and consequently it was the gas?
statistical aspects of de Broglie's work whiqh appealed
to him. Schrodinger followed up Einstein's and Bose's
pioneering theories in a number of investigations.
During this period he appears to have been close to
Einstein's research programme, in which proper atomic
theory had only a remote placing. Schrddinger's works
on quantum statistics have been thoroughly discussed
by historians of scienCe,27 and shall not be mentioned
here; also, they are largely unrelated to the genesis
of Schrbdinger's wave equation, which is our main con-
cern. Suffice to say that Schrddinger, through the gas
statistical approach, and particularly so in his Zux
Einsteinschen Gastheorie, proceeded substantially to-
wards the ideas of wave mechanics. In this paper Schro-
dinger made explicit use of de Broglie's formulae (1.2)
and (1.4) for his phase waves. Concerning the energy
spectrum of an ideal gas, Schrodinger wrote:

"Wir berechnen es in engem Anschluss an L. de
Broglie aus der Vorstellung, dass ein mit der
Geschwindigkeit v = Bc bewegtes Molekual von
der Ruhmasse m nichts weiter ist als ein 'Sig-
nal', mann kdénnte sagen 'der Schaukamm', eines -
Wellensystems, dessen Frequenz V in der Nach-
barschaft von ’

2

v = —25__ liegt und fir dessen Phasengeschwin-

nv/1-B82

digkeit u ein Dispersionsgesetz gilt, das durch

vorstehende Gleichung, in Verbindung mit u = c/B

= ¢?/v gegeben wird."

But wave mechanics, such as presented by Schrodin-
ger in the spring of 1926, is essentially a theory of
atoms, starting with the crucial case of the hydrogen
atom. Wave mechanics was first really conceived when

Schrodinger directed his interest towards an applica-
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tion of de Broglie's ideas to the hydrogen atom.

‘When de Broglie's thesis appeared in printf
Peter Debye; then a professor at the Technical Uni-
versity in Zﬁrich, received a copy and it was deci-
ded to take de Broglie's theory up at one of the joint
physics COllqula which were regularly taken place
together with physicists from the nearby Unlver51ty of
..Zirich. It may well have been, such as claimed by De-
bye many years afteryzg-this ‘collogium which really
. opened Schrodlnger s eyes to the use of matter waves
in understandlng atomic structure. "We were ‘talking ,
about de Broglle s theory", Debye recalled, "and agreed’
that we didn't understand 1t, and that we should really
_Jthlnk about his formulatlons and what they mean. So I
' asked Schrodlnger to give us a colloqulum. And- the pre-
paration of. that really got ‘him started. »30 e may -
then assume -that Schrodlnger was asked to report on
de Broglle s theory with which he was already falrly
well acqualnted and with which he had a professional
l and 1ntellectual sympathy. Schrodlnger prepared for
‘the collogium by a close study of de Broglie's the51s,

published in Annales de Phyé&qué.3l

The’ same thing is’
reported by Erwin Fues (see § 5) and also by Felix
Bloch, who,attended the colloquia as a young student.
Bloch remembers Debye saying something like: "Schro-
dinger, you are not WOrking right now on very impor-
tant problems anyway. Why don't yon tell us some time
about that thesis of de Broglie, which seems to have
attracted some attention." When Schrodinger, in one
of the next colloquia, had flnlshed hlS account of

de Broglie' s theory, "Debye casually remarked that

he thought thlS way of talklng was rather childish.

As a student of Sommerfeld he had learned that, to
‘deal properly with waves, one had to have a wave

equation. --- Just a few weeks later he[ﬁchrodlnger]

K1
"

o



,gavezanother_taik,inbthe;gollgquiquwhigh he started

by saying: "My colleague Debye suggested that one : .

should have a wave equation, well, I have found one'“"32

. Whatever the historical accuracy of these remini-
scences, it is a fact that Schrodinger, in the autumn
of 1925, had completed a thorough “study of de Broglie's
thesis. Oon 3 November Schrodlnger wrote toAElnsteln.
"Mit grosstem Ihteresse habe ich vor einigen Tagen die
geistvollen Theses von Louls de Broglle gelesen, deren
ich endllch habhaft wurde. 33 '

During this reading, Schrodinger noticed a striking
similarity betweeh de Broglie's resonance interpretation
of the quantizationrconditions'and an earlier theory of
his own, in which he had attempted to reproduce the
guantum conditions of the hydrogen atom from Weyl's ex-
tension of general relativity.34 This work has been the
subject of a detailed historical treatment by Raman and
Forman,35 who have suggested that the resemblance to
de.Broglie's ideas did not only affect Schrodinger's’
receptivity to de Broglie's thinking, but in fact deter-
mined the starting point for Schrddinger's attempt to
develop de Broglie's theory into a wave mechanics of
atoms. That Raman and Forman's suggestion is correct
is, apart from their own careful argumentation, sub-
stantiated by the above mentioned letter which continues:

"damit ist mir auch der § 8 Ihrer zweiten Entar-
tungsarbeit erst voll deutlich geworden. Die

de Brogliesche Interpretation der Quantelnre-
geln scheint mir Beziehungen zu haben zu meiner

Note Zs.f.Phys. 12, 13, 1922, wo eine merkwir-
dige Eigenschaft des Weyl'schen "Massfaktors"
—f@idxi

e entlang jedes gquasi-periode gezeigt

wird. Der rechnerische Sachverhalt ist, so viel

ich sehe, derselbe, nur von mir viel umstind-
licher, wenigexr elegant, und nicht eigentlich
allgemein gezeigt. Natf@irlich ist tUberhaupt

de Broglies Ueberlegung in Rahmen seiner gros-—
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sen Theorie von ungleich h&hérem Wert als. .

meine  Einzelfeststellung, mit der ich zu-

nachst nichts anzufangen wusste."3§
What seems important by Schrddinger's autumn study
of de Brogliels thesis, is that hlS interest in
de Broglle s work became no longer limited to gas
theory, i.e. the,Elnsteln programme, but from now on
»also covered atomic problems. On-the other hand,_- |
Schrodlnger dld not at once concentrate on his new-
ideas on.a wave mechanlcs of atoms at the expense of
gas theory, Wthh subject remalned essentlal to Schro— _
dlnger. As is w1tnessed by the first -part of the letter
to Einstein, and as has been pointed out by Hanle,37
‘Schrodlnger continued to study de Broglle s theory in
large measure to analyze Elnsteln s theory of quan-
tum gas statlstlcs. _

A further 1mpre551on of the state of affairs at

about the: assumed ‘time of the Zurlch colloqlum may
be galned from a. letter to Landé of November 16:

‘"Ich habe mir dieser Tage stark mit Louis
de Broglles gelstvollen Theses beschaftlgt
Ist ausserordentllch anregend, hat aber doch
noch sehr grosse Harten. Ich habe vergebens
versucht, mir von. dér Phasenwelle des Elek-
trons auf der Keplerbahn ein Bild zu machen.
Als "Strahlen"™ kommen doch wohl behachbarte
. Keplerellipsen von glelcher Energie in Be-

tracht. Das gibt aber greuliche "Brennlinien"

oder dergl fur die Wellenflache\f38' )
This letter seems to indicate that at this time, Schro-
dinger had: taken the first hesitating steps towards
an application of de Broglie's ideas to atomic struc- .
‘ture and. that these steps were a llttle prior: to Schro—
dinger's appllcatlon of the same 1deas to gas theory.
As pointed out by Wessels, ? there is no- mentlonlng
of gas theory in the letter, such as- one would ex-
pect to. be: the case if Schrodlnger at that time worked:
on the ideas whlch were later publlshed as lur Einstedn-

sAchen GaAtheonle Wessels argues, furthermore, that

Schrodinger's remarks about 'greuliche "Brennlinien"'

\



*"(*horrible*caustics'féindicate tﬁat—Schrédingeszas_ -
- then still folléwing de Broglie's conception of mat-
ter waves as travelling waves. In contrast, the pic-
ture Schrﬁdingef outlined in his/wave mechanics, was
one of standing waves and this idea, crucial to. the
whple‘Wave mechanics,'haq nétAas yet entered Schro-
dinger's mind. 7 ‘ - ; , : ,
' Probably Séhr6dinger"was oﬁrthe track of the basic
features of wave mechanics in late November and has
worked parallelly on this new trend and on his theory
of gas statistics. The latter work may have occupied
most of Schrddinger's resburces, so it was only after
mid December he was able to concentrate on the new
approachvto atomic theory,; and to do so with an increa-
sing intehsity. _
Schrodinger's attempt to apply a standing wave
modification of de Broglie's theory to the hydrogen
atom resulted in a wave equation, which Schrodinger pre-
sumably had found at about mid December. This differen-
tial equation was, as will be substantiated in the lat-
ter part of this article, the relativistic wave equation.
Schrddinger's efforts culminated during a christmas va-
cation in Arosa in Italy. On 27 December he wrote to
Wilhelm Wien and told about his progress as well as about
his difficulties:

"Im Augenblick plagt mich eine neue Atomtheorie.
Wenn ich nur mehr Mathematik kdnnte! Ich bin bei
dieser Sache sehr optimistisch und hoffe, wenn
ich es nur rechnerisch bewaltigen kann, so wird
es sehr schdén. Ich glaube, ich kann ein schwin-
gendes System angeben - u. zw. auf verhdltnis-
mdssiqg nattrlichen Wege, nicht durch ad hoc
Annahmen ~ das die Wasserstofftermfreguenzen

zu Eigenfrequenzen hat. Aber nicht eigentlich
diese selbst, also nicht

—R/nz, sondern Eﬁ- - gz (m = Elektronenmasse).
Diese Frequenzen sind sehr hoch gegen die op-
tischen und auch noch gegen die Réntgenfre-
gquenzen haben aber nuhr sehr kleine relative
Differenzen voneinander. Daher ist, wenn etwa




_er

mc R mc R
Yo T Th n? ' Yo T Tn m?
als dann
. : 1 1
Vo- v = = - =
R o R(mz n2)

eine richtige Schwebungsfrequenz. Damit ist ein
wirkliches. Verstandnis der Bohr'schen Frequenz-
berechnung .angebahnt - es ist wirklich ein schwin- .
. gungs - (bezw. ein Schwebung@vorgang da, welcher
mit derjenigen Frequenz erfolgt, die wir im Spek-
troskop beobachten. '
Ich hoffe, ich kann bald ein wenig ausfihr-
licher und verstandlicher Uber die Sache berich-
-ten. Vorlaufig muss ich noch Mathematik lernen,
um das SchWingungspréblem ganz zu ﬁbersehen -
eine lineare Differenzialgleichung, der Bessel'-
schen, dhnlich, ‘aber weniger bekannt und mlt
merkwﬁrdigen Randbedingungen, welche sie "in
sich tragt", nicht wvon aussen‘vorgeschrleben“
bekommt. ndo

From this interesting letter it seems justified to 1nfer

. that at the end of December Schrodlnger was still’ occupied
with a. relat1v1stlc formulatlon (cf. the mc? terms),

he had found the elgenvaluedequatlon for the hydrogen
atom, but had not as yet been able to solve it becauee

of mathematical difficulties.,Schrédinger‘Q hints at

a wave explanation of Bohr'e frequency condition in .
terms of beats (Schwebungen),was taken up in his first
communication on’ wave mechahics,'submitted/for publica-
tioh exactly one month‘leter. In there, Schr6dinger
virtually echoed the remarke in the ‘letter toWien.41
At an earlier date, also de Broglie had censidered
}Bohr's freQuency conditien as a kind of a beat rela-,

tion, resulting from 1nterfer1ng phase waves belonglng

to the two. energy levels 1n‘quest10n. Although this
consideration is not included in the Thise, Schrodinger

may have been acquainted with de Broglie's idea.

o




Schrddinger remained iQ;Arqsé until 9 January 1926.
A few days after his return to‘Zﬁrich; héfsuéééédéé’taf
solve his wave differential equation for the hydrogen-
atom, although with a rather disappointing result.
Before proceeding with Schrodlnger s early treatment
of the hydrogen atom we shall, however, make a some-—
what lengthy dlgre551on on the role of the hydrogen

spectrum in quantum theory

§ 3, THE HYDROGEN SPECTRUM IN QUANTUM THEORY.,

In the development of modern atomic theory the
"hydrogen spectrum has played a unique role. Ever sin-
ce Balmer and other scientists in the late nine-
teenth century expressed the regularities of the
hydrogen spectrum by simple formulae, the hydrogen
spectrum had a profound impact on the advance of
atomic theory. The history of the role of the hydro-
3 What follows,
is not an attempt to do so, but merely an outline of

gen spectrum remains to be written.

some spectacular events connecting the hydrogen spec-
trum to quantum theory. It is intended to furnish a
background for the further account of relativistic
quantum mechanics in which the hydrogen spectrum
played a central role. In this section I shall deal
briefly with the hydrogen spectrum before quantum me-
chanics, while in the next section I shall consider
the earliest quantum mechanical attempts to guantize

the hydrogen atom.

As is well known, Balmer's formula from 1885
was succesfully explained by Niels Bohr in his ato-
mic theory from 1913. Bohr stated Balmer's formula

by means of the expression
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(3.1)

‘'with Z=1 for hydrogen, and n=1,2,3... being the

: principal quanfum number. The relation to the

empirical Balmer formula is obtained by putting

R (Rydberg's constant) equal to 2m%e‘mh™? and by -
Bohr'!s second postulate (E_ - E6) = hv, whgre o

m = 2 for the Balmer series. Bohr's theory was

‘not really_é theory of the hydrogen atom. In fact,

 the majof part of the theory was worked out in 1912,

.at a time wheh.Bohr did not~-at all consider, and had
not yet taken note of} Balmer's formula.2? This is

" noteworthy, because the éccéptancé of Bohr'sAideas
relied to a high degree on his derivation of Balmer's
formula and,on further details concerning the hydro—“
gen spectrum. This was,.so“to speak, the point . _
' whiéh made étherWise*sceptical physicists swallow Bohr'é
strange theory. From thaé time oﬁ, and also at some pre-
vious occasions (for:examplél}the pre-Bohr attempts ‘
of Haas, Schidlof and Herzfeld to introduce the

quantum of action in atomic struqture) the hydrogen-
spectrum became the issue upon which new atomic theo-
ries were judged. As the simplest physical éystem in
nature, the_ hydrogen atom became a test case for new-
quahtum thebries'vfeliabilitx as regards physical rea-
lity.

Already at the arrival éf Bbpr's theory, it was
known that the simple Balmer,expression, and then
eq.(3.1), d?d‘not entirely réproduce the Visible part
of hydrogen!s spectrum. In 1891 Michelson had detec-
ted a small‘deviance from Balmer's formula, indica-

ting 'a doublet stfucture of the individual lines with
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a separation in wave number of circa 0.3 cm ~,

- and in 1914 Curtis reported the same disagree-

ment more systématically. The lack of precise

~ agreement between Bohr's theory and experimental

spectroscopy célledrfor a refinement of Bohr's
atomic model, briginally formulated non-relati-
vistically. In 1915 Bohr therefore considered

the relativistic cHange;of mass with"veiocify,

and he obtained an extra frequency which narrowed
the gap between theory and experiment, but did not
remove it.%> / '

A full inclusion of special relativity in

'Bohr's atom was attained with Sommerfeld's theory

from 1915-16. According to Sommerfeld the relativi-
stic motion of an electron in a.Coulomb field was
fully described (in the case of no external magne-
tic field) by two quantum numbers, n and k. The
quantization procedure applied by Sommerfeld yiel-
ded the following, rigorous formula for the energy

levels:
|

E 211 a’2’ i 2 (3,2)
= mocC + . -mgc .
n,k [(n"k) - ‘652_0'222]2

Here o is Sommerfeld's fine~structure constant

2re®’h !'c¢”!, n is Bohr's principal gquantum number

and k is the azimuthal quantum number, k =1,2,...,n.
Instead of using n and k, the formula was often writ-
ten in terms of nr and k, where n_ is the so-called
radial gquantum number, nr = (n - k). An expansion

in powers of (aZ)? gives the following, more work-
able expression:

ha"-[l , e’z n _ 3

n,k " —;?_{F - E)] (3.3)

E
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In the follow1ng, this formula will be called the
'approximate Sommerfeld formula', while (3.2) is ‘
the 'exact Sommerfeld formula'. Sommerfeld's theory
~was brilliantly confirmed right after its appearance,
~especially by‘the experiments_madeuin Tﬁbingen by
Paschen and his co-workers.” In 1916, Paschen's
measurements of the doublet separation in the

Ha‘line indicated a’value.of 0.31 cm . In comparison,

- the theoreticalevalue,obtained from (3.3) is

Ro.2z"
16

1

AV = ZAE = = 0.3650 cm’
.From- continued measurements“ -the Tﬁbingen spectro—‘
scopists reported in 1924 the1r best result to be |
Av = (0.3645 - 0.0045) cm l, i.e. a perfect agree- .
ment.46 The bulk of Paschen' 's measurements focussed.
on the. llnes of ionized hellum, partlcularly on the
wavelength 4686 A, due to the transition n=4 » n=3.

. It was this line,. rather than the H  line, which be-
came a kind of test case ‘for the theory (the advan-._
tage of u51ng He® instead of hydrogen as a test is,
of course, due to the factor'Z2 which makes the He'

' separatlon sixteen tlmes that of hydrogen) ‘Sommer-
feld's theory showed equally valuable to the study
of X- ray spectra, and’ also in thlS area it appea-
red to predict the experimental data with excellent
accuracy. 47 All thlngs con51dered the evidence in '’
support of Sommerfeld's theory were so impressive
‘that very few phy51c1sts doubted the correctness of |
the explanatlon of the hydrogen spectrum in terms

of relativity. What appeared to be a perfect agree-
ment between theory and exper1ment~convinced theore-
tical phy51C1sts that the hydrogen spectrum was no
longer a problem and was therefore hardly worth to
,1nvestlgate any further. ThlS feeling was only streng-.

thened by the demonstratlon ‘that the theory was able
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to_account also for the behaviour iof .an electron . _
placed in a crossed electric and magnetic field.48
In this way the success of Sommerfeld's expla-
nation turned out to have, from a retrospective point
of view; a repressive impact upon the development of
atomlc phy51CS, rather than a progre551ve one. As
was only clarlfled some 12 years later, the agree-F
ment is largely c01n01dental “since Sommerfeld's re-
lativistic explanation by chance includes the effects
of épih, unknown in 1916. This accurate agreement was,
in Van Vleck's words, "perhaps the most remarkable nume-

rical toincidence in the history of’physics";49 and

Kronig has called it "a fortunate coincidence".>?

A coincidéence it was, but one may wonder if it was
really a fortunate one or if it was not rather

a hindranee, as the troubles became disguised in the
remarkable agreement. If the relativistic treatment of
the old quantum theory had not given this extraordina-
ry result, the hydrogen case would still have been
regarded as an anomaly. Being the most simple atom,

an explanation of its spectrum would have been a
challenging problem to the theorists and would probab-
ly have resulted in new insights. Of course it is
impossible to say what would have happened if the
course of history had been different, but in this

case one would assume that the collapse of the old
quantum theory and the emergence of the new quantum
mechanics would have accelerated. The role of a
'hydrogen puzzle' would probably have been even
greater than other experimental .anomalies, such as

the anomalous Zeeman effect and the helium spectrum.

The situation being as it was, the interest was
turned away from the simple spectra of hydrogen and
He+, and it was in connection with more complicated

spectroscopic phenomena - Zeeman effect, doublets
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and'multiplets in the optical region and in - the

. X-ray region - that the dissolution of the old
gquantum theory took its beglnnlng. From 1925 it
became, furthermore, 1ncrea51ngly realized that
‘not,even for the. hydrogen spectrum could Sommer--
feld's’theory be regarded as the final word. This
'insight was gradually forced upon by new measure-
ments of the fine-structure of the Balmer lines. ‘
"Most of these measurements took advantage of the
newly developed plates of Lummer and Gehrcke which
allowed a better resolution than in Paschen's A
‘classical observatlons, based on optlcal gratlngs

'In 1924- 26}several German spectroscopists challen—
ged/Paschen simeasurements and reported values for

~ the doublet separation in H which were considerably
.1ower than, predlcted by Sommerfeld's formula.’ Janlckl,
~ Lau, Gehrcke a.o. concluded that Av was close to
0.306 cm l

fore unable to account for the flner detalls of

. and that Sommerfeld's theory was there-

the hydrogen spectrum.5 -Other spectroscoplsts cri-
ticized these conclusions and claimed that the measure- -

ments either supported. Sommerfeld's theory or that

2

’they were 1nconclus1ve.5 On the whole, there was

- wide dlsagreement among the best German spectrosco—

pists about how to- 1nterpret the experiments.

» Spectroscoplc prec151on measurements on the
fine- structure in hydrogen were met’ with serious

- experimental dlfflcultles, whlch made the data ra-
ther unrealiable as a test of Sommerfeld's theory.'
The difficulty is in particular due to the wide-

_ ningzof the spectral'lines caused by the Doppler
effect; at room temperaturefthevDoppler width of -
the H components is about b 2 em™ !, which will
effectlvely prevent a satlsfactory resolution of

the spectral lines. Apart from the experimental

dlfflcultles, the dlsagreements about the hydro—
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-gen finefstructurefweredalso~rooted*inwconfusioﬁ —
about the proper interpretationéof»the~experimen—7
tal resuilts. The Pidealized”;Ha‘dpublet,,Av, is

the difference between xhe,zzxana 21 levels (using
a nk,notation) which is mnot, however, directly ob-
,servdble.fThe;Cbse;ved;valugs reported by the spec-
irosgppis;s were the difference sbetween the t&o 7
6bservablé peaks of the douﬁleti and this value

is only identical to the theoretical‘Av if the
fine-structure of the n=3 levels is;disregarded.
From the three transitions, allowed to occur accor-
ding to the .0ld quantum theory, Av cannot be exact-
ly determined (sée the figure).

In this development, the careful observations
of G.Hansen on the Balmer lines were of particular
importance.53 Hansen reported not only a Av of
0.318 cm;l, i.e. much below the :Sommerfeld-Paschen
result, but more important, he reported observation
of a new line which could only be ascribed to the
transition 3l > 21 (D in the figure). This compo-
nent, for which there was soon found additional evi-
dence‘,54 is forbidden according to the Bohr-Sommer-
feld theory: 1In there, transitions are governed by
the selection rule

+

Ak = 1

such as Bohr had demonstrated in 1918 from the cor-
respondence principle. The fine-structure of the

Ha line 6563 A consists, then, of only three lines
according to the Bohr-Sommerfeld theory (indicated
with full lines in the figure). Experimentally, they
appear as a doublet because the n=3 levels are very
close to each other, the two transitions from n=3

to nk=22 (A and C) cannot be resolved, and appear

as a singlet. So there was no room for further

lines if keeping to the traditional guantum notation

and selection rules. The interpretation of the new
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~Iines foundrin;hydrogenrwandfalso:inpﬂeif as well
as the experimental confusion as regards the value o
of the fine-structure separation, therefore presen- '
ted a dilemma to Sommerfeld's reIativisfic-treat—
ment of the Bohr atom. The evidence from the hydrogén
spectrum, however came at a relatively late date,
about the autumn of 1925, at a time where many other
evidences clea}ly called fbf‘a-revisioﬁ;of the old

quantum theory's spectroscopic results (see below).

The answer to the dilemma was at first purely
formal, consisting‘in a relabelling;of“quantum states
and a revision of selection rules. The merits of Som-
merfeld's theory for hydrogenic atoms were, after all,
too impressive to allow the theory to be invalidated

by experimental evidences of a not too conclusive nature.

There were, however, some attempts to formulate alterna-
tive quantum theories for the hydrogen atom. These at-
tempts came at a time where the new quantum mechanics
had already invalidated the foundation of Sommerfeld's
theory, although without being able to furnish a satis-
factory explanation of the spectral fine-structure.
They were therefore outdated at their very emergence
and they were not, at any rate, regarded to be serious
alternatives. Nevertheless, these attempts from the
fringe of mainstream physics should not be ignored in
a historical context.

M.Bronstein, a physicist from Kiev, proposed to
build up a theory of spectral fine-structure based on
a dubious modification of relativistic mass variabili-
ty.55
expression for the mass of an electron in a.Coulomb
field

He proposed to replace the usual relativistic

with
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m -
.0 C2r

m=-———S*%t

i.e. to include the potential energy of the elec-

tron in the rest mass.'From this approach,- and by
follow1ng Sommerfeld's integration procedure from

| 191e, Bronsteln derived a fine-structure formula

which only dlffered -from Sommerfeld's with the close
to one factor (1 - 2mo/mv) where m is the rest mass
of the hydrogen nucleus.. However, as oulckly p01nted '
out. by Kudar,56 Bronsteln s speculative theory has
nothing whatsoever to do with proper relat1v1ty

theory, and the almost-agreement with Sommerfeld'
result hence was w1thout any ‘scientific 1mportance;
Sommerfeld's theory of fine- structure was also chal-
lenged bygAdolf Bucherer, then honorary professor in
‘Bonn, who;adopted’Bronstein's View of including poten-
tial energy in the rest mass.57 Bucherer's theory was |

’ no,leSs'artificial_than Bronstein's, and neither it
seems to have been taken seriously by other physi-

= cists.'In-contraSt to Bronsteln, Bucherer deduced

a widely different fine- structure spllttlng than in
Somﬁerfeld's theory, namely Av = 0.296 cm-l. From this
value, compared with the recent measurements of Gehrcke,
Lau a.o., Bucherer felt. justlfled to conclude that

his own theory was superlor to Sommerfeld's, and that
the standard interpretation of relat1v1ty ‘theory. hence
was shown to be 1nadequate.

The attacks on Sommerfeld's explanatlon of fine-
structure. were, in large measure, connected with the
attacks on Einsteinian relat1v1ty, which were fairly
.frequent 1n the twenties,. partlcularly among the 'right
w1ng phy51c1sts in Germany. Much of the critique laun-
ched against Einsteinian relativity had polltlcal and
racial overtones, espec1ally the part associated with

the v1ewp01nts of Lenard and Stark. >8 Bucherer belon-

ged to the group of elder professors, who were not
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able to @ggept;;glatigigy in Einstein's key.
In this context, it may also be relevant to poinE‘
out that Eduoard Gehrcke, a noted specialist in
optics‘and one of the~§hysicists who reported fine-
structure valués incompatible with Sommerfeld's N
theory, shared the anti-relativist stand of Buche-
rér, Leﬁéfd a.é.‘ Jusﬁ as Buéherer[;GehrcEé had for
years criticized the theory}éf relafivity;:partlj
from philosophical grounds and partly from the stand-
point of an experimentalphysicist's-60

It should not be forgotten; however, that in
spite of the numerous attacks on Einsteinian rélativi-
ty in the.twenties, this trend did not penetrate in-
to the mainstream of physics to any considerable extent.
In Gottingen, Berlin, Hamburg, ZuUrich and Copenhagen,
the anti—relativistsAwere, in no small measure, consi-
dered to be a group of quasi-cranks.

But let us return to the so-called mainstream of
development. As previously mentioned, it was particu-
larly investigations of alkalidoublets and of X-ray
doublets which in 1925 led to a general distrust in
Sommerfeld's theory, not evidences from the simple
spectra of hydrogen and He'. The entangled story has
been analysed in details by Forman and by Serwer, to
whome is referred for further information.6l

In early 1924 Millikan and Bowen had casted se-
rious doubts on Sommerfeld's relativity explanation
of the doublet structure of spectra.62 By extending
Sommerfeld's formula for X-ray doublets to optiéal
spectra, the two American physicists pointed out a
number of difficulties to the Bohr-Sommerfeld theory
which indicated that the empirical material could not
be accounted for by means of the theory's conception
of relativity doublets.
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Millikan and Bowen simply proposed:

"to throw overboard altogether the relativity
explanation of the "relativity-doublet" and
to assume that the amazing success of this '’
relativity formula in predicting the correct
numerical values of s [i.e. the screening
constant] .... is not at all due to diffe-
‘rences in the shapes of elliptical and
circular orbits, as postulated by the
relativity theory of doublet separations,’
but that there is some other cause which

by mere chance leads .exactly to this rela-
tivity formula without actually nece551ta—
ting relativity conceptions.

They were not able to concretlze their critique any

- further than presenting a dilemma, both,of which

two horns §eemed well-founded: ' either relat1v1ty
effects had to be abandoned altogether in elec- ,
tronic orbits, or Bohr's ideas of penetrating orbits A
-and the standard assignment bf quantum numbers had to
be abandoned. In another pape_r,64 written half a year
later,-Miliikan and Bowen suggested an escaée-from the
dilemma by prop051ng that there was a qualltatlve diffe-
rence between the explanatlon for doublet- spectra of hy-
drogen and'He\ on the one side and for all the other
spectra on;the_other side. This suggestion of a qua-
llitative break implied what they called "a very dif-
ficult. and stranée assumptien", VlZ..

"that the remarkable flttlng of all-our data
into the relativity formula for all the atoms
from lithium up to chlorine, and then through-,
out the whole X-ray field, is accidental, and
that therée must be somé other . cause of a non-
relativistic sort which is responsible for the.
behav10ur of the spectra of all these elements."

65
MllllPan and Bowen tried to justify their suggestion
of a break between helium and lithium with varlous
spectroscoplc evidences but had in the end of their
paper, to appeal to’ the atomlc theorists for a551stan-

ce: "To find a new cause fqr the relativity-doublet-

1

formula...... is a problem worthy of the efforts of
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~ the theoretical physicist.” The «call had already

been answered by Landé, who tried to avoid relati-

vistic explanation of the X-ray doublets altoge-
ther and to ascrlbe them to a magnetlc 1nteract10n

instead of. However, Landé's attempt failed. 67

" As is quite clear from Millikan & Bowen's
critical review, anticipating much of the develop-
ment to come, the critique was not directed towards
Sommerfeld's theory for the hydrogen atom. In 1924
there was still an almost unshakable faith in the
orrectness of the relat1V1ty formula so far as
hydrogen and He® was concerned. This faith became
almost a dogma which for a time prevented the physi-
cists to take serious the evidences for disagreement
between theory and experiment in the hydrogen spec-
trum. Such evidences of anomalies were neglected or
explained away. There was, for example, the problem
of Paschen-Back effect in the H lines: The Bohr-Som-
merfeld theory had well accounted for the experimen-
tal fact that while the components of the hydrogen-
speétrum (or He' spectrum) show a norﬁal Zeeman ef-
fect, lithium and higher atoms ishow anomalous Zeeman
effect. According to the theory, the so-called Paschen-
Back effect (i.e. the change towards a normal Zeeman
pattern under strong magnetic fields) was excluded
in the case of hydrogen. However, in 1922 Oldenberg 68
had reported evidence for Paschen-Back effect also in
Hu’ an observation which was substangéated the follo-

In 1926 Sommer-—
feld and Unsdld correctly, although with the advanta-

wing year by Hansen and Forsterling.

ge of hindsight, called this evidence "einen der ern-
steten Einwande gegen die bisherige Theorie des Was-

serstoffatoms".70

But before that time the anomaly
was largely ignored or even forgotten. Goudsmit and
Uhlenbeck, for instance, seemed not to have been

aware of it in the autumn of 1925, and Millikan and

Bowen chose to consider the evidence for Paschen-Back
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effect as inconclusive. The mentioned anomaly, and
the way in which- it was treated by the physicists,
is, on the whole, a fine example of Kuhn's idea
of the role of anomalies under normal periods of

s 72
science.

To make a long story short, the dlfflCultleS
which had accumulated as regards the 1nterpretatlon
of alkalidoublets and'X—ray spectra eventually led
also to a reconsideration of hydrogen's spectrum.
In'August 1925 Goudsmit and Uhlenbeck proposed to
conceive the fine-structure of hydrogen asethough
it was a special case of an alkali doublet.73
From this standpoint they sugéested a new term struc-
ture with new selection rules. A similar Suggestion

was made by Slater a few mon:ths'later74

and had pre-
viously been proposed also by Landé (but not publis-
hed) . But it was first in 1926, when Sommerfeld and_
7® that the new

classification scheme was generally accepted (Goud-

‘Unsold reexamined the whole matter,

smit and Uhlenbeck's paper was written in Dutch in

a not widely circulated journal). At this time, the
spin hypothesis had been introduced and the new quan-
tum mechanics applied to the, hydrogen atom by Pauli
‘and by Dirac. . ' | '

_ Sommerfeld and Unsold calculated the 1nten51—
ties of the five H lines Wthh were allowed accor- .
ding to the new cla551f1catlon. This was done, 1n ac-
cordance wlth the suggestlonlof Uhlenbeck and Goudsmlt,
simply by applYing the semi#empirical intensity rules
of the alkali and. X—ray'spectra. The calculated inten-
sities showed a better agreement with experiments than
did the 1nten51t1es calculated from the 0ld quantum
theory (based on Kramers' extens1on of Bohr's corres-

pondence principle).'Sommerfeld and Unso6ld ended their
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paper: "Die relativistischen Formel bleibt fur Was-——
serstoff-, Rantgen— und sichtbare Spektren erhal-
ten, aber ihre modellmassige Grundlage scheint der

empirisch erforderlichen Quantenbezifferung zu

wl7

wiedersprechen. In the very accurate analysis

of the hydrogen spectrum, made by Kent et.al. in
Boston in the beginning of 1927, a best value for

the hydrogen doublet separation was found to be
(0.318 b 0.002) cm_l, in good agreement with Hansen's
result, and also in fair agreement with the value
predicted by the new spin quantum theory.'As to

the number of lines compositing the intensity curve,
they concluded:

we feel justified in stating that with
H' and H, the resultant curves are not in-
consistegt with the presence of the five
components given by the new guantum mechanics
with the spinning electron. Of the presence
of ¢' [D in our figure)] we are certain,

we are reasonably sure of b'' [B]; and,
lastly, the resultant curves fit the case
better with c'' [A] than without it."78

~ In the new picture of the hydrogen spectrum, the
energy levels were assigned new labels, now by three
quantum numbers. Apart from n and k, also used in
Sommerfeld's original theory, the inner guantum num-
ber j, was taken over from X-ray classification.
According to the new ideas, the 32 level now consi-
sted of two (coinciding) levels, (n,k,3j) = (3,3,3/2)
and (3,2,3/2), and similarly for the other levels,
cf. the figure. Together with the new classification
scheme, new selection rules were provided. Transi-
tions for which

Ak=+1 and A j=+1, 0

were now allowed. This yields two extra components,
of which one (due to(3,2,%) - (2,1%)) accounted
for Hansen's observation. In the new picture, then,

the two peaks of the intensity curve were composited
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by two and three lines, respectively. The difference
between the peaks corresponds approximately to the
difference between'32421'and 33»2#, which is not:idenb'
tical to Av = 2 21. Av may be got as the difference
between 32+2 and 3 +22, where the latter is a new
line. This line, however, 1s.not 1dent1f1able in the
larger wavelength component;5In itself, Sommerfeld's
formula was left untouched, that is, the number'of dif-
ferent energy levels as well asvtheirAterm.values were
not changed. If Sommerfeld's”original-formula should
dconform to the new scheme, its aZimuthal quantum number
k should be substltuted with j+—. Since 'j is a half in-
'teger, this leaves the validlty of Sommerfeld s formula
unchanged.; e ' e

" Most of thetnew‘deVelopment;is,hydrogenlé "term-
- zoology" was,of a purely formal character and did not
consider any physical explanation'of the mechanisms
of the spectra. In early 1925 Kronig had informally
introduced the spin hypothes1s by . assuming the elec-
tron to have an intrinsic angular momentum‘due.to 1ts‘
spinning abpnt its own axis.‘His idea was put forWard
only to be ridiculed by Pauli and rejected by Heisen- .
berg and Kramers, -and thus it never appeared in.- print.
Kronlg s idea was 1ndependently worked out by Uhlen-=
beck and Goudsmit in two short papers from 1925 and
1926 and gradually won acceptance despite of its weak-
nesses and lack of theoretical justification. How this
development tooP'place has been analysed in details.
by historians and by the 1nvolved phy31c1sts.79

At the start of 1926 the spin hypothesis had
.been generally accepted, not, least because of Bohr's
endorsement. Some phy51c1sts, in particular Pauli,
still would not know about spinning electrons and
they had good reasonS'for their scepticism. The assig-
ned magnetic moment ‘of one Bohr magneton seemed in-

compatible ‘with the then predominant view of the




nucleus as consisting of protons' and.- electrons.

. And if the spin model was to. be. taken' at. face

value, the peripheral velocity of the spinning
charge ball greatly exceeded, it was calculated,

the velocity of light! But the gravest difficulty
was the so-called riddle of the: 2-factor: On Landé's
core-model, itvhéafbéen necessary in order to ac- '
count for the ;o;éfled?g-ﬁohmuﬁay to asgéﬁé a gyrb-
magnetic ratio (magnetic moment to angular moment)
of twice the classical value of the; core, that is,
®/mc instead of ©/2mc. This assumption was taken
over in the spin theory to explain the Zeeman ef-
fect quantitatively, but was now attributed to be

a property of the rotating electron. There was,
however, no proper theoretical jusfification for '
this assumption.80 Just after Goudsmit and Uhlenbeck's
first publication of spin, Heisenberg and Pauli calcu-
lated the separation for spin-doublets according to
the spin hypothesis in the old quantum theory, and
they found it to be twice as large as the experimen-
tally observed values (see § 4). This annoying factor
of two was only rectificated in March 1926 when Tho-
mas calculated the precession of the spinning elec-
tron under consideration of relativity and showed that
the spin-doublets then came'out right.
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§ 4, EARLY QUANTUM MECHANICS., RELATIVITY., AND THE
HYDROGEN SPECTRUM, '

When the new guantum mechanics appeared in the -~
early autumn of 1925, its formalistic character‘and
its strange mathematical languagée made it not immediated-
1y acceptable to most physicists. The Gottingen physi-
cists' matrix ﬁechanics was‘from:many quarters accused
-of Unanéchaaﬁichkeit 'Despite of the variety of physi-
cal problems to whlch the matrlx mechanlcal methods
were applled by Helsenberg,’Jordan and Born (partlcu-
larly: - dlsper51on, harmonic and anharmonic oscillator,
: intensity rules for spectra), ma¢r1x mechanics in 1925
did not appear completely conv1nc1ng from a emplrlcal—
phy51cal point of view. What lacked, many people felt,
was a demonstratlon that . the matrix mechanical formalism -
was alsc able to deal with physical systems such as
actually occuring in nature. If the new quantum mechanics -
should become accepted as superior to the'Old'qﬁantum '
theory, and.also become accepted as a physically sound
theory, it had to face the test case of the hydrogen
atom. Early qgantum mechanics'_dilemma.betweeh forma-
lism and physical applicability was clearly realized by
the discoverers themselves, who at an early stage di-
rected their ihtefest towards thp hydrogen'Spectrum:
the new mechanics ought to be able to derive the simple
Bohr formula for. the Balmer lines, or, even better, to"
reproduce the complete spectral formula of Sommerfeld.
However, 51nce the latter was a result of - or, was
thought to be a result of - relat1v1ty, and since ma-
trix mechanics was ‘a non—relat1v1st1c theory, the imme-
‘diate goal was to deal with the Balmer terms.

It appears, furthermore, that only mathematical dif-
ficulties prevented the hydrogen atom to play a role as

- a test case in Helsenberg s creatlon .of quantum mechanlcs,

-\
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—similar to the~role*blayed—in'thefcreation ofwave me- — -
‘chanics. In the spring of 1925, Heisenberg started out
by trying to apply his ideas about virtual oscillators .
to the hydrogen atom. It was only when this problem tur-
ned out to be too difficult that Heisenberg was forced
to direct his attentlon to the anharmonlc 0501llator,
Vphy51cally being a more unreallstlc, and then less attrac-

‘tive case than the hydrogen atom.81

So even if the hydrogen
atom does not appear in the ploneerlng articles from 1925,
surely it played an important role also in the fabrica-
tion of the Gottingen mechanics. '

In a paper submitted in January 1926, Pauli flrst
succeeded to apply matrix mechanics to the hydrogen atom.82
The publication of Pauli's paper appeéred aé,a release to-
the scientists who were still not convinced about the physical
soundness of matrix mechanics: Van Vleck's reminiscens may
have been characteristic for a large part of the physical
community of the time: "I eagerly waited to see if some
one would show that the hydrogen atom would come out with
the same energy levels as in Bohr's original theory, for
otherwise the new theory would be a delusion. Finally Pau-

n83 Pauli's

li's paper appeared which dispelled my worries.
important papér was received by the Zeitschnigt on 17 Janu-
ary 1926, but we know that its main results were obtained
much earlier. On 3 November Heisenberg thus wrote to Pauli
and told him "wie sehr ich mich iiber die neue Theorie des

Wasserstoffs freut".84

Heisenberg had himself attempted to
apply his new concepts on the hydrogen atom, but had not
succeeded. As he recalled: "Ich war damals [in the end of
October 1925)] etwas ungliicklich dariber, dass es mir nicht
gelingen wollte, auch nur das einfache Wasserstoffspektrum
aus der Theorie abzuleiten.... Schon Oktober aber iber-
raschte mich Pauli mit der vollstandigen Quantenmechanik des
Wasserstoffatoms."85 (See also Heisenberg's letter to Dirac,
excerpted below). So it seems certain that Pauli had obtai-
ned the Balmer formula from matrix mechanics already about

late October 1925. In regard of the importance of this re-
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sult, one of the uttermost importance for the acceptance |
of the new physics; why did Pauli delay its publication
for almost three months?

There are good reasons to believe that the conside-"
rable delay was caused in an unsuccessful attempt of Pauli's
to proceed beyond the derivation of the simple Balmer for-
'mula and to cope also with the fine- structure, i.e. to de-
rive Sommerfeld's formula by a relativistic refinement
of the theory. It was only after Pauli reluctantly had
given up this attempt that he submitted his paper with
the absence of'relativity corrections. As we shall see
below, the attempts to extend the non-relativistic matrix
mechanlcs to cover also relat1v1st1c effects were not con-
fined to Pauli, in Gottlngen,also Helsenberg and Jordan
struggled with the problem. For Pauli's whole scientific
outlook it waS'indeed netural to attack the hydrogen'atom
with the 1nclu51on of' relativity., Pauli was a noted ex-
pert on relativity theory and had already galned a repu—
tation as a firm 'relativist' 1n‘guestlons concerning the
interpretation of spectral doublets.BG'The assumption is
subStantiated by an examination of his paper.

We shall leave the technical details apart, which
have been discussed by Van Vleck and van- der Waerden.é?
Pauli's main result was the derivation of the Balmer for-
mula, i.e. a quantum mechanical derivation of Bohr s re-
sult (3.1); he also used the oppotunity to give an explana-
tion of the Stark effect, in good agreement with the ex-
periments. Pauli had to admit, hoWever, that his approach
failed to account for the fine—structure of hydrogen and
that it was also not able, to reproduce the anomalous Zee-

- man effect. Even if a derivation of the fine- structure terms
was out51de the power of Pauli's theory, he was able_to de-
duce the correct humber of energy-levels, in accordence

with Sommerfeld's theory. -Pauli épparentiy had attempted

to derive the fine-structure formula from a relativistic
extension of his'theory; the calculation of the relatiuistic

S




_enexrgy correction, however, proved td;pe,veryggifficgig,
Pauli writes:

"Ob diese Annahme [Uhlenbeck and Goudsmit's
spin hypothesis] ausreicht um im Verein mit

der neuen Quantenmechanik alle Erfahrungsresul-
tate zu erklaren, dirfte sich erst entscheiden
‘lassen, wenn auch die Berechnung der relativi-

- stischen Feinstruktur auf grund der neuen Mecha-
nik durchgefuhrt ist. Diese blieb vorlaufig noch’
ausser Betracht, da die hierzu erforderliche
Berechnung des zeitlichen Mittelwertes
1 uns noch nicht'gelungen ist."'88
r2

This remark shows that Pauli had in vain soughf to obtain

the approximative Sommerfeld formula: A relativistic

treatment of the hydrogen atom show589>that the energy

may approximately be written as

E =Ey + E,

Ey is the classical energy and E, is a small correction,

considered to be a perturbation, of the form

E, = - —2— JE} + 2Ze2Eo(l) v z2er [L ) (4.1)
2mgc? t r?

Quantumtheoretically, in the new quantum mechanics as well
as in Sommerfeld's theory, the energy correction comes out
as the mean value of E,, taken over the undisturbed path.
It was the problem of finding the latter mean value (or,
quantum mechanically, the expectation value) that troubled
Pauli.

In the winter of 1925-26 Pauli was still hostile to
the idea of spin, and he wanted to treat the hydrogen atom
without retreat to the spin hypothesis. He was aware, how-
ever, that the spin hypothesis might be the clue which
could furnish an explanation of the anomalous Zeeman effect
and of Sommerfeld's formula, recognised to be two sides

of the same matter.




43

It was not only in Germany that guantum physicists
wére engaged in the attempt to deal with the hydrogen
atom. In the‘beginning of 1926 Dirac in Cambridge sub-.
mitted a paper in which he attacked the matter by means

’ . . . . So
of his algebraic version of gquantum mechanics.

Just as.
" Pauli, Dirac sUcceeded, although by'an entirely different
‘method, to deduce the Balmer frequencies of the hydrogen
atom. In contrast to Pauli, Dirac did not consider the
case of the hydrogen atom in a magnetic field, and neither
did he attempt to cope with the,fine—structure. When Dirac
‘worked out his theory of the hydrogen atom, he was aware
of Pauli's work on the same subject. "I was: really com-
peting with him at this time," Dirac has recalled 91
Already in November 1925 Dirac knew ‘about Pauli's work,
, informed by‘Heisenberg:'"Pauli has succeeded,in getting
"the theory of the hydrogen atom and the Balmer formula

on gquantum mechanics. I would willingly send you proofS'

of this paper‘and would be glad to hear of'yourwfurther'
progress," Heisenberg Wrote,.g2 Apparently, Heisenberg
sent a proof of Pauli's’paper, for Dirac mentions in a
footnote that he has read a proof of it. If the publica—o
‘tions of Dirac and Pauli are seen as the results of a
competition,‘Padli was ho doubt the winner: Pauli's theory
was not'only'a,little prior to Dirac's , but it was also
superior in respect of physical content. Dirac's theory

of the‘hydrogenratom demonstrated, however, that his
quantumalgebraic method was not devoid of physics;‘though
appearing as a very formal and abstract scheme, it could be
successfully apblied‘to the hydrogen atom; This, no doubt,
- was the primeyreaSon for Dirac's publication.

3 S :
Even if the Pauli-Dirac derivation of the Balmer

terms was an acknowledged success for the new quantum
theoryy it was not complete: it still lacked to repro-
duce the fine—structure, i.e. either the approximate
Sommerfeld formpla or, even better, the exact Sommer-

feld formula. This task, only fulfilled with Dirac's
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-—electron theory from 1928; was the one Pauli-had strugg- — .
led with. It constituted an important theme in the entire-

development -0of quantum mechanics from 1925 to 1928.

pauli's and Dirac's works on the hydrogen atom
were further developed by Gregor Wentzel93 by a method
~which“was essentially a matrix mechanical version of
Sommerfeld'5'1916 theory. Wentzel first derived Balmer's

formula in the form.

21%me"
+ 2
(Ir :,["D)

E =

Here, Ir and I are action variables in Dirac's sense,
corresponding to the old guantum theory's action inte-
grals [p dr = n h and Jp@dw = kh. However, Wentzel was
unable to decide about the normalization of the action
variables, so his method did not yield any information
on whether the denominator in the Balmer expression was
an integer or a half-integer. Wentzel also treated the
relativistic Kepler problem and he arrived, in fact, to
an energy expression which was formally identical to
the exact Sommerfeld formula. However, Wentzel's theory
could not be regarded as satisfactory: For one thing,
the determination of the values of the guantum numbers
was left undecided. And for another thing, the formal
agreement with Sommerfeld's exact formula appeared to
be rather fortitious: Wentzel's result was obtained as
an approximation where terms, smaller than 6'2, were
neglected, and also he did not take spin into account.
Commenting on the early quantum mechanical attempts

to deal with the hydrogen atom, Van vleck has recalled:
"The last days of the old quantum theory were the gol-
den age of empiricism, where physicists often obtained
correct answers by appropriate doctoring of formulas
based on questionable theory, and some of this empiricism

still survived in the very early days of quantum mechanics."94
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This observation holds particularly well for. the works
reviewed in this chapter, and not least for Wentzel's

theory.

~ That Wentzel's theory, despite of its derivation of
a Sommerféld formula, was not a satisfactory-quantum
mechanical answer to the finé-stfucture‘of~hydrogen,
was fairly evident. Schrbdinger, who had worked on the
'séme problem from his wave mechanics, was not‘impres—
sed by the matrix physicists’ iabdrious calculations on
the hydrogen atom. In a letter to Lorentz he dismissed
these attempts aé being largely without scientific value,
and béing'definitely‘inférior to his own, wave mechanical
approach: T S

"pirac (Proc.Roy.Soc.) und Wentzel (Z.f.Phys.)
rechnen Seiten ‘lang am Wasserstoffatom, Wentzel
auch relativistisch, wobei im Endresultat bloss.
das fehlt, was einen eigentlich interessiert:
nahmlich, ob "halbzahlig" oder "ganzzahlig" ‘zu
quanteln ist! So findet Wentzel also zwar "genau
die Sommerfeldsche Feinstrukturformel", aber aus
dem‘angegebenen'Grunde ist das Resultat fur den

- Erfahrungsvergleich ganz Wertlos. In der Wellen-
mechanik ergibt die relatiV%stiséhe'Behandlungh
die ebenso einfach ist, wie die klassische, un-
zweideutig halbzahliges Azimuth--und Radialquant.
(Ich habe die Rechnung seiner Zeit nicht publi-
ziert, weil ‘dies Ergebnis mir eben zeigte, dass
noch etwas’ fehlt,; dieses etwas ist sicher der
Gedanke von Uhlenbeck und Goudsmidt.)"?95

Also Pauli did not consider Wentzel's theory to be the

proper relativistic gquantum mechanics. In private let-

96

ters, he objected to Wentzel's'méthod. In particular,

Pauli pointed out that one had to take the spinning
“electron, now being acceptable after Thomas' theory
(below) , into account:

"Meine Meinung ist also jetzt die, dass....
Ihr Resultat ftber die Somme}feldsche Formel
mit halbein [?] k, was die hBheren Relativi-
tatskorrektionen betrifft, physikalisch unzu-
treffend ist. Das ganze Problem ist wohl nur
mit Beriicksichtigung des Elektronen-Momentes
verninftig zu behandlen. (Das war, glaube ich,

i
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— . .auch Sommerfelds Meinung in Zarich).

Was ich erhoffe, ist, dass die Sommerfeld-
sche Formel (bei Berficksichtigung von Re-
lativitat und Elektronen-Moment) auch far
die hdheren Korrektionen sich streng aus
verniinftigen theoretischen Ansatzen wird
ableiten lassen (wobei natiirlich j an
Stelle von k treten muss). Dass aber bei
Ausserauchtlassen des Elektronen-Momentes
die Sommerfeldsche Formel in Bezug auf die

 hdheren Korrektionen noch irgend einen Sinn. .
behalt, wenn mann in ihr die Zahl k halb- 97
zahlig setzt, glaube ich jetzt nicht mehr."

That Pauli was much .occupied with the problem of
uniting guantum mechanics; spin and relativity inror-
der to reproduce the fine—structuré etc., is manifest
from his correspondence, and from remarks in his pa-
pers. Pauli's occupation with this subject resulted

28 In a foot~

in a critical insight in the problem.
note in Wentzel's paper it is stated, that Pauli had
orally demonstrated how Sommerfeld's formula may be
derived and that he had found that the quantum numbers
are to be half-integers; this disagrees with Sommer-
feld's formula, but may, according to Wentzel, be rec-

tified if the spin hypothesis is taken into account.

As mentioned, it was a great release to the theore-
tical physicists of the time, when the 'riddle of the
2-factor' was eventually dissolved by Thomas in March

1926. From that time the spinning electron became an

accepted part of guantum calculations, although its more
intimate relationship to guantum mechanics was still obscure.
Working in Bohr's institute in Copenhagen, L.H.Thomas from
Cambridge subjected the kinematics of a spinning elec-

tron to a careful, relativistic analysis.99 Thomas showed,
that the 'riddle of the 2-factor' was in fact not based

in any deficiency of quantum theory, but in an incomplete
use of relativistic kinematics. By applying Lorentz trans-
formations successively to the motion of the spinning elec-
tron, Thomas showed that it contributes to the energy with

a spin-orbit coupling term of value
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- . |
ze ®.2 (4.2)
2m?c?r? ' :

"where 8 is the spin'angular momentum.'This was just half
of the value previously calculated. With Thomas' result,
the width of the spin doublets came out right. In an opti-
mistic mood, reflectlng the general feeling -among quantum
_theorists, Kramers reported from Copenhagen- '

"I think that the great advantages and the rescue
our of so many difficulties with the ideas of spin-
ning electrons affords are exposed in that latter
[i.e. Goudsmit's and Uhlenbeck's letter to Natuxre]
in most convincing and physical way. A few days
ago we had moreover an agreeable surprise, when

. Thomas from Cambridge, who is working here, found
out of a most lnterestlng error, which causes the
dlfflculty that the spin doublets should be twice
too large disappear. Since further Heisenberg- and
Paull have succeeded in finding thé quantum mecha-.
nical mean- values of [r 2] and [r %] for a Keple-
rian orbit, we know now that the fine structure.
theory of'the hydrogen spectrum and the theory
of the doublets in X-ray spectra is in flnest
order. .."100

.

The next step to take was to apply the new 1n51ght to
the theory of spectra, and in particular to the fine-struc-
ture of hydrogen. This step was jimmediately taken by Hei-

senberg and - Jordan who, in March; considered the effects

lol

of spin and reIativity. These effects were treated as

'_ perturbations by means of the method developed in the fa-

lo2

mous 'Drei-Manner-Arbeit' some months before. However,

there is unpublished evidence that Heisenberg and Jordan
had first attempted a more rlgorous relat1v1stlc formula-
tlon in the hope that this would- supply a quantum mecha-
‘nical explanat;on of spin. The 9,th of December 1925 Hei-
senberg told Goudsmit: ) ‘

"Freilich glaub ich doch auch, dass die endgil-
tige Ldsung noch tiefer liegt und wesenlich mit
einer vierdimensional-invarianten Formulierung

der Quantenmechanik zu tun hat. Gegen die wdrt-
liche Anwendung Ihrer Hypothese.sprechen,bglaub
ich, doch manche Argumente. Erstens ist da die-
ser Faktor 2, der wirklich ‘eine direkte Obere-




_ instimmung mit_ der Erfahrung verhindert....
Ich versuche hier jetzt mit Jordan eine vier-
dimensionale Formulierung der Quantenmechanik
und bin neugierig, was dabei herauskommt."1lo3

This ambitious project, only finished with Dirac's

- theory some two yeafs later, had to be given up and_

. was substituted with the more modest,%but also more ma-

nageable and highly successful, theory of March 1926.

In February, Héisenberg rébortea’to Goudsmit that

he and Jordan had succeeded to take over the spin theory

into matrix mechanics: "Die Rechnungen Uber Ihr Modell

nach der Quantenmechanik sind jetzt abgeschlossen

(z. Teil in Verein mit Pauli) und daé Resultat ist in

jeder Beziehung das erwartete."lO4 For the doublet struc-

ture, however, Heisenberg communicated the result

~1.3
2R%h2z" j(j+1)~k(k+l) 2 » _ _1
mc?n? k(k+§)(k+l) k+§

_ 3
H = Hy + 8 BCEED

where the first term in the bracket is due to spin, the
two”latter to relativity (see also below). Heisenberg com-
mented on this result:

"Die Relativitat gibt nichts die Sommerfeldsche

Formel, bei Sommerfeld hiessen ja die letzten

beiden Glieder der Klammer(_ 1, 3_) Also
k+1 4n )’

fallt jedenfalls die relativistische Erklarung

der Dubletts fort. Aber weiter: Ihre Theorie

gibt genau das doppelte, der beobachteten

Feinstrukturaufspaltung. Dahexr ergibt sich

auch keine Trennung in Abschirmungsdubletts

und magnetische Dubletts. Aber es gibt die

merkwiirdige Beziehung: Wiirde man bei Ihren

Elektron den Faktoxr 2 streichen, so ergabe

sich erstens die richtige Dublettgrdsse,

Zweitens die richtige Trennung in Abschirmungs-

und magnetische Dubletts, d.h. exakt die Som-

merfeldsche Formel."105




As this letter shows, the Gottinéen_physicists were still
 haunted by the 'riddle of the 2-factor', which destroyed
‘the otherwise so remarkable agreement with.eXperience.
The resolution of the riddle, Thomas' explanation, was
offered only a-few.days after (Thomas' result may rather
accurately be dated 20-24 February 1926, cf. Kramers'
“letter, above). When,the news from Copenhagen reached
Gottingen, Heisenberg and Jordan quickly corrected,
their results and submitted their paper for publicationt

In their paper, Heisenberg and Jordan expressed the
Hamiltonian for an atom in an external magnetic field
- H, as

H = Hy +'H{.+'}\1’2_,; + Hj.
H, denotes'the unperturbed energy?levels,-Bohr‘s result.
The three correction terms are due to the magnetic field
(H;), the spin—orbit coupling (H,) and the relativistic
;mass variability (Ha), The first term was immediately writ-
“ten as , ; S 3
Hy = 'ﬁ‘ﬁ;t'al'” = 'Z%EH (m.zg)

.consisting of the magnetic energy of the orbital motion and
tﬁe magnetic energy of the spinning electron. For H,, Tho-
mas' result was used, i.e. (4. 2)"The relativistic cor-
rection is given by (4.1). By means of perturbation theory,
and by assuming the relations

-»2'= _2. ->—>.=_h->
s s(s+l)(2“) " aud Sxs T

to hold by analogy with the prooerties of the orbital angu-
lar momentum E,;Heisenberg and Jordan were able to give a saf‘
tisfactory explanation of the old. quantum theory's doublet
formulae and to derive Landé's g- value. Furthermore, the
spectral 1ntenSit1es were calculated and turned out to be
in good agreement with experience.

For the calculation of the H, and Hj; contributions,

Heisenberg and Jordan were again faced with the problem :

{
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______which had troubled Pauli in his paper on the hydrogen

- atom, i.e. to evaluate the time averages'of-r—z, and

now also of r-3, the latter from the Thomas term. Ta-

~king advantage of Pauli's analysis, Heisenberg and Jor-
-dan succeeded in calculating these mean values. In the

case of no external magnetic field, their result for

the perturbation energy was written

4 —

AH = H+H,3 = -
2k (k-!-—;—) (k+1) k+-;T 4n

2th22“ (j(j+l)—k(k+l)—s(s+l) _ 1 3 ) (4,4)

nc?n?

This result differs from (4.3) only by the factor of one
half in H,, arising from the Thomas result. j is the quan-

tum number for the'compound angular momentum

32 = 30+ &2 = (®3)

If now the spin quantum number s is put equal to %, and if

k is replaced with jii, the energy contribution becomes:

21,2 4
Ay = 2R*h%Z (_ 1 +§_>

mc?n? j++  4n
2

This is the same as the reinterpreted (approximate) Som-
merfeld formula, i.e. agreeing with the current knowledge
of fine-structure (since j is half-integral, j+% attains
the same values as k).

Using a similar perturbation technique as Heisenberg
and Jordan, but without knowing about their work, Richter
at Caltech, USA, also found the energy correction due to
combined spin and first order relativity effects.lo6
Richter's results were the same as those of Heisenberg and
Jordan.
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In effect, with'Heisenberg and Jordan's important
contribution, matrix mechanics had accounted for the hy-
drogen spectrum in a highly'satisfactory wayQ It was the o
first time the new mechanics reproduced the old 'relativi-
stic' Sommerfeld-formUla, which was now, however, shown to
be the result of a combination of rspin and relativity. If
there were still any sceptics as to the usefulness of
gquantum mechanics, they were now convinced,.of this as
'well as of the reality of spin. ,

. Stlll, the success of the Heisenberg Jordan theory was.
only rendered p0551ble because spin and relativity were
added as perturbations. Spin was taken over from Uhlenbeck
and Goudsmit's hypothesis with Thomas' correction, and
" thus it had still not been accounted for in terms of quan-
.tum‘mechanics. And for relativity, the new spectral theory
was not properly relativistic, since only the electron's
mass;variability was added as-andapproximation of first

"order; From a Standpoint'of conceptual beauty and inner

‘.consistency, these two features were unsatisfactory and

should be sought completed. The ultimate theory, it was

felt in some quarters; ought to be able to account for spin
without extra hypotheses and should furthermore, be - genuine-
ly relativistic,,i.e. Lorentz invariant. This programme

was pursuited by, a number of physicists in 1926,27, though
largely confined to the.quarters of wave mechanics. It

" was, of course, only completed in 1928 by Dirac.

With the.exéeption of Pauli‘s.theory, all the works
here mentioned (Dirac's,. Wentzel' s,'Heisenberg and Jordan's) .,
were based on two-dimensional models of the hydrogen atom.

In wave mechanics, 1t will be recalled it is essential to
work in three dimen31ons if the results are to come out
right. The matrix phy51Cists free use of two-dimensional
models were: therefore objectionable to Schrodinger, and
particularly so after he had demonstrated the mathematical

equivalence between matrix and wave mechanics. In continua-

i



—— tion of the afore-meritioned letter to Lorentz, Schrodin-
ger explained this point:

"~Nebenbei bemefkt, ist Wentzels Ansatz so
beschaffen, dass wenn er bis zum Resultat
vordringe, sein Resultat wahrscheinlich
falsch sein wirde (d.h. nicht die wahre
Aussage der Theorie darstellen), weil er

das Problem zweidimensional fasst_ statt
dreidimensional. Das ist, wie ich in der
zweiten Mitteilung, 'S.32, hervorhob, nicht
erlaubt - und ist, bei der vollkommen mathe-
matischen Aequivalenz dexr Wellenmechanik und
der Gottinger Mechanik, sicher auch in der
letzeren unerlaubt. Die Wellenmechanik léasst
hierfiir den Grund auch klar erkenne, denn
eine Wellenbewegung in 2zwei Dimensionen ist
selbstverstadndlich etwas ganz anderes als
eine Wellenbewegung in Drei Dimensionen.
Dagegen kann mann, soweit ich sehe, in der
Gottinger Mechanik nicht recht erkennen,
weshalb die Reduktion des Problems durch
Verwendung eines Integrals verboten sein
soll."1lo7

Schrodinger's observation appears to present a paradox:

How can matrix and wave mechanics, being completely equiva-

lent theories, yield the same results for the hydrogen

atom, when the former operates in only two dimensions?

Schrodinger seems to have believed that this 'paradox'

was due to serious shortcomings in the matrix mechanical

methods, if not in the foundation of matrix mechanics it~

self. The matter appears only more confusing when we read,

in a footnote to Heisenberg and Jordant paper, that:

"Die exakten Berechnungen der Mittelwerte [of r Y, 2

and r-3] fir den dreidimensionalen Fall sind von W.Pauli

ausgefuhrt worden und geben dasselbe Resultat wie die obi-

gen Rechnungen."108
It turns out, such as explained by Van Vleck109 in an

interesting essay, that, the distinction between two- and

threedimensional treatments of the Kepler motion is essen-

tial, but was not adequately recognised among matrix physi-

riets. Tt was, to use Van Vleck's phrase, only due to

“a happy combination of empiricism and intuition,” that

they managed to come up with the correct answers based on
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twoaimensional'reasoning; For it turns out, that rigorous
calculations of fhe mean values of r " give in general
other results than if applied to three dimensions: In ge-
neral, Vvan Vleck shows,'the correct calculation of passa-
ge from two to three dimensions is followed by replacing
integral quantum’ numbers with hglgfintegeré. Thus, a cor-
rect calculation of (r_z)'and (r_3) in two dimensions gives
a formula for the energy corréction thdh does not agree
with experiment. But Heisenberg and Jordan found the-
"wrong" mean values for their twodimensional model, which
happened to be the correct values for three dimensions.

So the reason that two- dimensional matrix mechanical treat-
ment of the hydrogen atom gives ‘the right answer 1s due

to a formal. error of calculation. Schrodinger was, then,
]ustlfled in expre351ng hlS doubts about the matrlx phy51-

c1sts use of two-dimensional modgls.

N

b

¥

§ 5. SCHRODINGER'S WAYS TO THE WAVE EQUATION

When Schrodinger's wave mechanics was published, the
formal core of the theory, the eigen-value wave equation,
was derived in two, widely different ways. Both of these
-derlvatlons were confined to the non- relat1v1st1c case.

- The first publlshed derlvatlon, appearlng on the
first two pages of Q, (Quantisienung ... Enste Mitteilung),
was not only curiousiy formal, but str.aightforwardly‘ cryptical.
On the whole this derivation appears badly justified, its
sole foundation lying in its result, the eigen-value equa-
tion, and its successful application to the hydrogén atom.
Anyhow, the essentlal content of Q1 is not the derivation
of the wave equatlon, but the equatlon itself and its ma-
thematical treatment in order to solve the case of the
hydrogen atom. : - ? ‘

- : ! B p

2
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T *TtgiSchrtainiy'notmaccidentalrthét»Schrédinger's -—

‘first communication on wave mechanics starts right away
with the hydrogen atom, and is in factza new method to
derive: Bohr's old formula. (3.1). If physicists were to

be conVincedrabout the soundness of the new wave mecha-
nics, nothing better could be done than starting with the
Thydrogen atom._Justras inimatrix;mechagics (sée § 4;, '
the hydrogen atom was a test case alsotfor wave mechanics.
For Schrodinger, the hydrogen case played an important
role not only in the 'context of justification' but, even
-more crucially, also in the ‘'context of discovery'.

In Q;, the second communication on wave‘mechanics,llo'
Schrodinger derived the wave equation in an alternative,
and much better argued way. The. core of the Q, derivation
was an extension of Hamilton's old analogy between optics
and mechanics. The approach taken by Schrodinger in Q.
was adopted by virtually all contemporary commentators
and was soon considered as the Schrodinger derivation of
the wave equation. It is also this approach which most
historians have suggested to be Schrodinger's original
way to the wave equation. Indeed, Q, "could have preceded

the first part from the logical point of view," such as

111 This standard account of Schrodin-

remarked by Jammer.
ger's making of wave mechanics finds a certain support

in Schrodinger's monumental papers themselves. Already

in Q; Schrodinger recognized, for instance, the unsatisfac-
tory, non~intuitive and ad hoc character of the first deri-
vation. The formal introduction of the y function, Schro-
dinger explained, was to be related to a vibration process
of some sort in the atom: "Ich hatte auch urspringlich die
Absicht, die neue Fassung der Quantenvorschrift in dieser
mehr anschaulichen Art zu begrinden, habe aber dann die

112 phis

obige neutral mathematische Form vorgezogen."
‘intuitive' justification of the wave equation is, in
the standard account, assumed to be the one which shortly

afier appeared in Q.. In his second communication Schrdodin-
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ger further emphasized the provisional character of
the Q; method, which he now called "die an sich ﬁnver—
standllche Transformation [i.e. S = K &n ¢] und den
_ebenso unverstandlichen Ubergang von der Nuﬂﬁbetzung
‘eines Ausdrucks zu der Forderung, dass der Rauminte-
gral des namllchen Ausdruckes stationdn sein soll nil3
The Q1 approach Schrodlnger contlnued, "sollte nur
zur vorlaufigen raschen Orlentlerung uber den ausser- -
lichen Zusammenhang zwischen der Wellenglelchung und ‘
der H.P. [Hamilton's’ partlal dlfferentlal equation]
dlenen."ll4
There are good reasons, however, to agree withr
Wessels115 when she argues that Q, was not Schrodinr
ger's original way to wave mechanics, but that Q2
came after Q, not only chronologically but. also gene—”
tically. Science does not always progress in accordance
with logic. That Schrodinger's published presentation
of his ideas accords with the order in which these
ideas were fostered,‘ie actually what we are told A
by Schrbdinger himself. In November 1926, he emphasi;
zed in the preface to: the book edition of his papers
on wave mechanlcs that "die hier .Zu einem Bandchen |
verelnlgten Arbéiten nachetnanden entstanden sind.
Die Erkenntnisse spatere Abschnitte waren dem Schrelber

t. nll6 Whlle Hermann

117 he has la-

ter changed his view in accordance with Wessels'

der fruheren haufig noch unbekann

prev1ously adOpted the standard account,

.The basis of waye mechanics, including the Schrodlnger'
‘equation, was worked out before Schrédinger turned to
the Q» approach; According to Hermanh, it was only in
' February l926”that Schrodinger became aequainted with
Hamllton s mechanlcal optical analogy 118
I agree with Wessels that O, was prlor to Qz. But
even if the detailed Q2 approach was unknown to Schro-
dinger. in January 1926, the general argumentation of
Q,, i.e. that the new wave mechanics relates to geomef

trical optics, was most probably in Schrodinger's mlnd'
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__ _‘also at that time. The idea of reconstructing mechanics

in ‘analogy with a generalized optics, following Hamilton's
original ideas, had not only been highlighted by Felix
Kleinllg (who did not, of course, consider the ‘connec-
tion”to quantum theory) .. But, more important, de Brog-

lie had made extensive use of the analogy between optics.
and mechanics (see § l),ialthough not in Hamllton s sense,

.Wthh was apparently uriknown to de Broglie (on .the whole,
Hamilton's works were not widely known on the Continent) .

' Actually, Schrodinger's concern with Hamiltonian mechanics
and optics was of an elder date. Some years before wave
mechanics, he had thoroughly investigated Hamilton's op-
tical-mechanical analogy as well as other subjects from
analytical mechanics which happened to be useful in his
later exposition of wave mechanics. This is shown by the
content of Schrodinger's notebooks on "Tensoranalytische
Mechanik" from 1918-1922,%%°

examined the mechanical analogy to optics and its rela-

in which Schrddinger closely

tion to the Hamilten—Jacoby equation. So it is a small
wonder that Schrddinger recalled this analogy and its
relevance to his wave mechanical programme at an early
stage of his investigations. In fact, in one of Schro-
dinger's earliest research notebooks on wave mechanics,121
written in December 1925 or early January 1926, he ex-
plicitly refers to "Die alte Hamiltonsche Analogie
zwischen Optik u. Mechanik", in order to apply it to his
new ideas. At this occasion, SchrBdinger derived the
wave edqguation in the same manner as he did in Qz but

was not able to find the energy spectrum from the radial
part of the equation.

Anyway, Hermann's assertion that Schrddinger did
not know about the Q, approach until February 1926 is
completely wrong. Even if it is not mentioned in the
text itself, some kind of optical-mechanical considera-
tions probably played a part also in Schrodinger's first

communication. These considerations, however, have hardly
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~ been Hamilton's analogy itself; rather, it was an optical
"theory due to Debye, Sommerfeld and Runge which at this

stage served as an inspiration to Schrodinger.

In Q, Schrddinger started from the general H.J. (Ha-
"milton-Jacobi) théory of macro-mechanics, according to
which the integral of the equation of motion is of the
form ' '

(. as) S |
k qu : - .

Here, S is the so-called Hamilton's characteristic func-

tion. The action function S—relateé to the momenta by
_ , ,

i . g 1

PS5 . (5.2

AThe energy of a single particle moving in an eiectrostatié
field is . | ;
‘ . . i _
E = l—(p,2+p 2+p 2) + U (5.3)
2m Ty y. Tz : : S
* .where U =.—e2/r."In H.J. formulation the energy expression
gives ‘ '

B~ B3 - B e

which may also be written

(VS)? = 2m(E-U) (5.4)
In Q, Schrdodinger immediately, and without any explanation,'
replaced S in (5.1) by the substitution-

S=XKgny' (5.5)

K is an unknown‘constant with dimension of an actibn, to
be determined in the course of further investigation (where

it,turns out to be'h/2ﬂ). The famous |y, here appearing for

.1%V
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the very first time, is prosaically re£erredvto%askjust. -
"eine neue unbekannte." - B ) -
Why did Schrodinger apply the "unverstandliche

Transformation" (5.5) ? Kubli122

has aigued that the
cryptical replacement of S with &ny was suggested to
Schrdédinger fromTpptical theory. Let pé develop Kubli's
suggestion a little closer.-If one shéll pass from macro-
mechanics, eq. (5.1l), to a new appropriate micro-mecha-
nics - and that was Schrodinger's idea:— then the connec-
tion between geometrical and wave optics may serve as

a valuable guide. This connection had been exposed in

1911 by Sommerfeld and Runge,123

who developed some of
the ideas due to Hamilton. Sommerfeld and Runge's work
was, as they reported in their paper, indebted to an oral
communication from Debye. It is natural to assume that
Debye has drawn Schrodinger's attention to this old work
from optics during one of the joint Zurich colloquia. The
core of the Debye-Sommerfeld-Runge theory may be exposed

as follows:

In wave optics, the basic equation is the well-known

space form of the wave equation:
AV + k%P = o (5.6)

where k = 2"/) = nky, k being the wave number and n the
refractive index. In geometrical optics, on the other
hand, the characteristic equation is the less well known
eikonal equation:

(Vs)? = n? (5.7)

In the ithecory of eikonals, introduced by the astronomer H.
Bruns in 1895, S = constant signifies a system of wave sur-
faces, corresponding to constant phases. The rays are di-
rected alony the normals of the S surfaces. The eikonal

function S expresses, furthermore, the so-called optical
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length: ' ' : B.
SB - SA = J n ds
A

Indeed, the simplest solufion to (5.7) is
S = n(ax + By + yz) with oa2+B2+y2 =1  (5.8)

"In the Debye-Sommerfeld-Runge theory it was now demonstra-
ted that the eikonal equation may be derived aé a limi-
ting case, k-+« or A+6, of the wave equation. In (5.6) the
planewave solution is. - |

v =vAeik(ax+By+Yz)_

Recalling the interpretation'of S as ah optical length, 
(5.8), one put ' ' ' '

.k
. l;S Co .
Y ="RAe . (5.9)

Here, A is coﬁsigered to be a 'slowly' varying'quantity
(viz. compared to‘the»rapid variation of ¢ for k-»>«). ‘
Calculation of A¢ with the approadh (5.9) and insertion .
in (5.6) yields | ‘

L | : 2 o i%s

[2:5(Ps.7h) + sa+ifans - *-a(vs)2+k*ale 7 = o

_ . 'n

For largeAk (geomgtrical optics) the first three terms may
" be cancelled. What remains is the eikdnal equation.‘_I.e.,
geometrical optics has been derived as a limiting éase of
wave optics.

In SchrBdihger's prdgramme a kind of reversed trend
was followed, since he tried tb formulate an undulatory
mechanics, related to ordinary macro-mechanics in the same
way as wave optlcs relates to geometrlcal -optics. To pass'
from ordinary mechanics to wave mechanlcs would then mean
to apply the reverse of the transformation (5.9) to the

H.J. equation, the‘Hamiltonian function S now being inter-
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_preted as the eikonal S. From (5.1) follows that in the
wave picture, S is expressed by Kiny, such aérﬁsed by -
Schrodinger in Q;. 7
7 To which extent this kind of argumentation played
a role for Schrddinger's approach in Q; is unknown. There'
is no hard evidence for the impact of.the Debye-Sommerféld—
Tﬁhhge theory on Schrédinger's thinking. It was only in Q.

that Schrodinger referred to it, and then without mentio-

ning the eikonal by name.124

Returning to the content of Q. the substitution (5.5)
leaves now the H.J. equation in the form

k3y, -
H(qkf P aqk) E

or, from (5.3)

(Vy) % - 3? (E-U) ¢?2 =0 (5.10)

K

In Q; Schrddinger now took as his fundamental equation, not
(5.10) itself but the one resulting from a variational pro-
cedure, viz. that the integral of the gquadratic form in ¥
and %¥/3q in (5.10) shall be stationary:

8 j[(vw)2 - 3? (E-U)y?ldg = o (5.11)

K

From the calculus of variation it is known that the above pro-
blem may be transformed to a differential equation by means
of the =0 -called Euler-Lagrange conditions. Using Cartesian
coordinates, dg = dxdydz, the differential equation turns

out {0 ho

AY + 3? (E-U)Y = o (5.12)

K

Ci.e, the Schrddinger equation (still with U = -e?/r).




While the-formulation of (5;5) may be explained as
a transformation of the mechanical equation of mction
into a’'wave picture, guided. by the: Debye- Sommerfeld—Run—
ge theory, the appllcatlon of the varlatlonal procedure
("den ebenso unverstandlichen Ybergang...") still lacks
‘justification beyond- that it results in a useful equa—
tién. On.the other hand, it was in 1925 well known .that
all phy51cal laws, in the classical as well as in the
relat1v1stlc domaln, can be formulated by some variatio-
nal pr1nc1p1e, most phy51c1sts, probably, shared Planck's
‘credo that "the pr1nc1ple of- least actlon...q appears to

- govern all reversible processes in Nature." 125, So the

1dea to obtain the wave mechanical law by means of a
Varlatlonal pr1n01ple was not unnatural Also it may have
rf-appealed to Schrodlnger, who concelved his new mechanlcs
in a n-dimensional conflguratlon.space, that varlatlonal
principles are independent of the special choice of coor-
dinates. According to the memoir of Exrwin Fues, at the
‘time Schrddinger’'s assistant, the idea to deduce the wave
"mechanical equation by means of a yariational prinoiple
was suggested by, Debye in another of the ziirich colloqula,
'"held in. the beglnnlng of 1926 (after 9 January, when Schro-
'dingernreturned to zlrich). Fues recalled that ‘Debye's

"Anregung erfolgte in einer Kolloqu1umd15kussxon
nachdem Schrddinger seine unrelativistische Theorie:
vorgetragen hatte. Soviel ich mich erinnere, sagte
Debye (dem Sinne nach, nicht mit diesen Worten):
nur, dass es gelungen sei, dén wichtigsten grund-
legenden Theorien in der Physik die Form eines
Variationsprinzips zu geben, -die eine eindrucks-
volle Zusammenfassung sei." ’ '

Anyway, when'SchrBdinger applied the variational pro—
cedure of Q, in January 1926, he knew beforehand’ what to
look for. An’ ‘examination of Schrddinger's notebooks127
testifies’ that he'only applied the Q, method after he 4
had found a candldate for the dlfferentlal equation, .
sought for, by means of a 'direct use of de Broglie's

formulae (see §8).4Thls candldatevhe had tried to solve,
ti.e. to find itsyenergy spectrun,;but had failed because

¢




1 ‘i‘:

- -62-

of mathematical difficulties. The fact that-Schrddinger — -
knew the result before he engaged in the Q; derivation,
explains the ad hoe character of this first published
derivation. ‘

It should be remarked, thatialthough Sch;&dinger
in Q; did only consider non-relativistic mechanics, his
chosen méthod is perfectly applicable also in the rela-
tivity case. We only have to replace (5.3) with the cor-
responding relativistic energy expression, which then
gives the relativistic H.J. equation

1

(vs)? = 2(E-U)2 - m3c? (5.13)

Q

This replaces (5.4), the only difference being that E now
denotes the total energy, including mocz. Following the
procedure outlined above, the variational principle beco-
mes

§ f{(vw)2 - Ki [ (E-U)* + mic*1y?}dg = o
C

The corresponding differential equation is the relativistic
Schrddinger equation, also known as the Klein-Gordon equa-
tion (see §§8,11). A similar result was obtained by Schro-
dinger in early January 1926. At this occasion (we are re-
ferring to his notebooks) he also considered another ver-
sion of the Q; method. The substitution (5.5) was written as

S=iK ny or p=e X

Schrodinger now tries to consider only the imaginary part of

.S

l—-—

K _ S . .. .5
e = cos(K) + 1sxn(§)




that is, he substitutes S with
S = K arcsin y © o (5.14)

This substitution applied to the relativistic H.J. equa-
tion (5.13) gives

*

(W) = ——[(B-0) %+ mic*]- (1-v7) = o

K?c
By applying the variational principle to thiS‘equation,j
‘Schrddinger arrives at

n m3c? moc _ ] ..;
Ay = — [(EU -1y =  (5.15)

‘being another candidate for‘the (relat1v1st1c) wave. equa-

‘tion. Schrddinger apparently had hoped that (5.15) would
lead to a mathematically more manageable differential

equation than his first candidate: HoWeyer, (5 15) is'not

51mple, and after a half- hearted attempt to determlne 1ts.1

"energy spectrum, Schrodlnger leaves it.

We shall now proceed- to Schrodlnger s derivation of _
the wave equatlon such as presented in his second communi-
cation. The Q, approach has often been analyzed in depth,

128 Since we are here

technlcally as well as historically.
malnly concerned with the orlglnal creation of the Schrd-
dinger equatlon, and since the Qz method was only third.
'in the row of derivatlons, we shall sufflce ‘to outline a
highly condensed version of Schrodlnger s very detailed

arguments in Qz.

In cla551cal Hamlltonlan theory the basic. equatlon is

*

%% ¥ T(qk) 35-) * Ulg) =o . (5.16)

qu

Here W is Hamilton's princ1pal function, given by

j(TfU)dt;"T is® the kinetic energy. W relates to the







__action function S, used above, by

W=25 - Et

From (5.3) -the H.J. equation may be written129

(VW) 2. = 2m(E-U) _ . (5.17)

This is virtually the same as (5.4), due to p# = %%; = %%;
Following Hamilton, Schroédinger considered the system_of
W-surfaces for which W,ﬁ constant, as a system of wave sur-
faces due to a progressive, but standiné wavé in the confi-
guration space. The velocity of the system is perpendicular
‘to the surfaces of W = constant, a result derived from B = VW.

In the time interval dt the system moves the normal distance

ds = =N ___
A2m (E-U)
such as obtained from (5.17). Since E = dw/dt this may al-

so be written

E dt

VZm(E—U)

ds =

The velocity of propagation of the W-surfaces is then

ds _ E

at m (5.18)

Since W in the geometric wave system plays the role of

a phase, V is a phase velocity. It is different from the
particle velocity, which is'VE/m(E—U).

\%

Up to this point Schrddinger's work was nothing but
a slightly different way of presenting Hamilton's old
theory. To construct a wave equation, he had to provide the
W-phases with a frequency. This was done by assuming the

validity of the Planck-Einstein relation, i.e. by putting




-65-

That .is
e - A2m(hv-U) . . ' (5.19).
Schrodinger assumed that his Y waves travelled with the

W-waves' and thatvtheir eéuation was the usual second-or-

der differential equation

Ay - 228 -5 L (5.20)

- v? at?
Finally, by the natural aesumptioh of einusoidal time de-
‘pendency . '
lﬂEt

viq,t) = y(qle

and by 1ntroduc1ng (5. 18)/ the time-i ndependent Schrodlnger'
quatlon (5. 12) comes out. , S ‘ -
As w1th the Q; method, Schrodinger's3non-re1ativi—
'stlc Q. method may easily include relat1v1ty (which Schro-
: dlnger did not do in Q). By v1rtue of (5 13) the relat1v1-

Sth phase veloc1ty now becomes

" hcv .

V = ===
- V(E—U)z-mic“

If inserted in the usual wave equatlon, this gives again
the Kleln—Gordon equatlon. ’ '
i
One of the reéasons to the standard account of the
gene31s of wave mechanlcs, i.e. that Q2 was worked out
;before Q, is, no doubt, that the Q, approach relies very
much on de Broglle s theory whlle ‘the . Q, approach. does not.v

e
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—Apparently the -@; method-has nothing-whatsoever to do— - - . —
‘with de Broglie's phase waves. On the other hand, the

approach taken in Q, is clearly inspired by de Broglie.

Schrodinger acknowledged his debt to de Broglie's

_"scthen Uﬁtersuchungen welchen ich die Anregung zu

130

dieser Arbeit verdanke." The wavelength of Schrd-

dinger's waves may be go£ from (5?19) and is

_ v _ h
A= v

) 42m (E-U)

this is, of courseplhothing else than de Broglie's fa-
mous A = h/p formula.

' With some justification, Schrddinger may be attri-
buted also a third (or rather a fourth) approach to his

wave equation. This is based on the substitutions

t
+
=

9 h ]
3E ¢ Pk +ZTJ.E; (5.22)'

which soon became the standard procedure for obtaining for-
mulae in quantum mechanics. In Schrodinger's intervening

paper on the equivalence between matrix and wave mechanics,l3l
he had taken the step to represent the momenta Py with

the differential operators given by (5.22) . However, he did
not at that stage apply the procedure also to the energy
equation in order to obtain an operator formalism for the
energy. As mentioned (§ 2), this was done by Born and Wiener
even before wave mechanics had appeared;132 but Born and
Wiener did not extend their energy operator presentation

to cover also an operator formalism for the momenta. It

was bnly in Schrédinger's fourth communication on wave
mechanics,l33 Qus, that he considered a proper operator pre-
seription, and then in order to obtain the relativistic wave
cguation (cee § 6). In Q, Schrodinger proposed to derive

the wave equation from the Hamilton-Jacobi equation by

means of the substitutions
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W+ h 9 MW ,t+t A 3 (5.23)

Apart from the double signs (which Schroddinger used to
account also for the complex- conjugate time-dependent
equatlon), thls is the same as (5 22) . Schrodinger empha-
sized in Q, that this prescription was a "nein formale ver-
fahren", justified only by the fact that the non4relativi—~:

stic equations

. n? o _+ h 3y
(‘,Bﬁém A+U)Y = = 3T 5t

: 1 :
may in this way. be’ obtalned from the class1ca1 equatlon‘
(5.3). Schrodlnger s operator prescrlptlon is, however,l
‘a product of quantum mechanlcs, not an original means to
derlve the equatlons -of- wave mechanlcs. In the genesis of -

the Schrodlnger equation, this method played no role.

§ 6. RELATIVITY IN SCHRODINGER'S WORK

'As we have seen, the really’lmportant‘(or, anyway,
the really“convincing)_thing in SChrBdingerfs first pa--
per on wave mechanics was .the derivation of Bohr's for-
mula for the energy levels of hydrogen. Bohr's principal
quantum .number, n, was there 1ntroduced as an index in the
‘mathematlcal functlon used to solve the eigen-value equa-
tion. This appearance of n, from mathematical analysis
and,not.fromAthe postulates of the old quantum theory,
was a highly satisfying feature to Schrodingerr on theb

very first lines of Q,, he stressed how his theory gives



"die Ganzzahligkeit-auf dieselbe naturliche Art, wie

etwa die Ganzzahligkeit der Knotenzahf einer schwin-

134

genden Saite." And later in Q; he assessed the merits

of his theory so far:

"Als das wesentliche erscheint nir, dass in
der Quantenvorschrift nicht mehr die geheim-
nisvolle 'Ganzzahllgkeltsvorderung auftritt,
sondern diese ist sozusagen einen schritt wei-
ter zuriickverfolgt: sie hat ihren Grund in
der endlichkeit und Elndeutlgkelt einer ge-
wissen Raumfunktion."135

To Schrddinger the wave mechanical theory's nearness to
classical concepts as well as its familiar methods

of classical mathematical analysis, was a very quali-
fying feature, so as it was for many members of the
physical community of the time. Thisyfotmal familiarity
was particularly distinct when compafed to the Gottin-
gen. quantum mechanics, which made Schrododinger "durch

den Mangel an Anschaulichkeit abgeschrecht, um nicht

36

zu sagen abgestossen." Like many of his colleagues,

Schrddinger deeply disliked the Gdttingen Atomgétikol37
His whole research programme was directed towards a re-

habilitation of the methods and concepts of classical
physics, particularly its continuum aspects.138 In Fe-
bruary 1926 he thus told Planck:

“Ich habe die allerverwegensten Hoffnungen,

dass es jetzt gelingen wird, eine harmonische,
von allen Hérten freie Quantentheorie aufzubauen
und zwar nicht in dem Sinne, dass alles immer
unstetiger und ganzzahliger wird, sondern gerade
im umgekehrten Sinn: die schdnen klassischen Me-
thoden liefern selbstatig alle Ganzzahlighkeit,
die man braucht, es ist keine Mystik in den
ganze Zahlen, es sind die nahmlichen, die uns

in Kugelfliachenfunktionen, Hermite'schen und
i.aguerre ‘schen Polynomen {erstere beim Os=zilla-
tor, letztere beim Wasserstoffelektron) langst
vertraut sind. Sommerfelds Vergleich mit der
Zahlenmystik der Pythagorder stimmt genau:

die Ganzzahligkeiten im Atom haben ungefar
denselben Grund wie die harmonischen Obertdne
~iney schwingenden Saite."139
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" The pecullarlty pointed out by Schrodlnger ‘turns out

~ his investigetions on an undulatory mechanics with

"the corresponding eigenvibratdon,

~of a magnetic field on the atem ;This ‘may be
thought rather peculiar since de Broglie, —
whose fundamental researdéhes. gave origin

to the present theory, even started from

the relativistic theory of eléctronic mo-
tion and from the beginning todk into
~account a magnetlc fleld as well as an elec~
~tric one. : :

to ‘be tightly connected with the way:! ‘An which wave.
mechanics was borned. In fact, Schrodinger started

a relativistic attempt which was neyer'published;

Before we examine Schroddinger's eafiy work on rela-

tivistic wave mechanics, we shall consider the matter , .

as may be glimpsed from the published articles.

In O Schrodinger directly expressed his awa-

reness that the non-relativistic treatment was not en-
tirely satisfying. Schrddinger was afraid that his new
ideas might "in ihren Ergebnissen ein blosser Abklatsch
deriiblichen Quantentheorie sein wikd. Zz.B. fiirht das
relativistische Keplerproblen, weﬁhjﬁén es genau nach der
eingangs gegebenen Vorschrift duréﬁtechnet, merkwirdiger-
weise auf halbzahlfige Teifquanten (Radial- und Azimuth-

wld?2

quant. This interesting remark“will be further dis-

cussed in the followingy together w1th other evidences

for an early relativistic theory.*
In Q) Schrddinger also touched the relat1v1ty que-
stion in a rather cryptical passage on . the relatlonshlp
between the energy-eigenvalues E end the frequency v of
143. tn Qs this relation-
ship was, in accordance with de Bfoqlle s theory, shown
to be E=hv; such as expected from“quantum'theory; his
discussion of the E-v relationship, .in Q,; was there dis-

nldd But even

missed as being "einer blossen Spekulatlon.
if the Q, discussion is premature and perhaps speculative,
it may be of some historicaliinterést“to'deal with ity

not only because it gives some hxnté to Schrodlnger s

PP
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early relativistic considerations but also.because it
provides a clue to the historical reconstruction of wave

mechanics.

- Schrodinger pointed out a contradidfion between the
expectations ‘of -quantum theory and of wave fheory: While
the first one demands a relation of the form Eév, the lat-
ter leads one to expect that E~v?. This contradiction can
be avoided, Scthdinger argued, if the E in the WaVe-con—
ception is taken to be the (negative) energy; appearing
in Bohr's formula, plus a 1arge constant C (which is assu-
‘'med to be the electron's rest energy mec?) . Then,(EJ}C)~v2
and since C>>E thé frequency of the vibration process may’

be expressed as

. - ' A .
ve=CWCIE=cWC+S—E+ ...
2 |
} .

" This is in appréximaté agreement with "das "natiirliche ge-
fihl" dés Quantentheoretikers...ﬁsolange‘das-NullniVeau der'
_Ehengie nicht festgelegt,ist;" This idea élso.prOVides a
wave mechanical understanding of_BOhf's frequency condition
(i.e. of E'—E“’% hﬁ); On the other hand, Schradihger points
out, the Bohr relation -is supposéd toihold’étrictly'While
it gets only an;approximate vélidity on this basis. But
this disagreement is, according ﬁo Schrodinger, avoided
if relativity is taken into account:

"Das [i.e. the approximate character of the Bohr
relation] ist aber nur scheinbar und wird vdllig
vermieden,:-wenn man die nelatlvistische Theorie
.entwickelt, durch welche {iberhaupt erst ein tiefe-
res Verstandnis vermittelt wird. Die grosse addi-
tive Konstante C hé&ngt natirlich aufs innigsten
zusammen mit der Ruheénergie mc? des Elektrons.
Auch das scheinbar nochmalige und unabhdngige
Auftreten der Konstante h.... in der Frequenz-
"bedingung wird durch die relativistische Theorie
aufgeklart bzw. vermieden. Aber leider begegnet
ihre einwandfreie Durchfiihrung vorlaufig noch
gewissen, oben berfirhten Schwierigkeiten."

Why and how a relativistic wave méchanics"may save the

mentiohed'disagreement‘is not explained by Schrddinger.

I

4



. _Although Schrddinger was most aware of the difficulties

which the non-relativistic form of his theory implied, he
had in early 1926 great confidence in his undulatory approach
and he felt sure that it could be generalized to include not
only relativity but also spin without destroying its re-
sults obtained on the non-relativistic basis. This confi-
dence wa§'éibf555ed”in print as well as in private let=

145 14 the spring of 1926 Schrdodinger's confidence

ters.
seemed justified by the many results so brilliantly achie-
ved by the non-relativistic theory: 'apatt from the deri-
vation of Bohrs formula for the hydrogen atom, Schrdédin-
ger had successfully applied his methods to such problems
as the harmonic oscillator, rigid and nonrigid rotator,
Stark effect (which, together with the hydrogen case,

were the highlights of the applications), dispersion and
selection rules for spectral transitions. These applica-
tions, together with the demonstration of equivalence be-
tween wave mechanics and matrix mechanics, left little

doubt about the essential correctness of the theory.

It is, on the other hand, clear from Schrdodinger's
writings that he was constantly occﬁpied with the lack of
relativistic agreement and that he repeatedly tried to
-incorporate relativity in a satisfactory manner. Schro-
dinger realised, so as did other physicists (see § 4),
that the problem of relativity was closely related to the
problem of a satisfactory explanation of the anomalous
Zeeman effect., It was in 1926 generally recognized that such
an explanation was to rest on the spin theory. In this year,
and the following, many physicists tried to work out quan-
tum theories which could embrace spin and relativity at

the same time.l46

In Q; Schrddinger did not mention spin,
but latest in the spring of 1926 he had studied Uhlenbeck
and Goudsmit's papers as well as those of Thomas and of
Sommerfeld und Unsdld (see § 4), and he had also discus-
sed the spin hypothesis with Pauli in Copenhagen and with
L.angevin in Paris. Schrodinger now felt that an interpreta-

tion of spin in terms of wave mechanics was contingent and



would somehow solve his relativistic troubles. In .Qj
he wrote:

"Diese [i.e. the Zeeman effect] erscheint mir
unldéslich gekniipft an eine korrekte Formulie-
rung des relafivistichen Problems in der
‘Sprache der Wellenmechanik, weil bei vierdimen-
sionaler Formulierung das vektorpotential von
selbst ebenbiirtig an die Seite tritt....

Man wird versuchen missen den Uhlenbeck- Goud-
smitschen Gedanken in die Wellenmechanlk aufzu—
nehmen." 147 =

Schrddinger's remark about the four-dimensional formula-'
tion of wave mechanics was -also stated in a footnote
in Q2.148 v )

" The relativistic Hamllton—Jacobl equatlon for an

electron in an’electromagnetlc fleld may be wrltten

1w e Wt e . N2 _ -
(53t+c9)” fk_Z__l(a;;aAk)'zbmicz - e

or, by use of four-dimensional notation .
: . . . ’ 1

§

E e 2 2.2
VW-— = = m°c*
( [T c wu) ¥ 0

where wu = (A ,A ,A ,i0) is the electromagnetlc four-poten-
tlal and V is the rour—dlmen51onal gradlent These equations
were 1ncluded in Schrodlnger s rough draft to Q2.149 ,
According to Schrodlnger, a wave mechanlcal translation of
(6.1) runs into troubles, not met in the non-relativistic
and non-magnetic case. Exactly which dlfflcultles Schro-
dlnger refers to, is not clear._As mentioned in the pre-
vious section, Soﬁrodinger carried out the translation
only in June, in his fourth communication. -

- In his paper on the relationship between matrix and
wave mechanics, Schrdodinger had ended with a suggestion
about the representation of eleotrical charge density in

wave meohanics. The charge denstty was there expressed

as
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. p;~nRek(wf%% )y _— o (6.2)

But shortly after,150 Schrodinger realized this to be

a fajlure and replaced it with

: *
P~ Yy

The former -expression, Schrodinger now stated, was intro-
duced "durch das ich die spatere relativistische Verallge-

w151 again it is diffi-

meinerung zu erleichtern hoffte.
cult to see exactly what Schrddinger means. However, since
(6.2) has a striking similarity with .the charge density
appearing in relativistic quantum mechanics,152 it may
indicate Schrddinger's candidate for a relativistic charge
density at- the time. .

It was only in Q, that Schrodinger took up a more de-
tailed examination of the relativistic formulation of wave
mechanics, and even then "nur mit der allergrossten Reser-

ve,"153

To obtain the relativistic equation, Schrdédinger
now used the operator prescription, described in § 5. If
applying this procedure to the Hamilton-Jacobi equation

(6.1), the result becomes:

2 4
2 . 2,2 mycC
ap - 2= 2L Apie @ 2oy Rovp+ dn e (p2-R2- yy=o (6
c? at? h2c? e?

To get (6.3) from (6.1), one has to take advantage of the

so-called Lorentz gauge in electrodynamics, viz.

+ V-K =0

Ol
2

Eq. (6.3) is, with Schrddinger's words, "die vermutete
relativistisch~-magnetische Verallgemeinerung" of the
wave mechanical equation. When Schrddinger hesitatingly
introduced the relativistic generalization in Q, he ex-

pressed his reasons to his "allergrosste Reserve" in two

.3)
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points: The one was of course the wrong fine-structure
“spllttlng,'resultlng from the corresponding eigenvalue
equatlon, the other-was that "die Verallgemelnerung
beruht vorlauflg aufvreln formaler Analogie.”" In Q.
Schrddinger did not elaborate any further on this equa-
‘tion and he did not attempt to investigate its physical
content. He stated - but in words only - that he had
applled the relativistic equation to - the normal Zeeman
effect and to rules of selection and polarlzatlon with
.the same result as in the non-relat1v1st1c case (an
.agreement Wthh was obtalned by neglecting the small
_lxz,term), But what troubled Schrodlnger and caused his
lack of confidence in the relatiyvistic approach, was its
failure to account for the hydrogen spectrum. Con51der1ng
thlS defect, eg. (6. 3) could not be regarded to be satls-
.fylng._ ‘
3

Although Schrodlnger s treatment of the relat1v1—
stic wave equatlon in Q stopped rather abruptly w1th
'(6.3), it may, for the sake of the further dlsCUSslon,'
be useful to develop it into other forms. In the case of
~ the hydrogen atom, not subject to_an external magnetic
field, we get / | .

' 2 L2 4 : 2.2 2 - m . ‘
I el el L )w =o  (6.4)
c? 3t? hc?r h2c? ‘r? e?
For a free eieqtron (r+=) this reduces to
. . 2mm. Cy 2 4 :
o 1 2 2

{Aw-—,—a“’+ ° _ ' (6.5)

| . c? at? n ) [¥v=o .
To obtain the eigenvalue equation, w(? t) is substituted
with the time-periodic w(r)exp(2"lEt) Then
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; ;2 .
2L (@ + %) -mlc'ly=o0  (6.6)
hec ' o

_ Ay +

This equation is the relativistic counterpart to Schro-
dinger's eigenvalue equation (5.12), and the one which

Schrddinger implicitly referred to in the begiﬁping_of Q; -

§ 7, SCHRODINGER'S EARLY RELATIVISTIC QUANTUM MECHANICS:
HISTORICAL EVIDENCES

We shall now consider the evidences in favour of
the claim that Schrddinger had already worked out the
foundations of a relativistic wave mechanics in January 1926,
before his first paper on (non-relativistic) wave mechanics.
How far did Schrdodinger carry his relativistic considerations?
What were their role in the genesis of wave mechanics? Were

they prior to his treatment of the non-relativistic case?

There is, of course, the evidences from the published
account in the "Quantisierung" series, such as reviewed in
the pfeceding section. From this we definitely know that
the relativistic treatment was known to Schrdodinger befo-
re 27 January. But the published articles do not tell us
whether the relativiétic attempt was before or after the

non-relativistic attempt.

A historical reconstruction of Schrddinger's route
to wave mechanics has, therefore, to rely on unpublished
material. And this appears to be a rather intricate histo-
riographic problem: Partly due to lack of detailed prima

facie sources, and partly to the fact that existing sour-




=77~

cee disagree on some essential points. For‘the‘first thing,
Schrodinger hae never nimSelf acoounted for how he was

led to wave mechanics, except from what may be glimpsed
from various casual remarks in letters and articles.
Unlike most others of the leading‘quantum pioneers, he

did never write a biography, nor any reminiscences of

this crucial.phase in'modern'phxsics.'"lch habe keinen

" solchen Respekt vor meiner Persdnlichkeit, dass ich mich
hlnsetze und muhsam Vergangenes zusammenschrelbe,' Schro—
154 Also the

recent fashion in preserving historical sources by collec

dinger once said with an overstated modesty.

ting statements from scientists involved in pioneering
~research, came.a little too late to include any inter-
views with SchrBdinger, who died in 1961 after some years .

of 1llness. The AHQP sources do . not, unfortunately, cover -

155
any 1nterv1ews with the founder of wave mechanlcs. _

In lack of autoblographlcal statements, the most im-
portant source- to lnformatlon about Schrodlnger s route
to wave mechanics has been the memoirs of Dirac. This sci-

entist has on several occasions .told his‘version'about

156

tne genesis of wave mechanics. The following is one

example of Dirac's narrative:

"Now there is one point that you might wonder
about when you read of Schrdédinger's work.
Schrddinger developed his guantum mechanics

from de Broglie's wave equation. De Broglie's
wave equatlon was relat1v1st1c, and Schrodinger
of course -was profoundly influenced by the beauty
of relativity, and you may wonder why it is that
his work, where he introduces the wave equation,
is nonrelativistic. There is a contradiction
there.

' Schrodlnger explalned ‘this matter to me
many years latex, I do not .remember just when,
around about 1940, when I had got to know him
well. He said that he was worklng from the
relativistic 901nt of view inspired by de Brog-
lie, and he was led to a relativistic wave equa-
tion, which was a generalization of de Broglie's

- equation, .bringing in the electromagnetic poten-
tials. When he got this relativistic equation,
his first ‘concern was to apply it to. the hydro-
gen atom to see what results it would give.

The calculation gave results that were not in
agreement with observation.:




‘Schrédinger was extremely disappointed by
that and thought that his wave equation was
no good at all, and abandoned it. He gave it
up for some months, then went back to it, and
taking a second look at it, he noted that, if
he used the egquation with less accuracy in
nonrelativistic approximation, the results
that he got were in agreement with the expe-
rimental results, again with neglect of rela-
tivistic effects. So he was able to publish
his wave equation in a nonrelativistic form,
and in agreement with experiment. =

Of course, the reason why Schrddinger's
original eguation, the relativistic one, did
not agree with experiment was because it did
not take into account the spin of the electron.
The spin of the electron was a very new idea
at the time, and possibly Schrddinger had
nevexr even heard of it. And Schrddinger then
did not have the necessary boldness to publish
an equation which definitely gave results in
disagreement with observation."157

Dirac's story is uncritically repeated in most historical

158

studies on the subject. Raman and Forman, however,

have taken a more critical look at it, and merely re-

gard it as an anecdote.159

It may be useful to follow

Raman and Forman and divide the message of the story

in two parts: First, according to the story, Schrddin-

ger worked out the relativistic problem before the publica-
tion of Q; and even before he tried to solve the non-rela-
tivistic equation, second, the disagreement as to the
fine-structure caused Schrddinger to interrupt his ori-
ginal research programme for a couple of months. In one

6o Dirac even claims that the relati-

of the versions,l
vistic attempt did not only delay wave mechanics for
some months, but that the relativistic equation, first
published by Klein in the spring 1926, was actually

"discovered a year or two earlier by Schrodinger".
However, while there are very good reasons to believe

in the first part of Dirac's story, the latter part

is not reliable. The creative phase of (relativistic)

wave mechanics did not take place in the summer of 1925,
and certainly not a year before, but in a short time-inter-
val around the New Year 1925/26, Now, which evidences
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exist to justify or to correct Dirac's story?

(1) The»Americah physicist D.M.Dennison, who worked
with Schrdédinger in Zirich in the autumn of 1926 and
at later occasions, has recalled a meeting with Schré-
dinger from 1927. There, "he told me that his first
attempt, in which'he'uéed felativistic mechanics, had
not turned out well at all. He had the manuscript of

'it, but he never sent it in‘because it did not give the

correct energy levels."161

'(2) When Schrddinger was .an.old man, he reported about
his relativistic attempt in a letter to Yourgraw and
Mandelstam: ! ; !

"Sommerfeld's derivation of the fine-struc-
‘ture formula provides only fortuitously the
result demanded by experiment. One may notice
then from' this particular example ‘that ‘the newer
form of quantum theory (i.e., quantum mecha-
.nics) is by no means such an inevitable contlnua—
tion of the older theory as is commonly suppo- .
‘sed. Admittedly the Schrddinger theory, rela-
tivistically framed (without spin), gives a
formal expression of the finestructure for-
mula of Sommerfeld, but it is incorrect
owing to the " appearance of ‘half- integers:
instead of integers. My paper in which this is
shown has... never been published, it was with-
drawn by me and replaced by the non-relativi-
stic treatment... The computation [by the
relativistic method] is far too little known.
It shows in one respect how neccessary Dirac's
improvement was, and on the other hand that
it is wrong to assume that the older form
of guantum theory is 'broadly' in accordance
"with the newer form." i

The information gained fram thié interesting lettef seems
to agree well with the accounts-:of Dirac and Dennison,
though the questlon of when the relat1v1stlc study

took place is Stlll open. Also 1t may be worth to point
,out, that the age;ng ‘Schrdodinger not only confirms that
he prepared an;early paper “on relativistic:wave mecha-

nics; it is furthermore stated that he actually submit-
y ) ) - !

y ‘ ' .

-
RSO




ted the paper for publication. That is, Schrddinger sent
the manuscript to Wienl/co—editof of the Annaﬂéﬁi(the o
other editor was Planck), and Schrodinger's favourite
connection for publication (see note 178). This state-
ment evidently disagrees with Deqnison's statement that
"he never sent it in." Anyhow,rschrbdinger at some time
priof“to "Quaﬁtisieruﬁé“ prepared a manuscript on rela- —
tivistic wave mechanics. UnforfUnately, this mariuscripti

seems to have been lost,163

(3) Still another reminiscence is due to Erwin Fues who

worked with Schrodinger in Zurich from November 1925 to
December 1926. In an exchange of letters with Thomas Kuhn,
Fues has accounted for his reminiscenses of the birth of
wave mechanics.164 Schrodinger's early relativistic at-
tempt, Fues recalled, was before his arrival to Zurich:

"Schrédingers exrster, relativistischer Versuch

zur Aufstellung einer Wellengleichung war schon
abgeschlossen und ad acta gelagt, als ich hinkam
(Nov.1925) . Als wir das erste Gesprach uber die
Schrddingergleichung hatten, handelte es sich

nach meiner Erinnerung nur um die unrelativi-
stische. Deren Erfolg stand so sehr im Vorder-
grund dass ich das Versagen des ersten Versuchs165
lange Zeit gar nicht erfuhr (oder iiberhdrte?)."

If Fues' memory is to trust, the relativistic attempt
should rather be dated to the summer of 1925, such as
assumed by Gerber and others, and agreeing with Dirac's
statement that Schrddinger abandoned the matter "for

some months."”

(4) There are, however, strong evidences that Schrodinger
had not in his hands any wave equation for particles,
whether relativistic or non-relativistic, prior to mid-
November 1926. This is testified particularly by the
letters to Einstein and Landé&, such as quoted in §2.

These letters show that Schrodinger did not apply de Brog-
lie's ideas to problems of ‘atomic structure until c¢. mid-
November. The same thing may be inferred from a letter to
Planck of 26 February 1926, where Schrddinger sketches his

ideas of wave mechanics so far developed:




-81-

"Darf icthhnen noch ganz kurz von einer
Sache berichten, die mich 4sedit zwed Mona-
Xen vollkommen gefangen nimmt und die =
-ich bin jetzt schon ganz fest Uberzeugt
davon - eine ganz ausserordentliche Trag-
weite besitz."166

Additional ‘evidence in support of the same thing
may be obtained from the foliowing passage ‘in a let-
ter to Wien:"... der Matrizenkalkiil unertraglich war
lange bevor ‘ich an meine Theorie auch nur entfernt

167

dachte...", Schrddinger wrote. Since matrix me-

‘chanics developed in the summer of 1925, Schrddin-’
ger cannot have had his ideas about a wave mechanics
at that time. ’ | '

}(5) Schrddinger's early occupation with a relativi-

- stic wave equatlon was also stressed in the letter to
Lorentz of 6 June 1926, such -as quoted in § 3. Years
after the relativisticr'equation had been 1ntroduced

by Klein, Gordon a.o., Schrédinger.felt obliged to
vmaintain his.piiority. When his.close friend Hermann
Weyl in the second edition oOf his Gruppentheorie und
Quantenmechanik published the wave equation (6.5) under
the name "de BEOglie‘s'equationﬁ, and also.attributed
the operator prescription (5.22) to de Broglie, SchrSj
‘dinger protested: o ‘a'

"Andernfalls aber ist es doch wirklich etwas
stdérend, unter der Spitzmarke de Broglie bel—
‘splelswelse die Operatorenzuordnung (p2+ /aq )
zu lesen, die meines Wlssens wirklich zum ersten
Mal in meiner Note von 18.III.1926 mitgeteilt:
ist, und ebenso die skalar-relativistische
Gleichungﬂ die ich auf der ersten Seite meiner
ersten Abhandlung (freilich nur mit worten)
beschrieben und {iber deren Ldsungen ich im §3,
al 2 derselben Abhandlung eine Mitteilung ge-
macht habe. Ich habe nie dagegen protestiert,
dass diese Gleichung jetztiganz allgemein un-
“ter dem Namen Gordon léuft, denn das ist zur
Unterscheidung sehr bequem. Unter dem Namen

de Broglie sehe ich sie abér aus naheliegenden-
Grinden doch nicht sehr gern..."168



~ (6) Finally, the most detailed and reliable informa-
‘tion about Schrddinger's early relativistic attempt
may be gained from his volumnious research notebooks;
These notebooks show conclusively that Schrddinger
did indeed start his wave attack on atoms on a rela- -
tivistic backgfound and that it was only afterwards
that he turned to a non-relativistic approximation, -
consfderedionly to be a more manageable substitution
for the real thing. Seven years later Schrddinger
commented:

"Les difficultés gque nous avons rencontrées
en tachant de tenir compte du point de vue
relativiste dans la mécanigue quantigue me
semblent d'autant plus intéressantes qu'elles
sont tout a fait Amprlvues. Vous savez que la
mécanique nouvelle, sous la forme de mécanique
ondufatoine sous lagquelle elle est appliquée
presque universellement aujourd'hui, doit son
origine aux céleébres recherches de M.L.de Brog-
lie, a son ingénieuse conception des ondes
électroniques qui devaient accompagner le
mouvement de l'électron. Les recerxrches de
M.L.de Broglie s'appuyaient sur la théorie

de la relativité restreinte; elles étaient
pour ainsi dire imprégnées de relativité.
Lorsqu'on les prit comme point de départ

pour en tirer l'équation d'ondes et les pro-
blémes de valeurs propres, on éprouva un

peu de honte d'étre obligé de Ssupprimen
d'abord le point de vue relativiste et on
espéra que ce ne seralt qu'une situation
provisoire et de courte durée, et gqu'il

ne serait pas trop difficile d'introduire

la relativité a nouveau dans les é&quations.
Mais au lieu de diminuer, il semble bien

que cette difficulté a cru d'une année a
l'autre jusqu'a prendre aujourd'hui des
proportions effrayantes."169

The relevant parts of Schrddinger's research
notebooks will be wubjects to a closer examination

in the following section.




§ 8, SCHRODINGER AND THE RELATIVISTIC KEPLER -PROBLEM.
During most of his career, Schrddinger recorded
the progress of his scientific research'by means of a
system of notebooks, most of which have been microfil-
med by AHQP.17° Unfortunately, most of these notebooks
are undated, so in the assumed datings there;cannot avoid
to be a certain arbitrariness. The datlngs glven by AHQP
cannot be much wrong, however; they- are in good agreement
with the analysis of the present study.
The notebooks, of particular relevance to the genesis
and first develoPment of Schrodinger's wave mechanics, are

v

the follow1ng. o .

:Nii "H Atom, Elgenschw1ngungen "3 pp. LateW1925 or early

January 1926

'_N2: "Elgenwertproblem des Atoms, i"; 72 pp. Late 1925 or
A January 1926. ’ ' '
N3: “Elgenwertproblem des Atoms, II (Allgemelne Theorle)"

48 pp. c. February 1926. -

N4: "Staxkeffekt fortgesetzt,"'167pp. c. February 1926.
N.: "Eigenwertproblem des Atoms, III", 48 pp: c. March 1926.
Né: "Dirac," 24 pp. May or June 1926. .

. 2 - 6
as to the genesis of wave mechanics. While Nl and N2 are

Of éhese sources, partiéularly NLJAN and N_. are valuable
a collection of rough notes and unfinished calculations,
which have only a remote resemblance with the content of
the.first published communication, N3,<N4 and NS appear |
in a much less tentative form, eVidently they are rough
drafts to Qzlané Q3 whose contenfs they largely follow.
Comparison of Nl and N2 shows that Nl is written before

2
they are the very first evidence for Schrodinger's: occu-

N.. The Ni_notes are, then, of particular interest, since
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The original content of Erwin Schrddinger's first notes
on wave mechanics (Nl), in which the famous Schrddinger

eigenvalue equation appears for the first time and is
unsuccessfully applied to the hydrogen atom.
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pation with wave mechanics. Apart from the notebooks,
mentioned above,‘SchrBdinger wrote five notebooks on -
"RelatiVistischeiQuantenmechanik,"_ﬁhich are not contai?
ned in the AHQP archive. It turns out, however, that
thlS material does not deal w1th the early perlod here

con51dered 171 ; ' R

In-Ny ' schrddinger made a straightforward. application

 of de‘Broglie's'formulaebunder the heading."VermutliChe
abertragung auf aae Elektron im Raumfeld." dlosely_follo-
Awihg de Broglie, the phase velocity of- the wave associa-
ted with the bound electron is expressed as a function of
its frequency and the radius of the classical orbit.

v = % = b 1_3? " and . hv = —EEEE~ B %2

..\ moBc : . , A'—'-_Bj‘

(whiéh formulae also appeared in:de BrOglie's3thesis, cf.

From

"(1.13) and (1.14)) the 51gna1 velOC1ty B v/c 1s ellmlnated

so as to get R . o , ;
' hv :

Z B
moyC

| A
. (hV 27+ - eé - -1
mgC moe?r '

To obtaln the. wave equatlon, this expre551on is 1nserted

v=oc

in the general space form of the amplltude equation

Ay + 4w Z "y =0 v : (8.1)
o v i

with the result

. o - | |

- 4r 2 *[ [ hv ~ ' ‘

L Aw+h—zmoc [( 7 + 3 -1l ¢y =0 - (8.2)
- . Y .

mgcC moC-
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This is the equation such as written by Schrddinger in

Ni,hlf we_put E=hv, the equation is gggkonedrto be the

relativistic Schrddinger equation, the so-called klein1
Gordon equation.

,A It should be noticed that this original way of deri-
ving the wave equation is very different from the methods
Yhich were publis#ed in Ql and Qz. It is much simpler, and
it rests crucially on de Broglie's theory. Since this the-
5ry was relativiséic, thé cutcome of Schrddinger's first
attempt naturally was a relativistic wave equation. In the
. few sheets of theN1
lativistic treatment. (8.2) is no doubt the first appea-

notes, there is no trace of a non-re-

rance of the famous (relativistic) Schrddinger equation.

It was probably written in the latter part of December 1925.

Schrddinger naturally tried to solve the equation in
the fair hope that it would yield for the energy Sommer-—
feld's fine-structure formula. However, the wave mechanical
eigenvaluebequation involves mathematics which was far from
standard at the time. It caused Schrdédinger great mathema- |
tical difficulties, such as is reflected in his letter to
Wien of 27 December (see §2). "Wenn ich nur mehr Mathematik
kdnnte!" As we shall see, Schrddinger was not able to find

a solution, neither in N, nor in the slightly later N But

probably in the second.wiek of 1926 Schroédinger surmoﬁnted
the troubles and found the energy spectrum of his relati-
vistic hydrogen atom according to wave mechanics. In the
treatment of the energy equation, Schrodinger was assisted
by the mathematical skill of Hermann Weyl who at the time
was Schrddinger's colleague as a professor at the Univer-
sity of Zﬁrich.l72 During his attempts to solve the diffe-
rential equation which determines the energy spectrumn,
Schrdodinger relied on an older textbook by Ludwig Schle-
singer, professor at the University of Giessen.173 This
shows that even if the mathematics of the Schrddinger e-
quation was unfamiliar to most physicists, it was not at
all new to the mathematicians. In fact, the so-called
Laplace equation which was the mathematical core of

Schrodinger's theory for the hydrogen atom, was first
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considered in 1812'by Laplace. The general theory for equa-
tions of this kind was worked out by H. Poincaré in 1885
~and further developed by J.Horn in, 1897. 174'It was this
theory, in Schle51nger s presentatlon, that was applied

by Schrodinger in Q Most likely, Schr6dinger has also
benefitted from. the detailed exposition of eigenvalue
problems in Hilbert and Courant's newly published textbook

175 1t is remarkable, however, that

on mathematlcal phy31cs.
»Schrodlnger does nowhere in Q refer to Hilbert and Courant,
- while there are numerous references ( s1xteen, in fact)

to this book in his other papers on wave mechanics.

In Q, Schrddinger gave a détailed-treatment of the
(non—relatiyistiQ).eigenValue equation (6,5), and demon-
strated that its radial part results in Bohr's formuia
(3.1). The,radialvpart of the waveiequatién wae, as usual,
obtained by substituting (r, ¢, 8) with Y (¢, 8):x (r) in
(5.12) . Then, by insertion L v -

ar S o '
" where . _ _ P
B T L DA I YR TR
T h \ . h o .

(E denotes, here ‘and elsewhere in'this section,'the rela-
tivistic energy),-From‘thetreiativistic equation, exactly
the same form comes out, only that the coefficients have

now different values:

N
4v2 / 4
A = - (Ez-mic“)
c‘h
42e? ,‘ ' . A
el | > (8.5)
c S . ‘
2_2 _ :
c =218 _ [(n+l), n=20,1,2,...

c*h? - : - o ‘, )
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~ In (8.4) as in (8.5), the ‘'quantum number' n appears as
‘a purely mathematiqaigqaantity, viz, as the order of the
spherical harmonic Y (y,.0).

In both of Schrodinger's early notebooks, N, and Nz’

he starts out from (8{3) (using a slightly diffeient nota-
.tion) and he applies a. similar mathematical technique as
thg one only successfully completed in Ql' In there, Schro-
éinger analyzéd‘the'béhaviour of x(r) at théjsingularities
r=0and r = » and showed that at r = O the solution may
‘be represented by the power series

which transforms (8.3) into

2
a’v , 2(a+l) %Q + (a+2B =0 (8.6)
dr? * * :

In Nl the same procedure is followed. However, from here the
difficulties begin, if I am not mistaken. In the non-relati-
vistic case in Ql’ the so-called indicial or characteristic
equation ("determinierende Fundamentalgleichung") reveals
that a may attain the values n or -(n+l1l); but in Ql Schro-
dinger argued that both of these values lead to the same
solution, and he therefore considered only the case a = n.
In the relativistic case, such as pictured in Nl, the cor-
responding o values turn out to be

C + % A (8.7)




(which, in_the non-relativistic limit, give n or -(n+l)).

With (8.6), Schrdodinger, in the calCulatiqhé given in Nl-

and N,, apparently proceeds in a similar way as in Q,-

That is, (8.6) is noticed to be a so-called Laplace equa-

tion, whose génerai'form, copying Schlesinger's textbodk,

is written as

2 : 81
AU 6y + —)
drz ) r
where now"
o = 0, 61 =

The standard solution of (8.8)

€1
au . . LS
ax (o + T JU =0 (8.8)
2(atl),  e¢ = A, €1 = 2B

|

, aghin taken over from Schle-

singer' is a curve integral in the' complex plane, of the gene-

ral fo;m

U = J ezr(z;— Cq
. L :

-
<

o1-1

y

. O2-1.
(z - c2) 4z

where ¢, and c, are the roots of .

4]

Zz +GOZ+EO

. and where

€1 + 51C1

03]

Ch Ca

For Schrédinger's relativistic

C, C2

5 B . . .
oy — + a'+ 1,

v-a

a2

Q2

(o)

ey + 8,05

_?Cz -'Ci
"case, this gives

- Vv-A _
(8.9)
- Bt a+ 1 _ o
~A -
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i _These are also the results of Q; (where o = n). The cru-

cial step concerns the values of a1, 2. In 03] Schrddin-

ger concluded after a lengthy analysié, that for bound

states (E < 0) there are only solutions to the problem:

if o; and a, are both integers. This means that %QTZ
must also be an integer, viz.

% =2, %=1,2,3;.. (8.10)
This formula is actually Bohr's expression for the energy
levels of the hydrogen atom, such as may be seen if the
values for A and B are inserted from (8.4). Also in N,
the formulae (8.9) were obtained, but Schrédinger was. at

" this occasion notzéble to proceed further. He ends up with

four a;, o2 values, corresponding to the two signs in (8.7):

al=_fz_:r,/c+%+% A
V-2
» (8.11)
B + fo, 1,1
0.2—-\/,__ C+4+2 J
=-A

The meaning of these expressions is reckoned if the values
of A, B and C are inserted. If Sommerfeld's fine-structure
constant, here called f (to avoid confusion with the other

a's), is introduced (f = e?2rvh~-lc~!), we get:

0y 2 = o o2 2 : th + %)2 - £2 +
! / o} -1
E N

Apparently Schrodinger was uncertain about how to decide

1

no|

about the permitted values of a; and az;. In Nl he comments
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on the expression (8.11) in the following words:

"Es muss nun so sein, dass einer von

diesen beiden Exponenten ganz sein muss:’
Das ist die endliche [?] Quantenbedingung.
Denn unsere A,B,C tragen gegeniber der Som-
merfeldschen noch den Faktor

gm?

h2

NB: Q1+0z ist ganzzahllg. [this sentence is

crossed out by Schrodlnger] -
Elso werden dann a,,0; beide ganzzahlig!!!!!!'!!!!!"
[also. this sentence is crossed outl].

Wenn man nun aber statt der Dichte die

Elektrizitat variabel ansetzt! Was dann?"

- Here follows a few rough calculatlons and the note»l

stops abruptly. In N_ the problem is taken up again un-

2.
- der the-headlng "Zur Ausarbeitung des vorlauflg‘Errelchen
zur Losung der Laplaceschen Glelchung . But'neither at
this stage is Schrodlnger able to reach a conclu51on as to

the evaluation of (8.11).

_ Schrodinger's original solutlon of the relat1v1stlc
‘Kepler problem is not included in his left notebooks. It
is only from a later notebook, entitled "Dirac" (NG)’ that
we can’ follow the solution in detalls. It contains some
comments on Dirac's quantum mechanical theory, but most
of it is occupied w1th.Schrod1nge; s own theory. The rela-
tivistic Kepler problem is probabry recaleuiated in con-
nection with the chapter on relat%vistic wave mechanics
which appeared in Q4 (cf. § 6). %chradinger's method

to solve eq. (8. 6) in N6 is somewhat different‘from the
non—relat1v1st1c method of Q and likely it is also
slightly dlfferent from Schrodlnger s original treatmentA
of January 1926. In N6 Schrdédinger takes, for instance,
advantage of the properties of Laguerre polynomials in
expressing the radial eigen- solutions; in January,'SchrB—
dinger did not fully recognlse the relevance of Laguerre

176 In01dentally,

i

polynomlals to h;s radial equation.
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177
The main points are: In (8.7) the minus sign is

sggrﬁdinger's treatment of the relativistic Kepler pro-
blem in N6 is essentially the same which may be found

in later textbooks.
1

Lyo o -
ﬁn*-?z.fz >

discarded, so that

+ VC + 1/4

Then eqg.(8.6) is rewritten with the substitution

-x/2 Lv(x)

B U
where x = 2rV=A. The radial equation then takes the form
2 .
at, [2i2_i_ll 1. &L 4} B _ 4 -1t o= (8.12)
X dx “V=-A X
' o0
a recurrence

dx?
If now L is expressed as a series, Eévx ’
0
formula for a, comes out from (8.12), viz.
(v——§—+a+l)a\)

-A

[(\)-i-l)(\)+20¢+2)]a\)+1

For regular solutions the series must cease, say, at

v = n', so that
-E s a+1=0

Introducing the values for

is then an integer,

where n'!

B, A and o , we have
2 1
+ -_—
£ 2

|
f
= n' + v/(n + %)2
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Finally, this equation gives after 'some ﬁanipulation:

(8.13)

1 . P

[(n?+ %) + (n+%)2—f2]2

This is Schrodinger's result, such as stated in N, and
such as it must have been found some time in January 1926.
When Schrodlnger found (8.13) . to be the result of

hlS laborious calculatlons, it must have been with mixed fee-
lings: The formule has the general.structure of Sommer- \
feld's fine—strUctﬁre formula, but the quantum ﬁumbers
(radial and-azimuthal) are wrong, half-intégers instead -

- of integers. So near to, and so far away! 'The_diserepancy
ie serious;'since thelexcellent agreement between Sommer-

- feld's formula and;the spectroscopie experience'is now
destroyed. This is seen from the second-order epproximation‘
of (8.13), which'is '

. : } 2
E = - R [ 1+ £ (._ET -3 )
. . 2 Il'l2 , n+5 4 '

with

-]

m=(n'+3) + (n+3 =n' +n+1

Compare with the approximate Sommerfeld formula. (3.3).
While the Ha doublet has a separation in frequency of

2
%%— according. to Sommerfeld's theory (cf. § 3), the se-

~ paration now becomes !

2
av = REL (4 - 4y3)

W| oo
R <))

16

e




which—is far larger than permitted by measurements.
So although Schrodinger succeeded in deriving a promi-

sing formula, it was definitely a false one.

T Tk - ===z .-

§9, THE TURN TO NON-RELATIVISTIC WAVE MECHANICS

When Schrédinger found the enérgy values of the
relativistic hydrogen atom according to his modification
of de Broglie's ideaé, the result must have been a se-
rious disappointment because of the wrong quantum num-
bers, such as stated by Dirac. But Dirac's further ac-
count, that Schr6dingér "thought that his wave equation
was no good at all, and abandoned it," does not agree
with what happened in January 1926.

Rather, Schrddinger may have decided to publish the
calculations despite of their disagreement with experi-
ence, and he may have worked out a paper on the rela-
tivistic wave equation and its application to the hy-
drogen atom. This suggestion is justified by the eviden-
ces listed in §7. Schrodinger probably sent the manu-

script to Wien for publication in the Annatenl78

, al-
though hesitatingly and in a mood of despair: on the
one hand, Schrodinger had to admit that his theory
failed in the sense that it did not reproduce the fi-
ne-structure correctly. On the other hand, Schrodinger
did not therefore dismiss his wave equation as being
"no good at all". And he was quite juétified in keep-
ing some confidence in the original, relativistic e~
gquation: the resemblance of his results with the exact

Sommerfeld formula was too striking to be the result
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of an entireiy wrong approach. Furthermore, Schrodinger's
result was not so bad at all: it reproduced the general
features of the fine-structure and it also gave the
correct Balmer terms in the non-relativistic limit (eq.'.
(8.13) reduces to Bohr's- formula if f2+0) This was no
small achlevement, and particularly so since matrix me-
chanlcs had not yet solved the cruC1al hydrogen problem.'
As we‘saw in §4, the flrst matrlx mechanical treatments
of the'hydrogen atom were_submltted for_publlcatlon on-—’
1y a3couple of weeks afterrsohrodingerﬂhad obtained_his
result. For Pauli's theory, it had been accomplished al-
ready in November 1925. However, Schrddinger has probab-
- ly not known about these attemptsﬁprior to their publiF
cation, and has_thought that his wave hechanical analy—
siS'furnished the first new derivation of Bohr's formu-
la for the hydrogen spectrum. | '
That Schrodlnger should have seriously considered
.to abandon ‘the whole matter because of the wrong fine-
structure formula, seems completely unllkely.179 So we °
may assume, folIOW1ng Schrddinger's own reminiscense
. (cf. the_letter to Yourgraw and Mandelstam;-§7),_that
"~ he submitted the relativistic manuscript for publicati-
on in order to proceed with other aspects of his ambi-
tiouslprogramme and to"get responses from'other physi-
cists. Schrddinger may have paused for a few days,
which would indeed be natural after his fLouxr de gonce,
still worrylng about the lack of oomplete agreement in
hls theéry for the hydrogen atom. He has then deC1ded
to sacrifice the relativistic ambitions for experlmen-
tal agreement and has withdrawn hlS orlglnal manuscrlpt.
_The rev1s1on of the manuscrlpt 1nto the form contained
‘in Ql oannot haye caused great problems to Schro?1nger,
probably it has only taken a few days. Since the mathe-
matical'analysis in the'non—relaéivistic case follows
the relativistio case very closeiy, it requires only

minor modifications to present a coherent, non-relati-

vistic theory..
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In fact, this was not the first time that Schro-

-— —dinger considered the non-relativistic approximation.

On the first page-of'Nz, definitely written before he
had solved the hydrogen case, Schrddinger thus considers

the hydrogen atom "Ohne Relativistik (erste.Ndherung)".

-He starts with the approximation

RS ) éz.

E = hv = _C + kmv" - T/rxr
and, following the same de Broglie'inSPired procedure
which first led to the relativistic equation (§8), he

writes the wave equation as

Bﬂm 2 2
Ay + SE-mc +S)yp =0
hs [0} Y .

This is the usual Schrddinger equation, and probably the
very first time it is written. In N2 the radial part of
this equation is examined with the same methods as ap-
plied to the relativistic equation in N, but with no
better luck. Symptomatically for Schrodinger's early,
relativistic programme, he then returns to the relati-
vistic equation. From the content of the notebooks it
appears that Schrddinger did, in large measure, consi-
der the non-relativistic case only in the hope that it
would yield a mathematically more manageable problem.
Realizing that this is not so, Schrddinger temporarily
gave it up.

Schrodinger's final presentation of his wave me-

chanics in a non-relativistic form then seems to be roo-

ted in tactical considerations rather than expressing
any change in Schrodinger's view on the nature of wave
mechanics. Publishing a non-relativistic theory, the
wave mechanical programme appears experimentally agree-

ablelso, fairly coherent and on the whole convincing to
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/
experimentalists'as well as to thebrists.'There can be
‘no doubt that Schrddinger, also after the publication of
Q.
factory only if including relativity. This is manifest,

considered wave mechanics to be completely satis-

not only from Schrodinger's publlshed papers (see § 6)
but aiso from his notebooks. In there, the relativistic
attempts predominate over the non-relativistic ones.
thwleast'in connection with the Zeeman.effect, there
are many-unfiniehed attempts to treat it relativisti-
cally. | ' ‘ ' . ‘
In N,/ wrltten ¢. march 1926, Schrddinger tries
to include relat1v1st1c effects in the hydrogen atom as
perturbations (" Relat1v1st1k, als. Storung aufgefasst").
" Including  the first—order relativgstic-correction, the
energy is written as : - S
3

3g%)i - e2/r

E=mc(62 5

Schrodlnger then formulates, u51ng a var1at10nal proce-

dure similar to that of Q the wave equatlon as

' 2m, 2 g2 o
Ay + [E-3.E 4‘9—(1- 6E~) :lw
A K? mc? r mec*/ ‘m c r?

. h,: X . . i , )
where K = /2w. However, the‘attempt to solve this equa-

tion is fruitless.

One may wdnder why SchrBdinger derived his eigen-
value equatidn in Ql by'the_non-intuitive varietional
procedure (cf. § 5), instead of using de Broglie's for--
-mulae together with the spatial wave equatlon. The lat-
“ter procedure was, as we have - seen, presumably Schrodln-
'ger s original way to the relat1v1st1c wave equation.

It may equally well be applied to a non-relat1v1st1c.
approximation, in which case 'de Broglle s formulae'
take the forms '
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hv

- . —V-=—— and ;hvf=—imvz -e’/r

mv 2

If these formulae are combined and V=V(v)>is inserted
in the wave equation, the usual Schrddinger equation
easily comes out. : - Q

When Schrddinger did not follow this simple method
in his publications, it may:héve several reaégﬁs. For
one thing, the method is not, being based on non-relati-
vistic approximations, conceptually justified in
de Broglie's thoroughly relativistic theory. For another
thing, Schrbdinger may have wanted to pfesentrhis ope-
ning address on wave mechanics in a manner which did
not connect it too closely to dé Broglie's ideas;
to the extent that these ideas were known to physicists
outside Paris, they were still regarded as unreali-

stic and speculative.

L

§ 10. THE WAVE EQUATION AND GENERAL RELATIVITY:
KLEIN'S APPROACH '

To this and the following section, we shall briefly
survey how the original - i.e. the relativistic - Schro-
dinger equation was derived and treated by quantum physicists
in 1926. I have discussed the further fate of this equation,
and how it was replaced by Dirac's linear equation in early

1928, in another study.>®!

The relativistic wave equation
was in 1926 derived and applied by some twenty authors, of
whom some found it independently of Schrddinger. It was
indeed a proper choice of name when Pauli called it 'the

equation with the many fathers‘.182

In the following, we
shall adopt the now standard usage of the second order

relativistic equations (6.4) and (6.5), and call them the
Klein-Gordon equations. Although in the period considered

various other names were also in use.
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The KG equation is a simple combination of wave me-
chanics and speclal relativity. Hitherto we have spoken
about relativity as synonymous with the speéecial theory.'
'However, the first published account of the KG equation
had its origin in con51derat10ns on general relat1v1ty,
~ .and the attempts to incorporate quantum mechanlcs in
'_general relat1v1ty constituted -a v1gorous trend in the
late twenties. ‘Actually, the publlcatlons concerned with
this hybrid fleld outnumbered the publications on special
relat1v1ty quantum mechanlcs. In the following I shall deal
malnly with this trend in connectlon ‘'with the theory of
Oskar Klein, who was the first one to publlsh a relativi-
stic .wave equation.. - -

: | | : ﬁ

Oskar Klein183 was one of Bohr s flrst a551stants
 in Copenhagen where he very soon showed remarkable talents
1n theoretical phy51cs.184 In particular;~he made valuable
contrlbutlons to the teasing: problem of the energy pertur—
bations in atoms when placed in crossed electric and mag—
netic fields, this problem turned out to be an unsurmoun-
table obstacle to the old quantum theory, and Klein's
work thus added another ev1dence to the general crisis of
_the Bohr- Sommerfeld theory (Kleln s problem was first sol-
ved by Pauli, 1n his treatment of the hydrogen atom ac-
cording to quantum mechanics (§ 4)). Apart from his work

in the old gquantum theory and related areas, Klein had ’
from 1921 onwards also speculated about quantum problems
in a completely different and orlglnal way, which was
substantlally llke the one which gulded de Broglie. Inde-
pendently Kleln reached, in prlvate,.to an understanding
of some deep—rooted connectlon between particles, waves
and quanta. As early as in 1922 he had become convinced
that particles should somehow be related to self inter-
fering waves, and Klein 1maglned thlS relation to be for-
mally connected to Hamilton's analogy between geometrical

optics and partlcle mechanlcs.

P
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‘rngleinlsﬁearlyWspeculatggns about & wave interpreta-
tion of quantum theory departed from an idea, that the N
guantum conditions might inrsome way be due to interfe-
rence of waves, an idea sugéested by the appearahce of
whole numbers in both fields. Also, Klein soon began to
think of quantization of stationary states as eigen-
solutions to vibrations. These vague ideas he gradually
connécted with the Hémilton-Jacob; équation, reqafded

as a wave-front equation. In his search for a proper

wave equation, Klgin unfortunately complicated things

by considering equations with non-linear terms, not rea-

lizing the necessity for a superposition principle. Further-

more, from 1924 Klein was led into a whirlwind of specula-
tions, sincerhe tried to combine his quantum ideas with
studies on the formal similarities between, and possible
unification of, Maxwell's electromagnetic equations ahd
Einstein's gravitational field theory. Klein then got
engaged in a most ambitious attempt to incorporate elec-
tromagnetism, quantum theory and general relativity in
one grand synthesis. In this way Klein was led to a five-
dimensional extension of relativity, in which framework
he tried to express his wave view  of quantum theory.

At the time, 1924-25, when Klein worked out his theory

of a five-dimensional unified theory, he was unaware

that Kaluza had already published a five-dimensional
theory of relativity. It was only in the spring of 1926
that he became aware, through Pauli, of Kaluza's work.

No doubt this comprehensive programme ~ which Klein,
furthermore, wanted to work out with mathematical rigour -
was too ambitious. Klein's otherwise so promising ideas,
which could possibly even have led him to a complete
wave mechanics prior to Schrodinger, were probably de-

5

stroyed by this synthetical approach.18 As Dirac later

told Klein, his main troublé was that he tried to solve

too many problems at the same time, 186

\

Apart from the
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“almost impossible job,Klein had devoted himself to, he
was also handicapped because of lack of scientific re-
'sponse'and cooperation. The shy Klein seems not to have
discussed his vague and admittedly speculative ideas with
his colleagues in Copenhagen or elsewhere.187 And in

most of 1923-25 Klein was a research assistant- at the Uni-
versity of Michigan, at that time a rather isolated and
less developed site as regards'theoretical physics.

When Klein, in the spring ofnl925,‘returned to .
Copenhagen,'he eventually gave up his non-linear approach
and began to. consider the simple, linear wave equation.
Latest in the summer of 1925 Klein had'a kind of gene-
ralized wave equation which probably has contained Schré-

188- Whlle staying

dinger s later equations as speCial cases.
- in USA, Klein did not know about de Broglie's theory, but
'in the summer of 1925 Bohr- gave him a copy of de Broglie's
thesis. He ran through it, but did not, at that time, |
jrecognize its profoundity and its relevance to hlS own
speculations. Klein continued 1nterrupted by a long pe-
riod of illness which made .him 1nact1ve duiing the rapid
- development of quantum phy51cs in the fall of 1925, his
'own attempt to formulate -a five-dimensional theory of
relativ1ty.‘In particular, Klein tried to determine the
eigenfrequencies of" the harmonic oscillator in this five-
dimensional theory; but the attempt to test the theory
failed beqause of mathematical obstacles KKlein did not,
for instance, know about Hermite polynomials). It was
during these fruitless calCulations that Schrodingerfs
first paper on wave mechanics appeared and at once became
the subject of eager discussions in Copenhagen. Klein
realized that Schrodinger's theory was a fulfilment of
some of his own ambitions, ‘only reached in a much Simpler
and much more convincéing way. ‘

The directlon of Klein's thoughts, and-their close-

ness to Schrodlnger s approach, may be further 1llustrated
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_ by a letter Pauli wrote to Jordan in Ag;;LﬁlQZﬁ.%?g

~At that' time Schrodinger's second communication had
not yet appeared, but Klein must have realized the
connection between Schrbdingér's non-intuitive Ql

method. and the Debye-Sommerfeldegnge theory from op-
tics. Pauli writes: ” '

"Hier noch eine Anmerkung, die ich Herrn
Klein verdanke. Der Unterschied- zwischen
der alten Quantentheorie der Periodizitats-
- systeme und dexr auf dem Ansatz (5) basieren-
den Schrddingerschen Quantenmechanik ist,
vom Standpunkt der de-Broglie-Strahlung
aus, derselbe wie der zwischen geometri-
scher Optik und Wellenoptik. Bei kleiner
Wellenlange der de-Broglie-Strahlung kann
man namlich in (5) in bekannter Weise den
Ansatz machen $ _ ei(l/k)s

Ist S/K gross, so erhdlt man dann aus (5)
nach Debye die Bamilton-Jacobische Diffe-
rentialgleichung fir S. Ueberdies wird in
diesem Fall J nur dann eine eindeutige
Ortsfunktion, wenn die Periodizitatsmoduln
von S ganze Vielfache von 27 sind. Dies
fiilhrt auf die bisher Gbliche [p dg=nh Be-
dingung, die ja schon von de Broglie selbst
vom Standpunkte der geometrischen Optik sei-
nes Strahlungsfeldes aus interpretiert wurde.
In Wirklichkeit aber ist S/K im allge-
meinen nicht gross, man muss bei (5) blei-
ben und die Mathematik der Wellenlehre zur
Integration dieser Gleichung anwenden.”

Klein eventually published his work on a unification
of quantum theory and five-dimensional relativity,

in which the first KG equation appears, in April 1926.190

Following Einstein's fundamental creation of the gene-
ral theory of relativity, Weyl had sought to extend it so
as to furnish an unified explanation of gravitational and

electromagnetic phenomena.191

With the same aim, Theo-
dor Kaluza had in 1921 proposed a five-dimensional ver-

sion of (general) relativity in which a new space-like

%
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" coordinate X,, was introduced in addition to the usual
X1, X2, X3 and t. coordinates. Later, Kaluza's theory
was further deveioped by Klein19% and, independently
of'Klein and Kaluza, also by the'kussian physicist
H. Mandel 194 Einstein found the Kaluia-Klein approach
promlslng enough to contrlbute hlmself on the five- d1—'

mensional theory. 195

Klein,ekpressed, in accordance,with Kaluza, the
electromagnetic-potentials and the Einsteinian éravita—
'tional'potehtials in a five-dimensional Riemannian space

(Xo, X1, X2, X3t). As to the physical nature. of the
‘-rather art1f1C1a11y introduced flfth coordlnate, .Klein
proposed that Xo’ "might be considered as conjugate to the
eleotrlcal charge in the sense of quantum mechanics.

- According to Klein;)the’Ymomentum', corresponding tdeo

was expressed as

It was further suggested that ‘the atomlclty of electri-
c1ty as well as Planck's quantum of action might be 1nter-
preted in terms of the five- dlmen51onal theory.196 ,
"But otherwise Klein held Xy to be unobservable in prin;
ciple. At about‘the same time, Fritz London proposedlg*7
that the fifth coordinate should be related to the spin,
\so that the spln angular momentum was expressed by the
operator . : | ;
'h Ty

d = —

2mi 39X (10.1)

However, the physical meaning of the fifth dimension‘re-
mained obscure. It was indeed understandable when Landau
and Iwanenko in Leningrad objected to Klein' s'"kunstllchen
Elnfuhrung der fiinften Koordinate. "198 '

In Klein's theory, -the motion of electrically char-

ged particles took part along geodesic lines in the five-

N
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dlmen51onal world. The equation of motion was 1nterpreted,

by means of Hamilton's optlcal—mechanlcal analogy, as the

ray equatlon of a'wave propagation connected to material———-- - -

partlcles. Klein imagined "die beobachtete Bewegung als
eine Art Projektion auf den Zeitraum von einer Wellenaus-
breitung, die in einem Raum von funf Dimensionen stattfin—k
det."lggrBy'elaborating on these ideas a general equation
of motion was found, including wave aspects as well as
electromagnetlc and gravitational aspects. In the 51mple
electrostatic case, the model of the hydrogen atom, the
grav1tatlonal terms in the five-dimensional equation be-

come vanishingly small and the following equatlon was found

2 2 2,2 2
AU - ;;73 U _2e0 , 33U | (p2c?2 - & Q-y. 9°0

= 0 (10.2)
c? at?  ¢? 3tdxg c? x5

In here, ¢ is the electrical potential and U is a wave func-
tion associated with the motion of the electron in five-
dimensional space. In this wave equation, Planck's constant
does not appear originally. It was introduced.- in connec-

tion with an assumed periodicity in Xg:
= 27 ,. x
=y (x1,%X2,x3)exp {“/i (¥o/h - vt)}

If inserted in (10.2), one obtains

4m?

c?h?

AY + [(hv - ep)? - mic“)] Y =0 (10.3)

That is, the relativistic energy wave equation such as
written by Schrddinger five months earlier (this was,
of course, unknown to Klein). The general, i.e. time-
dependent, wave equation was not explicitly written
out by Klein; but it follows immediately from (10.1) if

substituting 2m
ih X0
U = \P_(xl Ix21x3lt) e
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If further ¢ = -e/r, we arrive at (6.3). This equation
was extensively discussed by Klein in ano.ther‘p’ape,r,-200
where he also found the relativistic’expressions for charge
and current densities, also‘published by Gordon. In April
1926 Klein further demonstrated that his relativistic eéua—
‘tion (10.2) approx1mates to the usual Schrodlnger equation
for low velocities, such as to be expected for a reasonable
_relat1v1stlc theory. ThlS is shown most 51mp1y if we put

hv. = myc? + E in (10.2). Then

E - ecp)zlp + 8m%m

2
Ay + 4m° ( fc "y

(E - ep) ¥ =
w1th the second term vanishing in the classical llmlt.

As it turns out, Klein's wave equation is, in 1tself
'completely independent of the somewhat speculative intro-
duction of a five-dimensional space, However,. since Klein's
purpose was prlmarely to establish a unitary theory of
electromagnetlsm, grav1tat10n and quanta, he dld not attach
2much weight to the four—dlmen51onal wave equatlon itself
+ (in which grav1tat10n does not appear) °l 1n Kleln s work,
‘the KG equation was treated in a -curiously formal way, not
mentlonlng a word about its physical significance. Thus,
Klein did not attempt to find the energy eigenvalues.so
as to compare his equaticn with experimental data. This
"would not have been too difficult a;problem after Schro-
dinger had shown the way in Q, . ' .

el

Although‘Klein's five—dimensional quantum theory was
by many phy51c1sts considered to be artificial and without
Apr0per physical significance, it was rather widely dlscussed
during‘l926 Klein was, for instance, invited to Leiden in
the spring of 1926 to lecture on the five-dimensional theory,
of which Ehrenfest had heard from Copenhagen.202 In the same
year, the young L&on Rosenfeld were among those who, after
Schrdodinger's first papers had appeared combined relativity

with wave mechanics into a,flve.dlqen51onal.formalism, ba-



sed on Kaluza's theoryfzgi_De Broglie, who_had learned
about the five~dimensional theory from Rosenfeld,204
joined the trend and woiked out his version of five-
dimensional quantum theory, only slightly different
from Klein's theoryo205 In Leningrad another five-
dimensional guantum theory, also it essentially 51m11ar
to Klein' 's; was produced by Fock. o6 Reméikably, both
Rosenfeld's and Fock's works were made 1ndependently

of Klein.

The attempts to express quantum mechanics in a
world of five dimensions continued for some years, but
1argely they did not contribute with much of physical
interest. after Diracfs electron theory from 1928, the

interest in five-dimensional theories faded away.207

The application of general relativity to atomic and
subatomic physics was in 1926 part of an already establis-
hed tradition, although Klein was the first one to deal
with quantum mechanics in a general relativistic framework.
From the very creation of Einstein's gravitational theory,
physicists had attempted to apply it to the then atomic
model, the Bohr~-Sommerfeld atom. This trend was particu-
larly marked in the early twenties, no doubt a product
of the intense public interest of which (general) relativi-

208

ty was then a subject. Attempts to reconcile the old

quantum theory with general relativity were offered by

209

W.Wilson, T.Wereide, Forsterling and others. Even af-

ter the emergence of the new guantum mechanics, the trend

was followed by some scientists.?!®

These attempts invited
mathematical jugglery and pretty wild speculations, and

they did not contribute to a better understanding of

quantum theory. Incidentally, however, one of these at-
tempts, due to Schrddinger, became highly influential to the

. . 211
creation of wave mechanics.
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In 1926, and the following years, numerous attempts
were made to work out theories of the 'unitary problem',
i.e. to formulate a unifiedlpicture of gravitation, elec-
tromagnetism and quanta, now in the light of the new quan-
~ tum mechanics. Some of thesé attempts worked with a five-
dimensional theory, most did not. But they all shared the
characteristics of their predecessors: They were sites
'for 1maglnat1ve formalism and advanced mathematlcs, but
turned out to be almost sterile as regards proper (1 e.
emplrlcal) phy51cs. Characterlstlcally, many of the papers‘
on general relat1v1ty quantum theory. appeared in the
Jounnal oévMathématicaﬂ Physics. suffice here to mention
that Th. de Donder and Fr. van den Dungen from Belgium
. succeeded to derive the relativistic,wave equation from.

12 and'

considerations on general relativity dynamlcs,2
that they did so independently of Schrodlnger, Klein and
Fock. The me;hod of de Donder and%van den Dungen was ‘
essentially a generalized; covariant form Qf the varia-
tional pfocedure applied by Schr6dinger in Q~- Other early
works on general relativity quantum mechanics were due to
Flint and Fisher, Isakson, London, Wiener and Rosenfeld. 2134
The problem_of uniting‘the basic forces of Néture
into one grand theory continuned to challenge theoretical
«phy51c1sts.21<4 It was a dream, too beautiful to be given

up. But it has largely remained a dream up to this day.

o



~§ 11, THE EQUATION WITH THE MANY FATHERS

As mentioned earlier, Schr&dinger derived the funda-’
mental wave equation in four different ways. These were:
1. By combining derBroglie's formulae with the simple wa-
ve equation (unpublished). 2. By means of a variational
procedure (Ql).a 3. By-means of an extended version of Ha-
milton's optical-mechanical .analogy (Qz); 4. By applying
the quantum mechanical operator prescriptions (Q4). 0f the-
se methods, the first and the last one were used to obtain
relativistic equations. That also Schrodinger's methods
from Q2 and Ql may easily be modified so as to include re-
lativity, was shown by a number of physicists in 1926. It
soon became realized, that if one avoided to go the heavy
way around general relativity, then a relativistic genera-

lization of wave mechanics was easy to obtain.

When de Broglie read Schrddinger's first communicati-
ons on wave mechanics in the spring of 1926, he was fasci-
nated. But he did not regard Schrodinger's theory as a
completion of his own ideas. De Broglie disagreed with
Schrdédinger, not only on the understanding of the wave na-
ture of particles, but also because of the theory's non-
relativistic foundation: "In particular, the wave equati-
on which he [Schrdédinger] attributed to the wave was not
relativistic and I was too convinced of the close liaison
between the theory of relativity and wave mechanics to be
satisfied with a non-relativistic wave equation."215 ,

Accordingly, de Broglie sought gor a relativistic
generalization of Schrdodinger's equations and in July, at
a time when Schrodinger's relativistic theory in Q4 had
not yet appeared, he presented complete versions of the

Klein-Gordon equations.216

De Broglie's way to the eigen-
value equation was quite similar to Schrddinger's original
unpublished method: if the phase wave of a particle is

described by the usual wave equation (5.20), we may substi-
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tute the'phase velocity with E/p since E#hv and’ p=h/.
If furthermore y(¥,t) is assumed to be harmonic in the time,

w(f,t)=¢(§)exp(2i"Et), insertion yields

4?2 .
A¢+%R-¢=O

‘Here.p is‘related to'the eneréy through the‘relativisticvéx-
- pression ' ‘ ' o ' '
‘ 2 ' L2 '
CZB = (E - e¢) - mpc
. From which the KleinfGOrdon equation, in the form (6.6) comes
out. To obtain the'tiﬁe - dependént eqguation in its general
~form, de Broglie simpiy applied the operator substitutioné
/(5.22) to the relativistic invariant ! | ‘

E ' ex. 2 2
G -8 - -3 =mc’

and then obtained (6.3). - y

‘That the mefe derivation of_a‘reiativistic,exténsion'éf
Sdhradinger's equation was an easy, not to say: a trivial mat-
‘ter, is conVincingly“éhOWh by Pauli's unpubliShed derivation
from April 1926,'Pauli was not, at this occasion, parficularly
interested in £he rélatiVistic Schr6dinger eqUation, which he
- derived only as a'bx—product in his p?oof of equivalence be- '
tween matrix and wave mechanics, . ' ‘

Right after the appearance of SchrBdinger's first quanti-

, zation‘paper, many ph}sicisfs realized that the new wave mecha-
nics, despite of its very different form and outlook, was inti-
mately connected to tﬁe'already established matrix'hechaniqs.
Schrédinger had himself thought so at an early stage, but had
at first not‘been able to figure out the kind of relationship.
In February, he wrote to Wien: - ‘
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"Ich bin mit Geheimrat Sommerfeld von einer innerlich
nahen Beziehung fiberzeugt ... sie muss aber ziemlich
tief liegen, denn Weyl, der die Heisenbergsche The-

"orie sehr grindlich studiert und-selbst weiterent-
wickelt hat, ...:§T9t, er weiss das Verbindungsglied
nicht zu finden." '

- And in Q, Schrédingef admitted in pubfic his failure in fin-
ding the relation: "In der Tendenz steht der Heisenbergsche
Versuch dem vorliegenden ausserordentlich nahe, .... In der

71Methode ist er sdfzbto genere verschiéﬁén, dass es mir bi=

" sher nicht gelungeﬂ@ist,'daS'Verbindﬁﬁésglied zu finden{f
However, only a few days later Schrddinger had Set the mat-
ter straight and had managed to prove a complete mathemati-
cal equivalence between the two new qﬁantum theories.zlg'

Also Carl Eckart from USA established'fhe formal equivalence

between matrix and wave mechanics, only a short time after

‘Schrddinger whose proof he did not know about. 220

Independently, also Pauli had figured out the same
thing during one of his frequent travels to Copenhagen. As

recalled by Klein:

"pauli had found it independently a little before -
Schrodinger's paper appeared. Then Pauli came to
Copenhagen. He told me that on the ferry to Gedser
he had been walking on the deck, back and forth,

and made that up in his head. It was quite clear,
so that he told us about it then."221

Pauli reported his proof of equivalence in details in a
letter to Jordan of April 12.222 In this interesting letter,
Pauli first derived the Klein-Gordon equation in the same
way as shown above, and he also showed that this equation
gives SchrBdingerfs eigenvalue equation for small velocities.
In Pauli's primary business, the connection between the wave
mechanics and the Go6ttingen theory, he used however only the
non-relativistic approximation. In fact, Pauli soon realized
that the necessary equivalence between matrix and wave mecha-
nics was not at all possible to establish if one departed
from the Klein-Gordon equation. This insight became a major
reason to Pauli's lack of confidence in the 'equation with
the many fathers' (although Pauli was himself one of these

218
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fathers). Pauli's point was expressed in a letter to Weﬂtzel
in the beglnnlng of July:

"Die differentialgleichung

m2c?
Ay (E-E__ )%y 4 —— Y=o
K2c2 pot K2
(K = 221, E = Energie ausschlieslich mgc?) hat

eine sehr‘unangenehme.EigenschafE. Sie ist néhm—
lich nicht selbstadjungiert, die zugehdrigen Ei-
genfunktlonen w sind nicht Qrthogonal:-Daran~ist

das Glled EE sehuld, das beim auéquadrief

K2c2 pot . . ; . : .
ren von__(E--Epot)2 entsteht, wie man sofort sieht, .

wenn man wnAwm;wmAwn bildet. Wenn man den ;ﬁsammeh—_
hang mit den Matrizen
I | | oy

. q =.qunwmdvi25 Pon=K th'3aﬂ av

nm

‘belbehalten will mussen aber’ dle Elgenfunktlonen
orthogonal se1n!"223

In 1926 and 1927 Pauli was much occupied with the re-
lativistic formulation of quantum mechanlcs, although he -
did not contrlbute to thls field w1th publlcatlons. It was
only in 1934 that Pauli published on the Kleln Gordon equa-

tion, and then to revive the then dylng second—order egua-
tlon.224 Pauli's general lack of falth in the Kleln -Gordon
equation was refleqted in a~number of letters. In November
1926 he thus wrote to Schrddinger:

"Beiliegend schrelbt Herr Kudar! iber die schv1erlg—
-keit, ich mdbchte sogar sagen, die Unmogllchkelt,
Deine Vorschrift:zur Matrizenbildung in relativi-
stischen Fall mit den Multiplikationsregeln im
Elnklang zu bringen. Uberhaupt scheint es mir,

dass eine sachgemahe Formulierung der Quanten-
mechanik bei Bericksichtigung der Relativitats-
korrektionen erst mdglich sein wird, bis es
gelingt, Raum‘und Zeit als gleichberechtigt zu
behandeln. Solange mann genétigt ist, die Feldfunk-
tion Y, was, ihre Abhangigkeit von die Zeit be-
"trifft, von vornherein nach Slnusfunktlonen zZu
entwickeln, glaube ich kaum, dass die "Wellen-
gleichung" flixr Y anders geschrieben werden kann,

als mlt dem linearen Operator




(DY) + Vo = E-¢)

das heisst von ® hoher Ordnung. Eine solche
Wellengleichung ist zwar mathematisch unbequem,

ist R 22
aber an sich sinnvoll und auch selbstadjungiert.” >

Still another, independent version of féiativistic wave
mechanics was produced by Fock.226 In the beginning of June,
. when Fock submitted his paper on the subject, only the first
two of Schrdodinger's articles on wave mechanics had reached
the far-away Leningrad. Fock generalized Schrodinger's varia-
tional procedure from Ql to include time-dependency as well
as relativity. If F is a quadratic function of the first
space and time derivatives of ¢y, formed from the relativi-
stic Hamilton-Jacobi equation, then the generalized wave

equation was obtained from the variation principle
§ IF XmdXZdX3dt = 0O

From this, Fock showed, the KG equation comes out. Fock cal-
culated a number of wave mechanical examples, such as Stark
effect and Zeeman effect, and in particular he considered

the relativistic eigenvalue equation for the hydrogen atom.

In this, he completed the work, already communicated in words
by Schrddinger, of solving the radial Klein-Gordon equation

so as to find the energy eigenvalues. Supported by Schrodin-
ger's mathematics from Ql' Fock again found the exact Sommer-
feld formula, although with the disturbing half-integral
gquantum numbers. A little later, also Eckart calculated the
relativistic fine—structure,227 although neither did he bother
to communicate proofs of his result. More detailed treatments
of the radial KG equation for the hydrogen atom were supplied
by Epstein228 and by Brouwer,229 using mathematical techniques
different from Schrdodinger's, but reaching the same, unsatis-
factory result.
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| Using one or another of the methods indicated by
Schradinger, the KG equation was also derived-by seve-
Arai other ph&sicists during 1926; In addition to the ori-
ginators, already mentioned, the list includes contribu-
tions of Dirac, Gordon, Kudar, Guth, Iwanenkd‘and Landau,

Bateman and Epstein.23°.0f these wotks, it was only Gor-
don's which turnediput to be influential as'tovthe’furthér

development of relativistic gquantum physics.




sumeARY

In this work, the principal points under investigation

have been:

1. The genesis of Schrdodinger's wave equation. Contrary

to what has been hithérto assumed, I have shown that- -
Schrddinger's original route to the quantum wave equation
was different from any of the versions publishéd in the
Quantisierung communications. The first, unpublished con-
struction of the Schrddinger eigenvalue équation was much
indébted to de Broglie's pioneering ideas from which it

rose almost directly.

2. The role of relativity in Schrddinger's theory. In the

creative phase of wave mechanics, relativity played a much
more decisive role than is usually imagined. Historically,
the special theory of relativity was a conditdio sine qua non
for wave mechanics. And more than that: it actively genera-
ted the foundation of wave mechanics. The close connection
between wave mechanics and relativity was emphasized by e.g.
Haas, who showed that the fundamental relativistic formulae
may be derived on a purely classical basis if only combined

with the idea of matter waves in de Broglie's sense.231

3. The hydrogen atom as a crucial case for wave mechanics.

The experimental and theoretical knowledge of the hydrogen
spectrum was decisively important to the way in which wave
mechanics emerged. This case also played, although less
decisively, a key role in the first phase of matrix mecha-
nics. The all too successful explanation of the hydrogen
spectrum given by Sommerfeld's theory, was in particular

a puzzle for the early quantum mechanics and caused, more
than anything else, quantum mechanics to appear in a non-
relativistic form. Viewed with hindsight, this was un-
doubtedly an advantageous accident as the entire deve-

lopment and interpretation of quantum mechanics, such as
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it took place in 1926-27, would not have been possible
" if grounded on a basic equation of the Klein-Gordon type
and not on the flrst—order, non- relat1v1st1c Schrodlnger

type.

4. The 51gn1flcance of mathematlcs in the birth of wave

mechanics. In fabricating quantum mechanics, the cruc1al
role of phy51c1sts knowledge to advanced mathematlcal ana-
ly51s was manifest at many occasions. The basic barrler to
wave mechanics was of a mathematical, not a phy51cal sort.
It was only Schrodinger's concentrated study of differential
equations that turned the de Broglie-Schrodinger hypothesis
~into a powerful and convincing phyeical theory.lIf not by
other reasons; de*Broglie's unSatisfactory mathematical
knowledge prevented him in creating a proper wave mechanics. :
Also the route followed by Heisenberg was in no small measure
.determined by what appeared to be mathematically manageable,".
If the hydrogen atom, not the anharmonic oscillator, had been
chosen as the prime example forhmatrix mechanics, the early
history of,quantum mechanics-wouldgsurely have been much
different. '

!

5. Oskar Klein's: almost—-discoveryiof wave mechanics. Although

Schrddinger was the sole inventor of wave meChanics; there
were a few other attempts tending towards a similar under-

" standing. The most interesting of these attempts was the

one due to Oskar Klein who,hunder more fortunate circumstan-
_ces, might perhaps have obtained a:wave mechanics prior to
Schrodinger.,However, Klein's approach was largely ineffec-
'tive,.not least because of its ambitious but premature asso-
ciation with'general relativity.<Although the most recent _ '
development in thedretical physics: (such as the 'Grand Unified
Theory _of Weinberg a. o ) may be seen as a justlflcatlon of
Kleln s approach, in the twenties it was bound to be a blind
alley. ‘ )
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z{all,due to Einstein, but their priority belonged to ear-

lier physicists of German:—and Aryan- birth,

Forman (note-48)  and D.Serwer, "Unmechanischer Zwang:

- Pauli, Heisenberg, and the Rejection of the Mechanical

Atom, 1923-1925," Hist.Stud.Phys.Sci., 8 (1977). 189-

" 256.

‘R.A.Millikan and I.S.Bowen, "Some Conspicouos Successes

of the-Bohr Atom and a Serious leflculty,'.ths.Rev.,
24 (1924), 223 228. o

¢

Ibld., p;227.

R.A. Mllllkan and I.S. Bowen "A Possible Reconciliation of
Bohr's Interpenetratlon Ideas w1th Sommerfeld's Relati-
v1stlc Treatment of Electron Orblts,' Phil. Mag., 49

- {(1925), 923- 935 For Bohr's theory of pehetrating “orbits,

see H.Kragh,. "Nlels Bohr's Second Atomic Theory," Hist.
Stud.Phys.Scxn,_lg (1979), 123- 186.

Ibid., p.925. . o

Ibid., p.935.

Cf. Forman (note 48), p.l1l69.

0.0ldenberg, "Zur Feinstruktur der Balmerserle," Ann. d.
Phys., 67 (1922), 69-72. "Die Felnstruktur der roten
Wasserstoffllnle und ihr Zeemaneffekt,' Ibid., 253-277.°

K.Farsterling and G.Hansen,"Zeemaneffekt der roten und
blauen Wasserstofflinie," Zs.f.Pth., 18 (1923), 26—33;

A.Sommerfeld end,A.Unséld, "Uber das Spektrum des Wasser-
stoffs," Zs.f.Phys., 36 (1926),5259 275; p. 268.

Cf. Forman (note 48), p.163.

T.S.Kuhn, The Structure of Scientific Revolutions, New
York 1969, :

Note :54.

Ibid.



-126-

75 Cf. Forman (note 48), p.173 anad Jammer {note 18), p.95.

76+ —Note -70.

' 77. Ibid., p.275.
78. Note 54, p.282.:
79. B.L.van der Waerdén; "Exclusion Principle and épin,"

pp. 199-244 in Pauli memorial volume (note 49). Kronig

..~ (note 49). S.Goudsmit, "Entdeckung der Elektronspins,”
Phys.Blatter, 21 (1965), 445-453. : '

80. Apart from a little convincing argument from classical
electron theory where Abraham had in 1903 shown .that the
gyromagnetic ratio of a rotating sphere with surface char-
ge is exactly twice the ratio for orbital revolution. For
details, see A.I.Miller, "A Study of Henri Poincaré's
'Sur la dynamigue de l1'éléctron’'," Arch.Hist.Ex.Sci., 10
(1973), 207-328.

81. That Heisenberg originally started out with the hydrogen
atom, not with the anharmonic oscillator, is confirmed by
Heisenberg in an AHQP interview of 1963. See E.MacKinnon,
"Heisenberg, Models, and the Rise of Matrix Mechanics,"
Hist.Stud.Phys.Sci., 8 (1977), 137-187, on pp.l162-164.
See also C.P.Enz, "W.Pauli's Scientific Work," pp.766-
799 in J.Mehra (ed.), The Physicist's Conception of Natu-
re, Dordrecht 1973, on p.772.

82. W.Pauli, "Uber das Wasserstoffspektrum vom Standpunkt der
neuen Quantenmechanik," Zs.f.Phys., gg (1926), 336-363
(received 17 January 1926). Translated in B.L.van der
Waerden, Sources of Quantum Mechanics, Amsterdam 1967,
pp.387-415.

83. J.H. Van Vleck, "My Swiss Visits of 1906,1926 and 1930,"
Helvetica Physica Acta, 41 (1968), 1234-1237; p.l1234.

84. As quoted from van der Waerden (note 82), p.58.

85. W.Heisenberg, "Erinnerungen an die Zeit der Entwicklung
der Quantenmechanik," pp.40-47 in Pauli memorial volume
(note 49); p.43.

86. Pauli's reputation as a committed relativist stemmed par-
ticularly from his early exposition of the theory of re-
lativity. W.Pauli, "Relativitatstheorie," Encyklopadie
der Math. Wissenschaften, vol. V 19 (Leipzig 1921).
Translated by G.Field, Theory of Relativity, Oxford 1958.
For an appraisal of Pauli's commitment to relativity,
see V.Bargmann, "Relativity,” pp.187-~198 in Pauli memo-
rial volume (note 49). Pauli's 'relativistic' stand in
the debate over doublet spectra is exposed in Forman
(note 48), Serwer (note 61) and Jammer (note 18).




87.

88.

89.

90.

91,

92.

93.

94.

95.

96.

97.

98.

4127f'

Van der Waerden (note 82) and J.H.Van Vleck (note 94).
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P.A.M.Dirac, "Quantum Mechanics and a Preliminary
Investigation®of the Hydrogen Atom," Proc. Roy. Soc.
(London), Al11l0 (19226), 561-579 (received 22 January
1926) . Most of this paper is reproduced in van der

_Waerden s collection (note 82), however not the part

dealing with the hydrogen spectrum._

P.A.M.Dlrac, ”Recollectlons of an Exciting Era,"
pp. 109-146 in -C.Weiner (ed.),:History of Twentieth
Century Physics, New York 1977; 'p. 130.

Letter, Heisenberg to Dirac, 20 November 1925, Quoted
from Diraec, op.cit. p. 125. ' ‘
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Quantenmechanik ," 2s. f. Phys., 37 (1926), 80-94
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Dimen51ons- an Historical Dlvertlssement,' pp. 26-37
in W.C.Price et.al. (eds.), Wave Mechanics: The First

- Fifty Years, New York 1973, p.3l.
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from Przibram (note 25), p.59. : :

‘See also H.Kragh, "The Genesis of Dirac's Relat1v1ty‘

Theory of Electrons,' (to be publlshed)

Letter, Pauli to Wentzel, 5 July 1926 (AHQP).
v i )

See note 96. °




99.

-128-

L.H.Thomas, "The Motion of the Spinning Electron,"
Nature, 117 (February 1926), 514. A more detailed
account appeared in L.H.Thomas, “The Kinematics of
an Electron with an Axis,” Phil. Mag., 3 (1927), 1-22,
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des Elektrons," Zs. f. Phys., 37 (1926), 243-262.
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 W.Heisenberg and P.Jordan, "Anwendung der Quanten-

mechanik auf das Problem der anomalen Zeemaneffekte,"
Zs. f. Physik, 37 (1926), 263-277 (received 16 March
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M.Born, W.Heisenberg and P.Jordan; "Zur Quantenmechanik,
I1," 2s. £f. Phys., 35 (1926), 557-615 (received 16 No-
vember 1925).

AHQP. Quoted from Serwer (note 61) p. 251. See also
the other guotations from Heisenberg's letters to
Goudsmit and Pauli in the same article. :
Letter, Heisenberg to Goudsmit, 19 February 1926 (AHQP).
Ibid.

C.F.Richter, "The Spinning Electron in Hydrogen-like
Spectra," Phys.Rev., 28 (1926), 849 (presented 17 June
1926).

Note (95).

Note (101), p. 274.

Note (94).

E.Schrdédinger, "Quantisierung als Eigenwertproblem,
Zweite Mitteilung," Ann. der Physik, 489-527, 79

(1926), 489-527 (received 23 February 1926). In the
following called Q2.

Jammer, (note 18), p. 261.
Qll p- 372.

Q,r . 489.
Ibid.

Note 27.
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ll6. E.Schrddinger, Abhandlungen zur Welléﬁmechanik,
' ‘Leipzig 1927, preface dated November 1926.

117. 'A.Hermann, "Erwin‘Scheringer - Eine Biographie,"”

' pp. 173 - 192 in A.Hermann (ed.), Die Wellenmechanik
.(Dokumente der Naturwissenschaft, Abteilung Physik,
Band 3), Stuttgart 1963.

]

118, A.Hermann, Die Jahrhundertwissenschaft, Stuttgart 1977,
p. 84. Hermann,w:ites: "In Februar 1926, nach .seiner
ersten Mitteilung fGber Quantisierung als Eigenwert-
problem, stiess Schrddinger dann auf die fast einhun-
dert Jahre alten Arbeiten der irischen Mathematikers
‘William Rowan Hamilton.---  Die Hamiltonsche Theorie
‘war nicht, wie Historiker bisher immer gemelnt hat-
ten, der Zugang zur Wellenmechanik. Die "alten Arbeiten
waren vielmehr eine "Oberraschung" far Schrddinger,
‘als er seiné Theorie schon in den. Grundlagen fertlg'
-hatte.. :

119. See F.Klein, Gesammélte Mathematische Abhandlungen, II,
© Berlin 19224, pp. 601-602. Probably, however, Schro-
dinger was unaware of Klein' sicontrlbutlons to Hamilton's
analogy untll January 1926. In a footnote in Q., p. 490,
Schrddinger expresses his debt to Sommerfeld for having
 _cal1ed attentlon to Kleln s works.

Lo

120. Microfilmed py'AHQP; See note§35,.p. 303.

121. see § 8.

N2,

122. Note 2, (1970/71 and 1975). As well known to phy51-

cists, Schrodlnger s substltutlon

s = h_ 2n Y (oxr 8 = ih Ln Y): 1s esseﬁtially.the one
2w ) ! 2w v

applied in the so-called WKB approximation. This me-

thod, first worked out in 1926, establishes the

Bohr-Sommerfeld theory as the crh551ca1 limit of -

Schrddinger' s wave mechanics. - See Jammer (note 18),

pPp. 277-279 or Whittaker (note 43), pp. 280-283.

123. A.Sommerfeld and I. Runge. "Anwendung der Vektor-
rechnung auf die Grundlagen der geometrischen Optik,
Ann. 4. Phys. 35 (1911), 277-298. 9

124. Q2, p. 496. Schrédinger called the ‘eikonal equation
for the "Hamiltonsche Gleichung”.

125. In 1915. Quoted from S.Goldberg, "Max Planck's Phi-
' losophy of Nature and his Elaboratlon of the Special
. Theory of Relat1v1ty,' Hist. Stud. Phys. Sci., 7 (19.76) ,
125-161, p. 149. ~ -
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~126. Letteéer, E.Fues to T".'S’.‘Ku‘h'n’,"*2'4%}uf]:y~’lf96'3 (AHQP) .

127. N see § 8.

2I
128. Jammer (note 18), Kubli (note 2), Gerber (note 2),
Scott (note 1l5). A good, elementary exposition of
‘the 92 method may also be found in W.H.Cropper,
The Quantum Physicists, Oxford 1970. For the histo-
¥y of Hamilton's analogy and its-use in wave mecha-
. “mics, see S.Mandelstam and W.Yourgraw, Variational
Principles in Dynamics and Quantum Theory, London
1958.

129. In Q. Schrddinger used a non-Eucledian metric, based

on tﬁe kinetic energy T of the system considered.

- In Schrddinger's metric, which was taken over from
H.Hertz, the line element is given by ds = V2T dt,
or, otherwise expressed, ds? = m quk. By this reason,
all of Schrddinger's equations in Q, appear in a dif-
ferent form than those usually seen. The wave equa-
tion, for instance, does not contain the mass, but

2

reads Ay + 82 (E-U) = 0. For our purpose, we shall
h

transcribe Schrddinger's formulae in usual, Eucledian

metric. -

130. Q,, p. 497.

131. E.Schrddinger, "Ober das Verhaltnis der Heisenberg-
~ Born-Jordanschen Quantenmechanik zu der meinen,"
Ann. der Physik, 79 (1926), 734-756 (received
18 -March 1926).

132. M.Born and N.Wiener, "Eine neue Formulierung der
Quantengesetze fir periodische und nichtperiodische
Vorgange," Zs. f. Phys., 36 (1926), 174-187 (recei-
ved 5 January 1926). o

133. E.Schrddinger, "Quantisierung als Eigenwertproblem,
Vierte Mitteilung," Ann. d. Phys., 81 (1926), 109-139
(received 21 June 1926). In the following called Q4.

134. Q,, p. 361.
135. Q.. p. 372.

136. Note 131, p. 735.
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137. ‘'Atomystik' was the nickname for the new quantum
- theory, particularly used by the Munich experimen-
talists. See W.Helsenberg, "Theory, Criticism and-
a Philosophy," pp-. 31 47 1n From a Life. in Physics,
IAEA Bulletin, 1969. -

138. Born described Schrododinger's programme in quantum
mechahics as being the hope for "den Weg zur klas-
sichen Physik der anschaulich erfassbaren Vorgange.
zurilckzufinden, , , S
M.Born, "Erwin. SChrodlnger. Obituary," Phys. Blatter,

bll (1961), 85-87. o ' : :

139. Letter, Schrddinger:- to Planck,'26 February (AHQP).
_ Schrddinger's reference to Sommerfeld alludes to’
"the preface of Sommerfeld's classic, Atombau und
- Spektrallinien, where it is said: "Was wir heuzu-
:tage aus der Sprache der Spektren heraus hdren, -
ist . e1ne w1rk11che Spharenmu51k des AtomS,.....
Alle ganzzahllgen Gesetze  der, Spektrallinien und
der Atomistik fliessen letzten Endes aus der Quanten-
-_theorle. Sie ist das gehelmnlsvolle Organon, auf
.dem ‘die Natur die Spektralmusik spielt und nach des-
sen Rhythmus 51e den Bau der Atome’ und der Kerne
regelt." ‘
.(Fourth edltlon, Braunschwe1921924).

140. A.I.Miller, ﬁVisualization Lost and Regained:
' The Genesis of the Quantum Theory in the Period .
1913-27," pp. 74-102 in J.Wechsler (ed.), ‘
Oon Aesthetlcs in Sc1ence, Cambridge (Mass.), 1978,
on p. 86 S .

141. E.Schrédinger, "An UnduLatoryﬁThepry of the Mecha-
“nics of Atoms and Molecules," Phys. Rev., 28 (1926),
1049-1070; p. 1070. ' '

i
:

‘142. 9y, bp. 372 L .

143, Ql' PP - 373-374. Cp. Séhrédinger's letter to Wien,
quoted in § 2. See also the discussion in Wessels
‘(note 27). ’ ‘

144. Q,, p. 497.

145. "Ich habe mich hier auf den Fall der klassischen
: Mechanik beschrankt, da mir die relat1v1stlsch4
magnetlsche Verallgemelnerung noch nicht genigend
abgeklart scheint. Dass aber auch fir sie der
' vollkommene -Parallelismus der beiden neuen Quanten-
theorien bestehen. bleiben wird, ist kaum zu be-
zweifeln." Note 131, p. 750. "... es ist ja ganz
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—~der Auswahlregeln nichts_andern wird,:auch wenn
das 'spinning electron-' in der Wellenmechanik
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sicher, dass sich prinzipiel an der Begriindung

seinen richtigen Platz gefunden haben wird."
Letter, Schrédinger to Wentzel, 11 May 1926 (AHQP).

Cf. note 96."

E.Schrddinger; "Quantisierung als Eigenwertproblem,
Dritte Mitteilung," Ann. de. Phys., 80 (1926),
437-490, p. 439 (received 10 May 1926). In the
following called Q3. ’ - ‘ o ) '

Q p. 514,

2!

N cf. § 8.

3!
Q3, p. 476.
Ibid.

In relativistic quantum mechanics, the charge density.

* *
is expressed as wa* %% - %% wNIm(w%% )

9, 132.
Quoted from Hermann (note 11l1), p. 174.

They do cover interviews with Frau Schrédinger.
These are, however, not very illuminating as to
the genesis of wave mechanics.

"Obituary. Erwin Schrddinger," Nature, 189 (1961),
356. "The Evolution of the Physicist's Picture of
Nature," Scientific American, 208 (1963), 45-53.

The Development of Quantum Theory, New York 1971.
"Recollections of an Exciting Era," pp. 109-146

in C.Weiner (ed.), note (91). "Methods in Theore-
tical Physics," pp. 21-28 in From a Life in Physics,
IAEA Bulletin, 1969. "Hopes ‘and Fear," Eureka,

no.32 (1969), 2-4.

Ibid. (1977), pp. 136-137.

See Jammer (note 18), p. 257; Hermann (note 117),
p. 180; Scott (note 15), p. 51.

Forman and Raman regard anecdotes, such as Dirac's,

as historical allegories, whose social function is

to convey certain morales about science and scientists'
conduct. Like the myth, scientists' anecdotes purport
to be historical but are, in fact, wenly indirectly
related to historical reality. Their function is

social and ideological, not scientific, In another
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context, Forman has analysed the .role of myths and
anecdotes in the social culture of science. See
P.Forman, "The Discovery of the lefractlon of X-Rays

‘by Crystals; A Critique of the Myths,"

Arch.Hist.Ex.Sci., 6 (1969), 38-71. .
See note 8 (1971), p. 40.

Interview with D.M.Dennison, 30 January 1964.
AHQP transcript. . ' '

Note 128, p. 114.°

It is not in the AHQP material; Also it,is-hot'among
the Schrddinger material deposited in Vienna,

cf. note 171.

See note 126.

Letter, E.Fues to T.S.Kuhn, Summer. 1963 (AHQP).

&

.;Letter,‘E.Schiédinger to W.Wien, 22fFebruafy:l926

(AHQP) .

Létter;‘Schrédinger to Weyl, 1 April 1931.
Quoted from Gerber (note 2). L '

E.Schrédihger, "Sur la thédérie relativiste de
1'éléctron et l'interpretation de la mécanique
quantique,” Ann. Inst. Poincaré, 2 (1932),
269-310; p. 287. ' ‘

i .

In the AHQP archlve system, Schrdédinger's note-

. books are filed under the numbers Nl (40.5), .
N2: (40,5), N_,: (40,6), N4= (40,6), :° (40, 7), !
N_: (41,1.1). See T.S.Kuhn, J.L.Heilbron, P.For-

- .man and L.Allen, Sources for‘History of Quantum

Physics, Philadelphia 1967. &

- The five notebooks on relativistic quantum mechanics

are, together with other Schrddinger materials,
deposited -at the Zentralbibliothek der Physikalischen
Institute der Universit&t Wien. The director of the
library, Dr. Wolfgang Kerber, has kindby informed

me that the notebooks are most probably written af-
ter 1928. This is also the opinion of Paul Hanle,

who has studied Séhrédinger's material in Vienna.

The five notebooks seem then’ to deal with Dirac's
electron theory, which .in the period 1930-34 was

.a major rgasearch'topic for Schrdédinger.
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Schrddinger acknowledged his debt to Weyl in QiJ

p. 363.

L.Schlesinger, Einfiihrung in die Theorie der gewdn-
lichen Differentialgleichungen auf funktionentheo-

retischer Grundlage, Leipzig 1900 (third, revised . . -

ed., Leipzig 1922). The relevant parts appear
particularly on pp. 257-266 (third ed.).

For the mathematical development of solutions o
to the Laplace equation and related differential
equations,‘see A.Schlissel, "The Development of o
Asymptotic Solutions of Linear Ordihary Differen-
tial Equations, 1817-1920," Arch. Hist. Ex. Sci.,
lé6 (1976/77), 307-378.

D.Hilbert and R.Courant, Methoden der mathemati-
schen Physik, Berlin 1924. For the history of this
classic and its impact on theoretical physics in
the twenties, see C.Reid, Courant in G6ttingen

and New York, New York 1976.

Laguerre polynomials were used extensively by
Schrédinger in Q_, when dealing with the Stark
effect. From notés in Q2 ({p. 518) and Q3 (p. 479)
it appear that Schrbédinger became only aware of
the connection of Laguerre polynomials with the
radial eigen-functions of the hydrogen atom after
having finished Ql.

Treatments of the analysis of the Klein-Gordon
equation are seldom found in modern textbooks .
on gquantum mechanics. An exception is L.I.Schiff,
Quantum Mechanics, New York 1955 (p. 318 ff).
Detailed analyses, being in accordance with Schrd-
dinger's original calculations, may be found in
A.Sommerfeld, Wave-Mechanics, London 1930, pp. 112 f£ff
(English translation of Atombau und Spektrallinien.
Wellenmechanischer Erg&nzungsband, Braunschweig
1929), and in L. de Broglie, L'Eléctron Magnétigue,
Paris 1934, pp. 101 f£ff.

¢

The Zeitschrift fiGr Physik was generally recognised
to be the organ of the 'left Wing' of German phy-
sics. After its inauguration in 1920, it soon be-
came the most important vehicle for papers in
physics, ousting the older and more conservative
rival, the Annalen. Nevertheless, Schrddingexr did
not publish his papers on wave mechanics in the
Zeitschrift, of which he, in fact, made no use
after 1924. Personally and politically, Schrddin-
ger was a conservative and a nationalist aund was
close to the stand of e.g. Wien. Raman and Forman
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"a favourite target for the charges of right wing

.'tiVEw Hermann's 1975 biographical sketch gives’
.a basically correct picture of Schrddinger's con-

‘note 96.
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has suggested "a strange rapport between Schrd-'

dinger and the right wing of German physics,"

to which Wien belonged. See note 34, p. 301.

This rapport did not, however, include any attack
on, or doubt about Einsteinian relativity, being

physicists. Schrddinger was a firm believer in-
relativity. ’

Hermann (note 117) fails to recognize the impro-
bability of this claim, based on Dirac's narra-

cern with wave mechanics, -however, according to
Hermann, "Schrddinger was deeply disappointed by
this failure and must have thought at first that

-his whole method was basically wrong." (p.'219).

The empirical'agieement'of Q:, its derivation_of

Bohr's formula is, 'of course, only apparently a

result of the non—ﬁelatiVistic approximation.

All things considered, the relativistic result

was, although wrong, betitexn than the non-relativi-
stic result. However, by restrlctlng the perspec-

tive to the non-relativistic domain, Schrddinger
managed to make his readers ignore the fine-struc-

ture discrepancy., and then to present the whole

matter in a, conv1nc1ng form. . 4 s

Note 96.

"Von der relat1v15tlschen Glelchung 2-0Ordnungs
mit den v1e1en Vatern glaube ich aber nicht, dass
sie der erkllchkelt entsprlcht,' Pauli wrote to-
Schrddinger 22 November 1926 (AHQP). See also

Most of the{following account is based on the’
sources: O.Klein, "Ur mit liv i fysiken," Svensk
Naturvetenskap, 1973, pp. 159-172 (an almost iden-

‘tical version may be founa on pp. 59-68 in From

a Life in Phy51cs, IAEA Bulletin, 1969). I.Fischer-

" Hjalmars and B.Laurent, "Oskar Klein," Kosmos, 1978,

pp. 19-30. Q.M¢ller, "Oskar. Klein,"” Fysisk Tidsskrift, .
75 (1977), 169-171. AHQP interview with O.Klein, 1963.

Bohr and Kramers, Klein's nearest teachers and asso-
ciates, greatly appreciated the talents of the:
largely self-learned Swede. Recommendlng Klein .for
his p051t10n in Michigan in 1923 Kramers described

\
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Klein's workjas containing a "peculiar phantasy

and richness in thoughts", and _that "he knows

and feels physics, and all things he has publis- ~
hed are very good, and partly of great importance."
Quoted from P.Robertson, The Early Years.

The Niels Bohr Institute 1921-1930, Copenhagen 1979,
p- 53.

In his obituary of Klein, C.Mgller writes:
"Actually, he was, prior to Schrddinger, very close
to a wave mechanical description of atomic systems
in accordance with the fundamental postulates of
Bohr's theory. What prevented him to be first, was
presumably that he endeavoured a theory which was
also in accordance with the principle of relativity,
while Schrddinger at first restricted himself to
consider non-relativistic atomic systems." Note 183
(my translation), p. 170. However, as is fully sub-
stantiated in this paper, relativity was not a hin-
drance to the creation of wave mechanics, on the
contrary, such as shown by Schrddinger's relativi-
stic theory.'what maybe prevented Klein to create

a wave mechanical theory, was not relativity but
his attempt to go along with general relativity.

Klein (note 183, 1973), p. 163.

Commenting on his early ideas of a wave interpreta-
tion of quantum theory, Klein once remarked: "I had
that in the back of my head when I was doing much
earlier work, but I feared that it was too fanta-
stic to be anything, so I mentioned very little
about it. You know, Bohr was also very busy, so I
was always afraid of distrubing him." AHQP inter-
view of 25 February 1963. Also, im the Bohr-Klein
correspondence (BSC) 1922-1925, the five-dimensional
theory and wave guantum ideas are only mentioned
casually. '

"I had it [the Klein-Gordon equation] before he
[Schrddinger] began the thing at all, but I hadn't
published it." AHQP interview of 25 February 1963.
"I had the general wave equation, I had that quite
a time earlier [than Schrddinger]." AHQP interview
16 July 1963.

See note 222.
O0.Klein, "Quantentheorie und finfdimensionale Rela-

tivitatstheorie," Zs. f. Phys. 37 (1926), 895-906
(received 28 April 1926).




-137-

191. References and historical surveys of the first

' phases of the so-called unitary problem may be
found in Whittaker (note 43), vol.2,ch.5. See
alsc M.-A.Tonnelat, Les théories unitaires de
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