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Abstract

1t is shown that most models can notAexplain the broad
dielectric loss peaks and the correlation between dieletric loss
and d.c. conductivity; which are both universal features of
glass ionic conductivity. However, these features are reproduced
by Stevels’ and Taylor’s old "random potential energy model" as
is shown from a recent approximate solution of the model. It is
argued that experimental data should preferably be presented in
terms of the frequency-dependent conductivity instead of as

dielectric loss peaks.

(Manuscript submitted to J. Non-Cryst. Solids)



. Introduction

Despite several years of research the mechanism of glass
ionic,conductivity is still not Qnderstood (some reviews of the
subjéCt'afe found in refs; 1-7). In iénic conduétiQe glasses one
'alwaYS observes both d.c. conductivity and dielectric
relaxation. It is very interesting that these two phenomena are
éérrelated, an observation of seemingly universél validity. If
»GY°) dehotes the d.c. conductivity, Barton, Nakajima and

Namikawa (BNN) discovered that most glasses obey [8,9,103
G(o)= P £0 A& W, 3 (1)

bwheré €, is the vacggm permitfivity, A€ is tHe relaxation
strength, Wm ‘is the loss peak frequeﬁcy, and b is a‘
temperéture—indepéndént numericai constant of order one. We
fémind that in media with a non-zero d.c. conductivity, the
cqmplexvdie19ctric constant ' gl g is defined by

Cal

(2)

£, )= ‘6\@_,‘; ?(o)

where W is the angular frequency and @ = @”+i & is the
frequency-dependent conductivity. Equation (1) will be referred
to as the BNN-relation. In particular it implies that 6(0)
and Wy, have the same activation energy. This was actually
discovered before the BNN—relatibn, demonstrating that the

dielectric relaxation is due to ionic motion [11]J. In fig. 1 the




correlation between 6(0) and o 4 € Wm is examined for
several glasses. It is clear that most glasses have a p-value of
order one. ThergNN—relation is thus experimen%élly very well-
founded.

There is little doubt that the BNN—relatioé,provides a key,
perhaps the key; to a deeper understanding of ionic conductiyjty
in glasses. Another observation of general véiidity is the very
broad dielectrié loss peaks. In this paper it ﬁill be shown that
most current models are not able to explain both the BNN-
relation and the broad loss peaks. In contrast, one of the
oldest and simplest models works. This is Stevels’ and Taylor’s
“random potential energy model" [2,12). In this model, the }dés
peak frequency is simply the minimum ion jumﬁ_fréquency and tﬁé

proportionality between 610) and Ww becomes physically

obvious.

Critique of current models

Tomozawa has reviewed the most important models for the BNN-
relation [1]. Three models predict simple Debye relaxation,
namely Isard’s, Charles’ and Nakajima’s model. In Isard’s model
the dielectric relaxation is assumed to be due to glass
inhomogeneities which may derive e.g. from phase separation. If
the different phases have different d.c. conductivity,
dielectric relaxation of the bulk glass will result [13]. In
Charles’ model of alkali ionic conductivity in oxide glasses,

the dielectric relaxation is due to defect jumps where a defect



is defined as a non-bridging oxygen atom surrounded by two
alkali ions [14]. - Finally, Nakajima has proposed é model for
thelBNN~re1ation which assumes that the ions are forced to
follow certain random 2ig-zag pathé frozen in the glass [91].
Beeaqse each of the above mentioned models predicts Debye
relaxation, it is necessary to introduce a distribution of
relaxation times into the models if the observed broad
diele;tric loss peaks are to be r?éfoduced, Unfqrtunately, this

is not possible wifhout violating the BNN-relation. The reason

is the following. Dielectric relaxation implies that the real
. part ductivity, &'W) | is an ; - -
. part of the conductivity, y is an increasing function of

freqqehcy. For Debye relaxation with relaxation time T 5, the

increase in conductiyity from ldw to high frequencies, 416 ’

isﬁeasily found from eq. (25:
| o - - |
Ag'f_- E, 48T - (3)

The dielectric loss peak freqqency is equal to 7 so from

eqs. (1) and (3) one finds

A@’:TD‘_-—,G(D). ‘ (4)

Since ,GH(W) is monotonically increasing we therefore have

e'w) < (14 ,5’) 6() (5)

which is valid for all frequencies. Nows if the dielectric

relaxation is assumed to be a sum of elementary Debye processes



each of which satisfies the BNN-relation, the resulting
conductivity will still obey éd; (3) with a éwrof order one;,t
But this is inéonsistent with experiment because the broad loss
peaks imply that G (w)> & (o) whenever w>y W .

The only way to save the models is to assume that the d.c.
éonductivities do not simply add algebraically; But then a whéie
new theory is needed for calculpting 45“).énd,one may quesfidﬁ
the relevance of starting out'with Debye proceéses each of whicﬁ
satisfies the BNN-relation. In conclusion, this procedure doeé
not seem to work and one must 160k for a modei which frqm the
very beginning incorporates aAb}oad distribufjbn of relaxatibﬁ
times. |

Tomozawa has proposed a model [1] based on Debye’s and
Falkenhagen’s old theory of ionic solutions. This model is
interesting because it has a broader loss peak than simple Debye

AC
relaxation, Still, the model predicts an excess conductivitQ76f
the same order of magnitude as 6(0) . This means that the loss
peak is far from broad enoughj; if it is attempted to add several
"Tomozawa" relaxation processes with different relaxation times
one runs into the same problems as above; namely that the BNN-
relation is violated.

A model which predicts a very broad dielectric loss peak is
Doremus’ model which is based on the space charge mechanism [31].
This model has f"(W) oL w"/" as W -~-Hoo and a loss peak
frequency which is related to the d.c. conductivity. However,
because of the very nature of the model, the magnitude of the

dielectric loss depends on sample dimensions while the BNN-

relation is a true bulk property. Therefore, Doremus’ model can



not explain the BNN-relation [1)].
Stevels’ and Taylor’s "random potential energy model" [2,12]
is perhaps the oldest model. In the next section it will be

shown that this model is able to explain both the BNN-relation

-and the broad loss peaks.

The random'potential‘enérgy model

In this model it is assumed that the ions feel a more or less
random potential energy deriving from tﬁe réndom network
structure of the glass. An iqn spendé-most time at pdtential
energy hinima, but occasionaily it ga;hs.energy‘by thermal
flu&tuations.to-pass the enerqgy barrier which separates adjacent
pofential energy minima. The ion jump freqﬁency, xl<, depehds on

the energy barrier, 4E , as

- AE
%

X = XD e (&)
where )(o is the attempt frequency (usually = '0'1. Hz), k is
.the Boltzmann éonstant, and T is the temperature. Because of the
randomness of the potential energy surface all energy barriers
are edually likely, so from eq. (&) it is concluded that the

jump frequency probability distribution, p(X) , varies as
-] :
F(X) < Y (7)
[

If the ions can jump to more that one nearest neighbour energy




minimum, the resulting p(Y¥Y ) changes only insignificantly from
eq. (7) which forms the basis of the pre;ent treatment of
Stevels’ and Taylor’s model.

The model of a random medium with the jump frequency
distribution of eq. (7) has recently been considered by the
author [15,161. The treatment makes use of the CTRW
approximation [17]. In order to normalize p(YX) it is
necessary to introduce two cut-off’s, x'ﬂin and X}nux .
The existence of X}nin in real glasses is obvious: if

X'M;“ = 0@ a zero d.c. conductivity resﬁlts. On the other
hand, experimentally there is no sign of any maximum jump
frequency so )(max should be put equal to y’ . Since
laboratory frequencies are always much smaller than X, » it
is convenient to let xo go to infinity. In this limit one
finds [1351]

Lw T

G (w)= 6 (o) Lm([ . Lwr) (8)

where

-1
S min

7=

(9)

Equation (B) does not, of course, include the contribution to
the conductivity from the high frequency dielectric constant.

Substituting now eq. (B) into eq. (2) we get

g, a6= 76T e




and for the dieleétric loss

gl 2AE arefanlwr) - Lo

(b«\/nm)z)i&( arctan (m))l MJ :

From eq. (11) the loss peak frequency can easily be determined
numerically. It isvgiQen by ahn'f' = 4,71 which corresponds

to a p-value of the BNN-relation of

P  =.', o2, ooa@

Since 0,42‘-is a numerical constaﬁf of order one, the BNN-
relation is satisfiéd by the random potential energy model.
The moqel prediets é very broad dielectric loss peak as is
clear from fig. 2. In this figure the model predictidn is
cpmbared to éxperimental datéAfrom a typical sodium si;icate
glass. There is a qualitative agréeﬁent between theory and

experiment.

Discussion

The derivation of eq. (B8) makes use of a number of
simplifying assumptions: 1) All ion-ion interactions are
ignored, 2) all energy barriers are assumed to be equally likely
in the interval from zero to a sharply defined maximum energy

barrier, and 3) the model is solved within the CTRW



approximation which is the simplest possible non-trivial mean-
field approximation for calculating GYUU) in random media. The
validity of these approximations will not be critically examined
here. One point is perhaps worth noticing. The present use of
the CTRW approximation (letting xo-aoo ) is formally
equivalent to the electric modulus approach of Macedo, Moynihan
and Bose [18B]. The physical interpretation of this analogy is
not gquite clear at present [16,12]. One possibility is that the
electrical equivalent circuit of ref. 18 (fig.3) reflects a one-
dimensional character for conduction processes in glasses [19].
Another possibility is to regard the electric modulus approach
as the relevant description when inhomogeneities are present,
i.e. as a generalization of Isard’s model [16,18]. Because of
the analogy to the CTRW; if the inhomogeneities have d.c.
conductivities with a probability distribution p(6&(0) ) e Gwﬂ,
the bulk frequency-dependent conductivity is again given by eq.
(8). As regards electrical properties, the random potential
energy model is therefore indistinguishable from a gengralized
Isard model (if this model really is faithfully represented by
the equivalent circuit of fig. 3).

For a number of years it has been thought that the random

potential energy model, while appealing, can not possibly be

correct [1,6]. The BNN-relation implies that the activation
energies of §(0) and Wpw are equal, and this has been
interpreted as implying that the a.c. conductivity must be due
to ion jumps with the same activation energy as the d.c.
conductivity. The argument is incorrect, however. As is clear

from the preceding sections while the activation energy of




| 6%0)‘is cértainlY'eani.fo'tha£ o% Aywﬁu ,-there is
gbsolutély.no problem Qith‘haQing‘la;ge} jump frequencies
inlevéd'in the éonduction pro;ess, cérresponding to smaller
enefgyAﬁarriers.'.Another common'quection to Sfevels; and
Iayibr’s hodel is_fﬁat no_modelvbased,on a distribution of
enérgy bakriérs caﬁ éfeéict ajloss_peak'with a femperéture—
igaepenﬁeht shape. This is wrong; in‘tﬁe present model the jump
‘frequehcy distribﬁtth is'givéh by eq. (7) for all temperatures
ahaifherefore the shape7pf fhg loss peak indeed is temperature-
i r'\‘d_‘f.épenvdeht . B % |
":Glassrjoni; cohd@étiyi%y d%ta'aré usually presented in terms
gfvthé Qieleétric 1655 ﬁhén‘thelffequency aeﬁendeﬁcé is
discusséd;'ﬁbwever,_bgcauSgldQé. conduéfivity'énd dielectric
loss aré both dué'té iéﬁic hption,'thg subtraction of & (0)
?hféq.-(E) féélly haS'ﬁdgbﬁygicél justificafion. In the author’s
>‘6piﬁiONyldaté shquld.preferabiyvbe presentedAin terms of the
reélibé}t of’th'cénductivityl As an example, in fig. 4 the data
~.of fig. @ aré shpwh together with model predictions (eq. B8). A
ndmber Qf importaﬁt features of glass ionié conductivity become

immediafely clear when data are presented this way. The
charactéiistic frequeﬁcvahich marks the onset of a.c.
conductivity is just‘the dielectric loss peak frequency W, .
Oﬁva fime—scale larger than Lu;: ’ 61“0 is frequéncy—
inqependent so the glass "looks" homogeneous to the ions. On a
ti@e-scaie smaller than CU;J y 6lw) is strbngly frequency-
‘dependent. The obvious physical interpretation is that W
is the minimum ion jump fregquency; then many jumps must be

involved for times >> LU-‘ . In order to account for the strong




increase of €' W) for w > Wn, y jump frequencies much
larger than Wm musé,however also beﬂpcesent in the glaéét'
The random potential energy model has exactly these features. In
this model a wide rangé of jump frequenciéé is present,; deriving
from a range of activation energies.

The spread in activation energies in §§gyels’ and Tayloré?i
model is not an arbitrary postulate. On @ﬁé contrary, it is a
simple fact which follows immediately when experiments are
presented in terms of the frequency-dependent conductivity iq a
log—-log plot as in fig. 4 but without tHernormalizationz The
shape of the conductivity curve is always femperature-‘
independent. Because of the BNN-relation, when the temperature
changes the conductivity curve is simply displaced in the
direction 43° to the positive x— and y-axis. It is now clear
by inspection that the a.c. conductivity indeed has a smaller
activation energy than the d.c. conductivity. And from the
curvature of the conductivity curve it can be concluded that a
whole range of activation energies must be involved. Thus, the
experimental facts themselves apparently forces one to adopt
Stevels’ and Taylor’s approach and base the theory of glass
ionic conductivity on a distribution of energy barriers.

Another reason for preferring to discuss glass ionic
conductivity in terms of GYaﬂ y is the conceptual dilemma
involved in the use of §(w) as defined by eq. (2). One would
like to interpret f{w) in terms of a dielectric polarisation
but it is difficult, if not impossible, to tell which ion jumps
contribute to O@(0) and which contribute to £(w) . This

dilemma is old and well-known. It derives from the fact that it

10



is not possible to distinguish between bound and free charges in
a.c. elettric fields [20]. The problem disappears when one

operates only with 0 (W)

Conclusions

Most cgrrent models of glass ionic conductivity can not
explain botﬁ the‘BNN—relation and the observed broad dielectric
IOes‘peeks. On the other hahd, the random pqtential energy model
is fafher sqccessfu;. This ﬁodel,involves no ad hoc assumptions.
andeif.is'bfobably the simp}est poesible model'whieh is net
totally'Qnrealisfic. The medel is based on a fact which can be
deduced directly from ekperiment wheﬁ presented in terﬁs of the
'frequencyjqependent conductivity, naﬁely'fhe'existen;e of a
distribQEion'of eﬁergy;baffiers; Tee BNN—relation-ie satisfied
by.the hedei.'Here, the relation is nothing.buf the statement
that the d.e. conductivity is proportional to the minimum ion
'jump frequency. The jump frequency distribution(eq. (f) strongly
emphasizes the smallest jump frequencies which are also the most
important‘for 670) because they partially act as traps, so
this proportionality is by no means surprising. In addition to
the BNN—relation, the model also repﬁoducee tﬁe observed broed
asymmetric loss peaks, the temperatUre indepehdence of the loss
peak shape, and the almost frequency-independent dielectric loss
as W-=-D>00 . These are all well-knewn characteristics of .
glass ionic conductivity [1,41. The quantitative model

predictions are not entirely successful, though (fig. 2 and fig.

11




4)71This is undoubtedlyrbecause it is too simple to regard all
energy barriers as equally likely. Refinements of the model,mﬁst
make use of a more realistic energy barrier distribution.
Admittedly, this introduces a temperatureraépendence into the
loss peak shape, but in many cases the efféct is only weak and
may still be consistent with experiment. iﬁé real challenge fér
the future is to make a coherent theory ihp@hich thé energy
barrier distribution is correlated to the éléss structure and

conditions of glass formation.

12
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Figure Captions

Fig. 1 : Test of the BNN—relafidn for several glasses (note
fhat ZTTfm -’-'wm" ) (feproduced from ref. 9).

Fig. 2 : lMﬁdelvpfeaiction fof'the dielectric loss {(full curve)
aﬁﬁlexperimEntql data from a typical sodium silicate
glass (déta taken from ref. 3). The dashed curve is

théADebyeldiéiectﬁic loss peak.

Fig. 3 : .Eduivélént circuit pf ﬁhe‘CTRw approx}mation in the
"Xo.ﬁ5é§ limif“fiéJ;SThg‘Circuit was suggested
by M§cedo? MOyniﬁan‘éndHQSSé in their electric modulus

'épbf@aéh'towgrds g1ass»ionicJéonductivity riel.
ﬁodelupfedictibn,fbr‘the real part of the ;onductivity

Fig. 4
| (fﬁli»cqrve) and the‘experimehtal data of fig. 2. For
the data'péints tHé éonducfivitybhas beeh calculated
assuming p=1 in the BNN—relétion and utilizing the
Kramers-Kronig relation for calculating Arf
( = 3,7-£tm, ). The characterisfit.time T is a

fitting parametér-for tHe'data points in this figure.
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Projektrapport, spec1a1e i fy51k, af Crilles Bacher og
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ENERGY SERIES NO.4.
Bent Serensen.
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: - En undersegeise af matematisk ekologi..
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Vej]edere Jargen Larsen 0g Anders Hede Madsen
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Vejleder: Bent Serensen
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75/84 "MATEMATIKUNDERVISNINGEN I FREMTIDENS GYMNASIUM®
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Projektrapport af Morten Blomhgj, Klavs Fris-
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gp;?ionsundersggelser belyst ved statistiske mo-
eller

Projektrapport af Svend Age Houmann, Keld Niel-
sen, Susanne Stender

Vejledere: Jergen Larsen & Jens Bjerneboe
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VejIeder. N1eIs Boye'Olsen
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fVeJIeder Stig Andur Pedersen

6/8A3."SECURITY IMPLICATIONS OF ALTERNATIVE DEFENSE OPTIONS . B
) FOR NESTERN EUROPE" . ]
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af Bent Serensen
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af Bent S¢grensen
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