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ABSTRACT

We calculate a formula for the action of the Poisson
solution operator to the Dirichlet boundary value pro-
blem for an elliptic differential operator of order

2m. Greens formulas are calculated and used to show the
formula, that can be used to calculate the asymptotic
behavior of the Dirichlet eigenvalues for different

. . n
domains in R




A NOTE ON THE ACTION OF THE POISSON SOLUTION
OPERATOR TO THE DIRICHLET PROBLEM FOR A FORMALLY
- SELFADJOINT DIFFERENTIAL OPERATOR

by Michael Pedersen.

§ 1 NOTATION

Consider a formally selfadjoint, uniformly strongly ellip-
tic differential operator A of order 2m of the form

: ,— ; .
(1.1) ' A = 5 D”a . (x)D"
lal, 181 S m
with Cm(ﬁ) - coefficients a,g ona bounded, open domain
@ < R" , with smooth boundary 39 = [ . Here standard
multiindex notation is applied, so
x = (ul,...,an) and
x a1 %n
D = D, . D
n
(1.2)
3 1 3 %3
D;” = (5 57)
i 9x.
J
We use local coordinates near | , where Q and |
are replaced by R: and Rn_l , resp.

We define the Cauchy trace operator p as

(1.3) ou = {yu, vu}
where
Y = {Yj},
(1.4) 0<y<m
v = {y }
and J mfj<2m

—
;1.5> Y,uo= Dnu\[



Y and Vv -are called the Dirichlet trace operator and

the Neumann trace operator, resp.

. . 2
The Cauchy trace operator. is continuous from H m(Q)

onto I ﬁQm_k_5(f), where HS( ) is the usual

0%k<2m
Sobolev space of Lz—functions with L%-derivatives up

to order s . We denote by (-!+) and (-!-) the
inner products on resp. L?(f) and Lz([)k, where

k=m or 2m.

§ 2 GREENS FORMULAS

Since A 1is formally selfadjoint, we have, for

u,v€H2m(Q) the following Greens formula for A:

(2.1) (Aulv) - (ulaAv) = '(Apu!pv)r

(See e.g. Grubb [1], § 1.3)

Here A 1is a skew-triangular, 2m x Z2m-matrix of

differential operators over the boundary [ , of the

form

S? ..... So 0 lower
2m 0]
o o order -

o . Sa2.. SZm

(2.2) A= A" + Al = . . + .
o ) .
SZm"' (0] O teeanse O

where S; is of order 2m-k. We usually write A

in m x m - blocks as

(2.3) A
A o

and we then have the following version of Greens formula:



(2.4) (Aulv)-(ulAv) (A 1 outA®Cvulyw) r+ (A %yutvv)
| [

for u,veH’®(Q) .

§ 3 THE ACTION OF THE SOLUTION OPERATOR TO
THE DIRICHLET PROBLEM

The Dirichlet realization _AY of A is the operator

acting like A in L?*(Q) and with domain

(3.1) D) = {uer®™(Q) | yu = o} = Hzm(Q)nHZ(Q) i

AY is selfadjoint, and since the embedding- HS(Q) - Ht(Q)
is compact for s > t , the resolvent R(A,AY) of AY
is a compact operator in L?(Q), for X outside the
spectrum of AY , hence the spectrum of AY consists

of a sequence of real eigenvalues, converging to infinity.

Let {X.} denote the set of eigenvalues of A_ ,
3 lfj . Y
each eigenvalue repeated according to multiplicity, and let
{wj} denote a corresponding set of orthonormalized
153

‘eigenfunctions. Assume that O 1is not an eigenvalue
of AY and let KY be the Poisson operator that solves

the Dirichlet problem for A , i.e. u = KYw where

(3.2) : Au = o in Q
yu =% on [

We can then specify the action of KY the following way:



PROPOSITION 3.1

The Poisson solution operator KY to the Dirichlet

problem for A satisfies

*

~ . . ]. lo s 0>
| L = - m— . .
(3.3) (KYY.WJ) ¥ (V1A ij)[ 321
Proof:

The proof is a simple application of Greens formula (2.4).
Just insert u = KYW and v = wji and use that yv = o
Moreover, A, = A, since A, is selfadjoint. This shows

J J
the formula.

The result is quite useful, and generalizes the result
in Schmidt & Weck [2]. It shows that

*
lo
I = I(W!A v?j)[l < LYl -llvpjli

fo, . '
I(KYw.@J)I I(Kyw?mj)l ’

¢ > 0 , which can be used to estimate the asymptotic

behavior of the Aj
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